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Exercise 6
(a) We have

p(y) =

∫
θ

p(y|θ)p(θ)dθ

=

∫ 1

0

(
n

y

)
θy(1− θ)n−y Γ(k)

Γ(kθ0)Γ(k(1− θ0))
θkθ0−1(1− θ)k(1−θ0)−1dθ

=

(
n

y

)
Γ(k)

Γ(kθ0)Γ(k(1− θ0))

Γ(kθ0 + y)Γ(k(1− θ0) + n− y)

Γ(k + n)∫ 1

0

Γ(k + n)

Γ(kθ0 + y)Γ(k(1− θ0) + n− y)
θkθ0+y−1(1− θ)k(1−θ0)+n−ydθ

=

(
n

y

)
Γ(k)

Γ(kθ0)Γ(k(1− θ0))

Γ(kθ0 + y)Γ(k(1− θ0) + n− y)

Γ(k + n)

which corresponds to Beta-Binomial(n, kθ0, k(1− θ0) which has variance

Var(y) =n
kθ0k(1− θ0)(k + n)

k2(k + 1)

=nθ0(1− θ0)
k + n

k + 1

(b) We have that we can write

y = θ + σε, ε ∼ N(0, 1)

θ = τη, η ∼ N(0, 1)

with ε, η independent. Then

y = σε+ τη

which is a linear combination of two Gaussian variables, which itself becomes Gaussian with
E[y] = 0 and Var[y] = τ2 + σ2.

(c) We have from above that yi ∼ N(0, σ2 + τ2). Now since

yi = θ + σεi

yj = θ + σεj

with the εi terms independent. Then

cov[yi, yj ] = Var[θ] = τ2
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giving

corr[yi, yj ] =
τ2

σ2 + τ2

The whole vector y then has a multivariate Gaussian distribution y ∼ N(0,Σ) with Σii =
σ2 + τ2 and Σij = τ2 for j 6= i.

(d) We have

p(yi) =

∫
θ

p(yi|θ)p(θ)dθ

=

∫ ∞
0

θyie−θ

yi!

βα

Γ(α)
θα−1e−βθdθ

=
1

yi!

βα

Γ(α)

Γ(α+ yi)

(β + 1)α+yi∫ ∞
0

(β + 1)α+yi

Γ(α+ yi)
θα+yi−1e−(β+1)θdθ

=

(
β

β + 1

)α(
1

β + 1

)α+yi Γ(α+ yi)

Γ(yi + 1)Γ(α)

which is the Negative binomial distribution with parameters α, β. Further,

p(y) =

∫
θ

n∏
i=1

p(yi|θ)p(θ)dθ

=

∫ ∞
0

n∏
i=1

θyie−θ

yi!

βα

Γ(α)
θα−1e−βθdθ

=
βnα

Γ(α)n
Γ(α+ nȳ)

(β + n)α+nȳ

n∏
i=1

1

yi!∫ ∞
0

(β + n)α+nȳ

Γ(α+ nȳ)
θα+nȳ−1e−(β+n)θdθ

=
βnα

(β + n)α+nȳ

Γ(α+ nȳ)

Γ(α)n

n∏
i=1

1

yi!

We have further that

E[yi] =E[E[yi|θ]] = E[θ] =
α

β

Var[yi] =E[Var[yi|θ]] + Var[E[yi|θ]]
=E[θ] + Var[θ]

=
α

β
+

α

β2
=
α(β + 1)

β2

Cov[yi, yj ] =E[Cov[yi, yj |θ]] + Cov[E[yi|θ], E[yj |θ]]

=E[0] + Cov[θ, θ] =
α

β2

Corr[yi, yj ] =
1

β + 1
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(e) We have

f(y) =

∫
θ

f(y|θ)p(θ)dθ

=

∫
θ

exp(ln(θ))p(θ)dθ

= exp(ln(θ̂))

∫
θ

exp(ln(θ)− ln(θ̂))p(θ)dθ

=Ln(θ̂)

∫
θ

exp(ln(θ)− ln(θ̂))p(θ)dθ

Now make a Taylor expansion of ln(θ) around θ̂, so that

ln(θ) ≈ln(θ̂) +
∂ln(θ̂

∂θT
(θ − θ̂) +

1

2
(θ − θ̂)T ∂

2ln(θ̂

∂θ∂θT
(θ − θ̂)

