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Preface

There are various books on various shelfs concerning the broader themes of statistical
inference, both generally and with its many specialised themes. These include Bayesian
analysis (parametric and nonparametric), testing theory, optimal estimation, confidence
distributions, large-sample theory with the necessary probability on board, survival anal-
ysis and event history analysis, Markov chains and processes, optimal decision theory,
time series, machine learning, processing of big data, image analysis, multivariate analy-
sis, model selection and averaging, goodness of fit methods, stochastic processes, change-
point identification, prediction, etc. This book is decidedly different, in several key
respects.

600 Exercises

First of all, we change gears from the traditional narrative of ‘theory development first,
then a few exercises and illustrations’, to ‘crisp introduction text to a theme, then jump
into exercises mode’. So when we come to Bayesian analysis in Ch. 7, for example,
readers & doers are pushed rather quickly into working with and understanding from
our generous lists of exercises. Thus theory is developed as we go, through problems
and their solutions, from simpler statements and illustrations to the needed lemmas and
theorems, as opposed to the more traditional ‘theory first’ approach. This is in line with
what Aristotle wrote, in Nicomachean Ethics; “for the things we have to learn before we
can do them, we learn by doing them”; people learn to cook by cooking. Somewhat more
pointedly, the psychologist and progressive educator John Dewey held, “learn to know
by doing, and to do by knowing”. Our approach is hence correlated with educational
principles around Experimental Learning, and also the so-called Flipped Classroom.

The introductory Ch. 1 works through a generous list of parametric models, their
construction and properties, from the more famous to various extensions and connections
to yet other models. A healthy segment of our readers would know the basics of these
models already, but may use the chapter for reference, as do we for the rest of the book.
Ch. 2 then builds the apparatus for large-sample approximations, the uses of which truly
abound in probability theory and both theoretical and applied statistics, with the Law of
Large Numbers, the Central Limit Theorem with extensions, the delta method, moment-
generating functions, etc. Chs. 3 and 4 then develop the fundamental concepts and
methods for statistical estimation, confidence, and testing, with the required Neyman—
Pearson theory and other excursions.

The important Ch. 5, on likelihoods and their ramifications, can of course be worked
through and appreciated separately, but is also used in various guises in several later
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chapters, specifically for the Bayesian methods of Ch. 7, the survival and event history
Ch. 11, for model selection in Ch. 12, and for Markov chain models in Ch. 13. Ch. 6
goes into minimum divergence inference, generalising and in various situations robusti-
fying likelihood inference. In Ch. 8 we build confidence, with the frequentist no-prior
methodology for summarising inference in terms of distributions for focus parameters,
with consequences also for meta-analyses, ways of combining information across diverse
sources. Themes related to loss, risk, optimal estimation, minimaxity, admissibiity are
worked with in Ch. 9.

Often enough statisticians need for modelling and inference purposes to go beyond
the finite-dimensional world of data points and vectors. Ch. 10 develops the appropriate
tools and results for classes of stochastic processes, with Donsker theorems, Brownian
motion and bridges, along with statistically relevant constructions of running t-tests,
monitoring processes for models, log-likelihood maxima bridges, and more. Some of
these are also used in the survival chapter Ch. 11.

Model selection themes have been part of statistical practice since the early models
were invented, but have become more important and ubiquitous in the modern world
of computing, access to an increasing volume of datasets, and available software to run
through thousands of model candidates. Ch. 12 develops these themes, with emphasis
on the established acronyms AIC, BIC, FIC (the Akaike, the Bayes, the Focused Infor-
mation Criterion). Markov chains and processes are the themes of Ch. 13, where also the
important Markov Chain Monte Carlo methods are tended to; the MCMC algorithms
play an important role both in the finite-dimensional Bayes world of Ch. 7 but also in
our final Ch. 14, on Bayesian nonparametrics, with infinite-dimensional models.

Notably, each chapter is rounded off with a ‘Notes and Pointers’ section, commenting
on how key ideas have evolved historically, and with connections to other chapters and
yet further themes.

100 Statistical Stories

Secondly, we, with the active participation of you, the readers & doers, illustrate and

showcase concepts, modelling, theory development via a generous list of Statistical Sto-

ries. These range from the perhaps simple illustrations and applications to the rather

more challenging terrain, where theory needs further development or new twists, in order

to solve real-life real-data problems. Our stories are sorted into the broader categories of
(i) Demography, Epidemiology, Medicine;

) Biology, Climate, Ecology;

) Art, History, Literature, Music;

(iv) Economics, Political Science, Sociology;

) Sports;

) Simulated stories;

(vii) Miscellaneous.