=ln(θ̂)− 1

2
(θ − θ̂)T Ĵ(θ − θ̂)

where we have neglected higher order terms and used that ∂ln(θ̂
∂θT

= 0 for the maximum
likelihood estimate. Then (also approximating p(θ) by p(θ̂), we get

f(y) ≈Ln(θ̂)

∫
θ

exp(−1

2
(θ − θ̂)T Ĵ(θ − θ̂)p(θ̂)dθ

=Ln(θ̂)
(2π)p/2

|Ĵ |1/2
p(θ̂)

∫
θ

|Ĵ |1/2

(2π)p/2
exp(−1

2
(θ − θ̂)T Ĵ(θ − θ̂)dθ

=Ln(θ̂)
(2π)p/2

|Ĵ |1/2
p(θ̂)

(f) We need θ̂ to be close to θ which can be obtained if θ̂ is a consistent estimator for θ and
n reasonable large. We further need the Taylor expansion to provide a good approximation
which requires ln(θ) to be smooth. We also need p(θ) to be smooth such that p(θ) ≈ p(θ̂).
When we have n iid observations, we obtain

Ĵ = n
1

n

n∑
i=1

∂2li(θ̂

∂θ∂θT
= nJ∗n

where now li is the log-likelihood for observation i. The average J∗m will then converge
towards its expectation so that Ĵ itself will increase linearly with n. We then have

log f(y) ≈ln(θ̂)− p

2
log(2π)− 1

2
log |nJ∗n|+ log p(θ̂)

=ln(θ̂)− p

2
log(2π)− 1

2
p log(n)− log |J∗n|+ log p(θ̂)

≈ln(θ̂)− 1

2
p log(n)

where we have ignored all terms not increasing with n

Exercise 11
(a) See Nils_11.R for code.
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(b) We haveZ(s)
Z(t)
Z(u)

 ∼ N
0

0
0

 ,

 1 ρt−s ρu−s

ρt−s 1 ρu−t

ρu−s ρu−t 1


showing that Z(u)|Z(t), Z(s) is Gaussian with

E[Z(u)|Z(t), Z(s)] =
(
ρu−s ρu−t

)( 1 ρt−s

ρt−s 1

)−1(
Z(s)
Z(t)

)
=
(
ρu−s ρu−t

) 1

1− ρ2(t−s)

(
1 −ρt−s

−ρt−s 1

)(
Z(s)
Z(t)

)
=

1

1− ρ2(t−s)

(
ρu−s − ρu−tρt−s −ρu−sρt−s + ρu−t

)(Z(s)
Z(t)

)
=

1

1− ρ2(t−s)

(
0 ρu−t − ρu+t−2s

)(Z(s)
Z(t)

)
=
ρu−t − ρu+t−2s

1− ρ2(t−s) Z(t)

=
ρu−t[1− ρ2t−2s]

1− ρ2(t−s) Z(t)

=ρu−tZ(t)

Alternatively,

Var[
(
Z(s)
Z(t)

)
|Z(t)] =

(
1 ρu−s

ρu−s 1

)
−
(
ρt−s

ρu−t

)(
ρt−s ρu−t

)
=

(
1 ρu−s

ρu−s 1

)
−
(
ρ2(t−s) ρu−s

ρu−s ρ2(u−t)

)
=

(
1− ρ2(t−s) 0

0 1− ρ2(u−t)

)
showing that they are conditionally independent.

We can then simulate Z(u)|Z(t) ∼ N(ρu−tZ(t), 1− ρ2(u−t))

(c) We have
Z(0)
Z(s)
Z(t)
Z(1)

 ∼ N



0
0
0
0

 ,


1 ρs ρt ρ
ρs 1 ρt−s ρ1−s

ρt ρt−s 1 ρ1−t

ρ ρ1−s ρ1−t 1




giving

E

(
Z(s)|

(
Z(0)
Z(1)

))
=
(
ρs ρ1−s)(1 ρ

ρ 1

)−1(
a
b

)
=

1

1− ρ2

(
ρs ρ1−s)( 1 −ρ

−ρ 1

)(
a
b

)
=

1

1− ρ2

(
ρs − ρ2−s ρ1−s − ρ1+s

)(a
b

)
=

1

1− ρ2
(ρs − ρ2−s)a+ (ρ1−s − ρ1+s)b
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and

Var
((

Z(s)
Z(t)

)
|
(
Z(0)
Z(1)