Significantly, also the stories are told in the spirit of exercises, from start observations

concerning the context of and the problems at hand, to developing the right modelling

and then the tools required for solving these. Students and readers are then meant to

get involved in the problem solving process from the start, as opposed to listening to

a polished final lecture by someone who with struggle and efforts might finally having

solved the problem. Ploughing through the pieces of these stories will also provide good

training in the subtle tasks of statistical modelling, checking, and selection.

Notes &
Pointers

stories, stories
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It is to be noted that most stories engage tools from not merely one chapter at a
time, so to speak, but often via several themes from several chapters. So as opposed
to illustrating a certain Bayesian method, for example, there might be alternative and
equally relevant approaches, depending on the context, drawn from other chapters in our
book. Also, for some stories, theory needs further development as we go.

Importantly, we also provide solutions to all 600 Exercises and 100 Statistical Stories.
There is not space in the physical book to include these, however, so they are placed online
in the GitHub site pointed to below. That site also has all datasets used through the
book, with R and Python code when required.

Our methodological horizon is wide, so also in that sense our book is on the ambi-
tious side of the spectrum. We have chapters on a fair range of methodological themes,
from basic models to estimation and testing, on large-sample theory with central limit
theorems and so on, empirical processes, parametric and nonparamtric Bayes, confidence
distributions, survival analysis, Markov chains and processes, and modern methods for
statistical learning. Though we do manage to develop several of these themes rather
broadly, to the state of strong applicability also for challenging uses, the book is not
intended to be a full-semester full-course book for each of its subthemes. Several types
of courses can however easily be built from the book, as we offer advice on below.

Appendixes A, B, C, D, E

At the end of the book are four appendixes with exercises that takes the reader through
some of the required mathematical and probability background. Our list of exercises
are selective, and we have strived to only include material that is strictly necessary for
solving and understanding the exercises in other chapters, and that hopefully also sheds
some light on the short & crisp exercises as well as on the statistical stories.

Appendix A gives a concise and selective introduction to metric spaces. and includes
results about such spaces that are used several places in the book, but in particular in
Ch. 10. Statistics builds on probability, and probability is a branch of measure theory.
Appendix B gives an introduction to measure theory. This includes exercises on o-
algebras, Carathéodory’s extension theorem, Dynkin’s lemma, the Lebesgue integral, the
convergence theorems, the Radon-Nikodym theorem, and so on. Crucially, the theory
developed in this appendix underlies all of the statistical theory in the book, even though
for most of the exercises and stories this theory is not actively present, so to speak. The
measure theory appendix provides the background for Appendix C on probability theory.
This appendix gives a measure theoretic introduction to probability theory, and develops
such familiar concepts as the expectation, independence, and conditional expectation, to
mention some, in a rigorous fashion. Appendix D contains exercises on martingale theory
in discrete and continuous time. Some martingale theory is present in Ch. 10, and is used
very actively in Ch. 11 on survival analysis. Martingale theory is a subject that deserves
book length treatises (of which there are many, see Notes & Pointers), in our martingale
appendix, however, we have attempted to keep the theory to the bare minimum required
to work with survival analysis from the counting process point of view, without having
to take too many mathematical results for granted.

Finally, and crucially, Appendix E goes through the datasets used for our Statistical
Stories, with references and brief backgrounds and descriptions, along with pointers to
where in our book the datasets are used.
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This book, its students and readers, and its GitHub site

As made clear above the book is broad-horizoned, and will have different strata of readers.
The required start level for this book to be readable and useful is meant to be at end-
of-bachelor and above, as in Master’s and PhD levels (and above!). Prerequisites, for
the core of readers, should be basic mathematics, including calculus, linear algebra with
matrices and so on; familiarity and experience with programming in or via suitable
statistical or mathematical software systems, such as R and Python, and specifically with
the ability to code up things on one’s own, outside the terrain of the application of already
fine-tuned algorithms of packages; and having operating knowledge of classic statistical
models and their parameters. Our start chapter 1 goes through such models, though,
along with combinations, variations, extensions, so it is perfectly possible to start almost
from scratch, with a certain uphill parameter. Otherwise the already flagged intention
and spirit is ‘come along’, learning away as one proceeds, chapter by chapter, story by
story.

Our intended strata of readers are roughly as follows. These boxes are of course far
from accurately defined, and our students are invited to cross over to other categories as
they might be inclined to.