))
=

(
1 ρt−s

ρt−s 1

)
−
(
ρs ρ1−s

ρt ρ1−t

)(
1 ρ
ρ 1

)−1(
ρs ρt

ρ1−s ρ1−t

)
=

(
1 ρt−s

ρt−s 1

)
− 1

1− ρ2

(
ρs ρ1−s

ρt ρ1−t

)(
1 −ρ
−ρ 1

)(
ρs ρt

ρ1−s ρ1−t

)
=

(
1 ρt−s

ρt−s 1

)
− 1

1− ρ2

(
ρs ρ1−s

ρt ρ1−t

)(
ρs − ρ2−s ρt − ρ2−t

ρ1−s − ρ1+s ρ1−t − ρ1+t

)
=

(
1 ρt−s

ρt−s 1

)
− 1

1− ρ2

(
ρ2s − 2ρ2 + ρ2−2s ρs+t − 2ρ2+s−t + ρ2−s−t

ρt+s − 2ρ2+t−s + ρ2−s−t ρ2t − 2ρ2 + ρ2−2t

)
Exercise 12

(a) For θ uniform, we have p(θ|y) = Beta(y, n− y) giving

E[L(θ,no alarm] = 5000 ∗ Pr(θ > 0.15)

E[L(θ, alarm] = 1000 ∗ Pr(θ ≤ 0.15)

(b) Similar for Beta

(c) Note that due to symmetry, the two Beta distributions have the same constants in front.
We then have

p(θ|y) ∝p(θ)p(y|θ) ∝ [θ2−1(1− θ)8−1θy + θ8−1(1− θ)2−1](1− θ)n−y

=θ2+y−1(1− θ)8+n−y−1 + θ8+y−1(1− θ)2+n−y−1

In order to find the normalizing constant, we need to integrate the right hand side. Note
that in general

∫
θ
θa−1(1− θ)b−1dθ = Γ(a)Γ(b)

Γ(a+b) . Thus∫
θ

[θ2+y−1(1− θ)8+n−y−1 + θ8+y−1(1− θ)2+n−y−1]

=
Γ(2 + y)Γ(8 + n− y)

Γ(10 + n)
+

Γ(8 + y)Γ(2 + n− y)

Γ(10 + n)

resulting in that

p(θ|y) ∝p(θ)p(y|θ) =
θ2+y−1(1− θ)8+n−y−1 + θ8+y−1(1− θ)2+n−y−1

Γ(2+y)Γ(8+n−y)
Γ(10+n) + Γ(8+y)Γ(2+n−y)

Γ(10+n)

= Γ(2+y)(Γ(8+n−y)
Γ(2+y)Γ(8+n−y)+Γ(8+y)Γ(2+n−y)

Γ(10+n)
Γ(2+y)(Γ(8+n−y)θ

2+y−1(1− θ)8+n−y−1+

Γ(8+y)(Γ(2+n−y)
Γ(2+y)Γ(8+n−y)+Γ(8+y)Γ(2+n−y)

Γ(10+n)
Γ(8+y)(Γ(2+n−y)θ

8+y−1(1− θ)2+n−y−1

=wBeta(y; 2 + y, 8 + n− y) + (1− w)Beta(y; 8 + y; 2 + n− y)

with

w = Γ(2+y)(Γ(8+n−y)
Γ(2+y)Γ(8+n−y)+Γ(8+y)Γ(2+n−y) .

An alternative way to do this calculation is to introduce an auxiliary variable M ∈ {1, 2}
such that Pr(M = 1) = 0.5 and

p(θ|M) =

{
Beta(2, 8) if M = 1

Beta(8, 2) if M = 2
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Then

p(θ|y) = p(θ|y,M = 1)× Pr(M = 1) + p(θ|y,M = 2)× Pr(M = 2)

Now p(θ|y,M = 1) = Beta(2 + y, 8 + n − y) and p(θ|y,M = 2) = Beta(8 + y, 2 + n − y).
Further

Pr(M = 1|y) ∝ p(M = 1)p(y|M = 1)

Now p(y|M = 1) is the marginal distribution for y under the prior Beta(2, 8). In general for
a prior Beta(a, b) we have

p(y) =

∫
θ

(
n

y

)
θy(1− θ)n−y Γ(a+b)

Γ(a)Γ(b)θ
a−1(1− theta)b−1dθ

=

(
n

y

)
Γ(a+b)

Γ(a)Γ(b)

Γ(a+ y)Γ(b+ n− y)

Γ(a+ b+ n)

∫
θ

Γ(a+b+n)
Γ(a+y)Γ(b+n−y)θ

a+y−1(1− θ)b+n−y−1dθ

=

(
n

y

)
Γ(a+b)

Γ(a)Γ(b)
Γ(a+y)Γ(b+n−y)

Γ(a+b+n)

This then gives

Pr(M = 1|y) ∝
(
n

y

)
Γ(10)

Γ(2)Γ(8)
Γ(2+y)Γ(8+n−y)

Γ(10+n)

and

Pr(M = 2|y) ∝
(
n

y

)
Γ(10)

Γ(8)Γ(2)
Γ(8+y)Γ(2+n−y)

Γ(10+n)

Since Pr(M = 1|y) + Pr(M = 2|y) = 1, we obtain

Pr(M = 1|y) = Γ(2+y)Γ(8+n−y)
Γ(2+y)Γ(8+n−y)+Γ(8+y)Γ(2+n−y) = w.

Exercise 15
(a) We have

Pr(X ≤ x| X accepted) =
Pr(X ≤ x and X accepted)

Pr(X accepted)

Further,

Pr(X ≤ x and X accepted) =

∫ x

−∞
g(y)h(y)dy

Pr(X accepted) =

∫ ∞
−∞

g(y)h(y)dy

giving

Pr(X ≤ x| X accepted) =

∫ x
−∞ g(y)h(y)dy∫∞
−∞ g(y)h(y)dy

showing that the accepted value has density

f(x) =
g(x)h(x)∫∞

−∞ g(y)h(y)dy
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(b) We have further

g(x)h(x)∫∞
−∞ g(y)h(y)dy

=
g(x)f(x)/{Mg(x)}∫∞

−∞ g(y)f(y)/{Mg(y)}dy

=
f(x)∫∞

−∞ f(y)dy
= f(x)

We have

Pr(X accepted) =

∫ ∞
−∞

g(y)f(y)/{Mg(y)}dy =

∫ ∞
−∞

f(y)/{M}dy =
1

M

(c) For a < 1 we have limx→0 x
a−1 =∞ and similarly for b < 1.

For a ≥ 1, b ≥ 1, we have

log f(x) =Const + (a− 1) log(x) + (b− 1) log(1− x)

∂

∂x
log f(x) =

a− 1

x
− b− 1

1− x

which is equal to zero for

xopt =
a− 1

a+ b− 2

which also is a maximum point since

∂2

∂x2
log f(x) =− a− 1

x2
− b− 1

(1− x)2
< 0

(d) See Nils_15.R

(e) Note first that from here the g function has a different role than above, now being the
unnormalized target distribution, while h now is the proposal distribution.

We now have

Pr(X ≤ x and X accepted) =

∫ x

−∞
h(y)g(y)/{Mh(y)}dy =

1

M

∫ x

−∞
g(y)dy

Pr(X accepted) =

∫ ∞
−∞

h(y)g(y)/{Mh(y)}dy =
1

M

∫ ∞
−∞

g(y)dy

giving

Pr(X ≤ x| X accepted) =

∫ x
−∞ g(y)dy∫∞
−∞ g(y)dy

=

∫ x
−∞ f(y)dy∫∞
−∞ f(y)dy

showing that the accepted value has density f(x).

(f) Assume we choose a proposal distribution h(x, y) being the uniform distribution over [0, 1]×
[0, 1]. Then

g(x, y)

h(x, y)
=g(x, y) = exp{sin

√
|xy|) exp(|y|3/2)}

An upper limit of this ratio is M = exp(sin(1)) exp(1).

See Nils_15.R for simulations.
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(g) A possible proposal distribution is two independendent Gaussian variables, each with vari-
ance a. In that case

f(x, y)

g(x, y)
=

1
2π(1−ρ2)1/2

exp{− 1
2(1−ρ)2 (x2 + y2 − 2ρxy)}

1
2πa exp{− 1

2a (x2 + y2)}

=
a

(1− ρ2)1/2
exp{− 1

2(1− ρ)2
(x2 + y2 − 2ρxy) +

1

2a
(x2 + y2)}

=
a

(1− ρ2)1/2
exp{− 1

2(1− ρ)2
(x2 + y2 − 2ρxy − 1− ρ2

a
(x2 + y2)}

=
a

(1− ρ2)1/2
exp{− 1

2(1− ρ)2
(a−1+ρ2

a x2 + a−1+ρ
a y2 − 2ρxy}

We now want to choose a such that the term within the exponent is always negative. This
can be achieved by choosing a such that a−1+ρ2

a = ρ in which case

a−1+ρ2

a x2 + a−1+ρ
a y2 − 2ρxy = ρ(x− y)2

This gives a = 1 + ρ giving

M =
1 + ρ

(1− ρ)1/2
=

√
1 + ρ

1− ρ

See Nils_15.R for simulations.