(i) The Linear Readers, who will benefit from having the stamina to work through
chapter by chapter (ideally also exercise for exercise) and appropriate subsets of our
stories. These readers will be at a Master’s or PhD level. We even hope and trust
that experienced scholars above these levels will find things to like, to be surprised and
inspired by; some of the material, also in the collection of Stories, is advanced.

(ii) The Chapter Samplers, who need to freshen up or learn more about certain
themes, like confidence distributions or survival analysis, without necessarily having the
time to or the interest for all the other chapters. Such readers will also be guided to and
benefit from relevant subsets of our 100 Statistical Stories.

(iii) Long live our lovely linear readers, but the book is also fine for the Statistical
Stories Readers and Samplers, for those who already know the basics on statistical mod-
els, parameter estimation and testing, some Bayes, etc. As noted, our book has Part One,
the theory development in chapters, then Part Two, the stories, but could by a segment
of our readers be worked through in the opposite order: read stories, and check what
you need to understand and do all details. The McCullagh (2022) book, with aspirations
partly parallelling ours, is a case in point.

(iv) Our book is also for the Specialists Inside Themes, who wish to learn even more
and to see how these subfields are applied in new fashions, possibly in combination with
methods and themes from other areas.

The GitHub site Hjort-Stoltenberg-Book (xx to be fixed), already pointed t above,
is seen as a vital companion to the physical book. It has all datasets used; code in R and
Python, i.e. scripts used to generate our figures, tables, and analyses; and, importantly,
solutions to all our 600 Exercises and all our 100 Statistical Stories. The site will be
actively maintained, and will with time also include follow-up exercises, snippets of course
notes, etc.

We have spent efforts making the book largely self-contained, and desert island
readers, with few other books on their shelves, can in principle ‘learn nearly everything’
from this one (given the prerequisites alluded to in the previous paragraph). Just a few
exceptions are as follows. (i) The modern Bayesian statistician needs Markov Chain
Monte Carlo, as explained and exemplified in Ch. 7 (and used in various stories), on this

who are you?

the Hjort-
Stoltenberg
book website
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occasion pointing to the later-in-the-book Ch. 13 for basic theory. But lifting that basic
theory, from discrete settings to continuous ones, would have taken seven extra pages,
so there we instead point to relevant sources. (ii) In Ch. 10 on random processes we
scrupulously go through the details of the C[0,1] space of continuous functions on the
unit interval, and also need for several further developments, and applications in certain
stories, similar but more complicated mathematical details for the bigger function space
DJ0,1]. Again, all of this would need eleven more pages, so we point to relevant literature,
but do sum up the required details and criteria such that we can proceed to further vital
developments and applications, like for Poisson, Gamma, and Beta processes, etc. (iii)
[xx is there more? completeness theorem for exponential family. Emil Doob-Meyer. xx|

Declaration

Since the work with this endeavour was finished in 2026, with humankind arguably at
one of its cross-roads, a small declaration of independence might be uttered: the authors
have absolutely not used so-called AI or versions thereof when it comes to the actual
writing of our texts, sentences, paragraphs, nor for the many cases, on different scales,
where ideas have been hatched and developed, modified, finessed, or abandoned, etc.
Occasionally we have been helped by modest-level chat-gpt to find certain datasets and
references from older literature, however.

We would similarly hope that our readers and users apply themselves, their clever-
ness, imagination, enthusiasm, perhaps with flecks of fruitful frustration, when working
through exercises and stories — i.e. without being too quick to ask machines to solve prob-
lems for them. We hold these truths to be self-evident, that thoughtful thinking (fast
and slow) & productive struggle remain the best algorithms for deep learning, genuine
creativity, and satisfaction.

Road maps for courses to give based on our book

Several types of courses can be taught from this book. Depending on the course parame-
ters of ambition, time alotted, and background level, lecturers could supplement material
with course notes and pointers to specialised literature. This is a list of such, reflecting
both the book’s general ambitions and our own teaching experiences at the Master and
PhD level for statistics and data science at the Department of Mathematics, University
of Oslo. Below we provide the skeletons of relevant Road Maps, for the different courses.
For each of these, a reasonable going-through of the long list of statistical models of Ch. 1
would be required and useful, without necessarily working through all of them, so below
we omit further mention of that chapter. The other chapters point back to that initial
cavalcade of models when needed.