Exercise 16
(a) Stationarity can be interpreted as if Xn follows the distribution π, then also Xn+1 should

follow the same distribution. Now

Pr(Xn+1 = j) =
∑
i

Pr(Xn = i) Pr(Xn+1 = j|Xn = i)

This then implies that we need

πj =
∑
i

πiPi,j

Under the assumption on P , we have∑
i

πiPi,j =
∑
i

πjPj,i = πj
∑
i

Pj,i = πj

showing the result.

(b) We now have

πiPi,j =πiQi,j min

(
1,
πj
πi

)
= Qi,j min (πi, πj)

=πjQj,i min

(
πi
πj
, 1

)
= πjPj,i

(c) We have now

πiPi,j =πiQi,j min

(
1, Si,j

πj
πi

)
= min (πiQi,j , Qi,jSi,jπj)

=πjQj,i min

(
πiQi,j
πjQj,i

,
Qi,jSi,j
Qj,i

)
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Now, in order for the last factor to be equal to be one, we need Si,j = Qj,i/Qi,j in which
case we obtain

πiPi,j =πjQj,i min

(
Sj,i

πi
πj
, 1

)
= πjPj,i

(d) Qi,j symmetric: A reasonable choice if we do not know much about the π distribution. Also
simplifies calculations somewhat.

Qi,j = qj means that the proposal will not depend on the previous value. However, the
acceptance probability will still depend on the previous value, giving a Markov chain. In
this case we need to make q similar to π in order to make it efficient.

Exercise 17
• We have

f(Xi))P (Yi|Xi) =f(Xi)q(Yi|Xi) min

(
1,
q(Xi|Yi)f(Yi)

q(Yi|Xi)f(Xi)

)
= min (f(Xi)q(Yi|Xi), q(Yi|Xi)f(Xi))

=f(Yi)q(Xi|Yi) min

(
q(Yi|Xi)f(Xi)

q(Xi|Yi)f(Yi)
, 1

)
= f(Yi)P (X ′iYi)

Exercise 19
(a) For λ positive, the distribution will give preference to similar x values. Since it is easiest to

obtain similar values close to 4.5, we will give preference to values close to this.

For λ negative, the distribution will give preference to different x values. This will result in
most values close to 0 or 9.

For λ = 0 there is no difference in any outcome, so each number will be independent.

(b) See Nils_19.R

(c) See Nils_19.R. We have for λ = 0 that each Xi are independent with E[X] = 4.5 and
Var[X] = 8.25. We then have

E0

1∑
j=1

2(Xj − X̄)2 = 11 ∗ V (Xj) = 11 ∗
9∑
k=0

0.1 ∗ (k − 4.5)2 = 90.75

(d) Defining xi = (xi1, ..., x
i
12) to be the telephone number i, we have

L(λ) =

200∏
i=1

1

Z(λ)
exp{−λU(xi)} =

1

Z(λ)200
exp{−λ

200∑
i=1

U(xi)}

lλ) =− 200 log(Z(λ))− λ
200∑
i=1

U(xi)

∂

∂
l(λ) =− 200

Z ′(λ

Z(λ)
−

200∑
i=1

U(xi)

and putting this to zero, we obtain

Z ′(λ)

Z(λ)
= − 1

200

200∑
i=1

U(xi) = −11.11
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Note however that

Z(λ) =
∑
x

exp{−λU(x)}

Z ′(λ) =−
∑
x

exp{−λU(x)}U(x)

giving

Z ′(λ)

Z(λ)
=

1

Z(λ)

∑
x

exp{−λU(x)}U(x) =
∑
x

π(x)U(x)

which gives the required result.

(e) If the original 200 telephone numbers were available, one could apply some Bootstrap pro-
cedure for estimation of λ. Within a Bayesian setting, one chould include a prior for λ and
then perform simulation from p(λ|x). Note that in the latter case, the averate Ū will be
a sufficient statistic so that we only need this quantity. Note however that we would need
Z(λ) in this case.

(f) We then only need gi(xi|rest) = exp{−λ
∑12
i=1(xj − x̄)2}.

See Nils_19.R
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