A A basic course in probability models and statistical modelling: more of Ch. 1 than
for the other courses, and most of Ch. 3. A suitable selection of these Stories (xx
more, edit xx): #1, #2, #17, #24, #27, #44, #61, #T1, #76, #T4, #75, #7717,
#7179, #85, #86, #87, #90. The lecturer and the students could then for these
stories focus on the modelling and interpretation aspects, and perhaps leave the
inference aspects for other rainy days.

B Hard-core classical statistical inference, with parametric models, estimation, test-
ing, risk functions, etc.: half of Ch. 2, then most of Chs. 3, 4, half of 5, 7, 9. A
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suitable selection of these Stories: #1, #2, #6, #17, #22, #26, #27, #28, #31,
#39, #41, #44, #4T, #53, #62, #76, #7177, #78, #83, #88, #99.

C Modern Bayesian statistics, prior to posterior in classical setups and with MCMC,
excursions into nonparametric terrain: the essence of Chs. 3, 5, then good portions
of Chs. 7, 14; this could also be coupled with addition emphasis on estimation and
decision theory, risk functions, with Ch. 9. A suitable selection of these Stories:
H1, #4, #18, #19, #23, #31, #41, #52, #56, #60, #81, #86. #90, #101.

D Confidence distributions, perhaps alongside classical Bayes, with meta-analysis and
combination across information sources: the essence of Ch.s. 3, 5, then healthy
portions of 7, 8, 14. A suitable selection of these Stories: #1, #3, #4, #6, #8,
#12, #13, #30, #33, #45, #46, #52, #59, #60, #77, #90.

E Large-sample theory, the careful probability theory leading to CLT and more, ide-
ally coupled with parts of empirical processes, convergence, approximations, appli-
cations in statistics: most of Chs. 2, 5, 6, 10, perhaps even with parts of Chs. 11,
13. A suitable selection of these Stories (xx more, edit xx): #15, #21, #22, #24,
H2T, #34, #44, #46, #50, #51, #60, #77, #83, #85, #87, #93, #96, #100.

F Survival and event history analysis: models and methods for survival data, count-
ing processes, some martingales, Kaplan—Meier and Nelson—Aalen, Cox and Aalen
regression: the essence of Chs. 2, 3, 4, 5, then the full 11. A suitable selection of
these Stories: #4, #5, #9, #10, #15, #19, #21, #48, #51.

G Model selection and model averaging, AIC, BIC, FIC, tolerance radii, cross-validation,
applications: the essence of Chs. 2, 3, 4, 5, then the full Ch. 12. A suitable selection
of these Stories: #5, #8, #16, #17, #22, #24, #26, #27, #28, #37, #38, #45,
#51, #50, #53, #55, #58, #61, #76, #87, #98.

H Markov chains and processes, recurrence times, stationary distributions, MCMC,
with applications: half of Ch. 5, then Chs. 10, 13. A suitable selection of these
Stories: #3, #14, #15, #25, #46, #61, #86.

I Finally we point to the possibility of building a different type of course, on statistical
modelling and applications, with emphasis on the stories, and less concern for all
the technical details. This is also a way to learn about and appreciate classical
and modern statistics, concepts, modelling, computation, scientific context. The
selection of stories, in volume and in detail, would of course depend on the time
given and the interests of the lecturer and the audience.

Other books

There is a veritable ecosystem of books in good libraries about statistical inference,
from the basics to more advanced texts and to specialist treatments. The recurrent core
themes remain model building with the required portions of probabiity theory, parametric
estimation, confidence intervals, testing of hypotheses, approximate normality. There are
also visible Poisson rates for publishing in new categories, in the directions of machine
learning and AI, along with still new takes on classic methodology, relatead to their
active uses with emerging types of new data, and the general ‘combination of many types
of accessible information’. With the various parameters one may attempt to measure,
related to ambition level, attention to details, the scale from theory to applications (or
is it the other way around), horizon width, and the pedagogical lines taken, we trust the
Mahalanobis distance from our book to most others is significant and positive.

Classic texts on the basis of the theory include Lehmann (1959, 1983), Casella and
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Berger (2013), Bickel and Doksum (2015), Davison (2003), (xx point to 1-2 more, Braz-
zale et al. (2007), xx).

Books in this landscape differ when it comes to emphasis on applications, where
there naturally is a range from ‘simple illustration to check how things work’ to diving
into the scientific context and associated key questions. Since it takes ample time to
develop theory, concepts, and methodology, many very good texts are perhaps modest
when it comes to application details. Some are more ambitious in that regard, however,
giving readers Satistical Stories akin to ours, as e.g. Gelman et al. (2020) with its well-
told regression stories and Brazzale et al. (2007) where statistical fine-tuning methods
are delved into via a list of such stories. In this regard, our own book is admittedly not
ten times more ambitious than McCullagh (2022)’s excellent book, even though we have
a hundred stories and that book ten; he goes more deeply into several of these. (xx more
from the theory-with-applications books. xx)

After having developed the solid groundwork of statistical inference, in chapters
1-5, our book dares to go decently far also into more specialised topics, expanding the
horizon of modern statistical modelling and inference, in chapters 6-14. For these themes
there are naturally other more specialised texts; here we may point to Brown (1986),
McCullagh and Nelder (1989), and Efron (2023) for exponential families and generalised
linear models; Basu et al. (2011) for robustness and minimum divergence; Robert (2007)
xx and Gelman xx for Bayes; Schweder and Hjort (2016) for confidence distributions
and meta-analysis; Billingsley (1968) and Pollard (1984) for processes and convergence;
Andersen et al. (1993); Aalen et al. (2008) with emphasis on survival and event history
analysis; Claeskens and Hjort (2008b) for model selection; Ghosh and Ramamoorthi
(2003); Hjort et al. (2010); Ghosal and van der Vaart (2017) for Bayesian nonparametrics
(xx also mueller xx). We place further comments in the Notes and Pointers sections at
the end of our chapters.

(xx we point to some other books in similar terrain, though they are quite some
distance away from our book. xx) Gelman et al. (2020) (yes, story telling), Ferguson
(1967, 1996), Li et al. (2027), Lehmann (1959, 1983, 1999); Lehmann and Casella (1998),
Keener (2011), ...

Go forth!

After having worked your way through significant chunks of this book, both chapters and
well-sampled stories, you'll be fit to do wonders and be sought after on the job market,
the segments associated with the words statistics, data science and analysis, modelling,
machine learning, prediction (with uncertainty), and even Al
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I.11

Survival and event history analysis

[xx chapter abstract here xx]

Key words: central limit theorems, counting processes, Cox regression, large-sample
approximations, Kaplan—Meier survival curves, Lindeberg conditions, martingales,
Nelson—Aalen cumulative hazards

Survival and event history analysis is the statistical study of the occurrence of events in
the lives of individuals, animals, nations, firms, or whatever your units of interest may
be. Studying the occurrence of events means trying to understand of how the probability
of the event (or the probabilities of the events) of interest evolves over time, how the
probability of the event of interest differs between individuals, and what factors may con-
tribute to the probability of the event occurring. [xx mention that outcome is typically
(always?) the time to an event, time between events xx|. In the survival analysis setting
one is interested in the occurrence of a single event in the life of an individual, and it owes
its name to this event being death. Fvent histories, on the other hand, concerns several
different events occurring over time for an individual, or the individual experiencing the
same event several times. A recurring theme in survival and event history analysis is
censoring. In general, censoring means that the exact time of the event is not know,
rather we know that it must have happened after some time (right-censoring), before
some time (left-censoring), or somewhere in an interval of time (interval-censoring). The
most intensely studied form of censoring is right-censoring, and it is to right-censoring
we devote most attention in this chapter. Counting processes and the theory of mar-
tingales provide a powerful tool for studying estimators and testing procedures arising
from censored survival and event history data. Both counting processes and martingales
are instances of stochastic processes. See Appendix D. [xx write ‘multiplicative intensity
model’” somewhere xx]

Discrete time survival analysis

Ex. 11.1 A discrete time framework for survival analysis. Consider an event occurring
at one and only one of the time points {0,1,2,...}. We model this by a random variable
X whose probability mass function is f; = Pr(X = j) > 0 for j = 0,1,2,... and zero
otherwise. Let F, = ngm fj for x € R be its c.d.f., and S, = 1 — F|, 1 its survival
function. It is fruitful to work with the hazards

355
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along with the cumulative hazards A; = o + 01 + -+ - + a;.

(a) We see that Sy = 1, and S = 1 — fo = 1 — «Sp. Proceed by induction to
show that Sky1 = H?:o(l — «;j), and that, consequently, the c.d.f. can be expressed as
F,=1- H;Lgijo(l — ;). Deduce from this that the probability mass function can be
written

fj = (1 — Oéo)(l — 041) tee (1 — aj_l)ozj, for j = 0, 1,2, oeey

and give an interpretation of this identity.

(b) Suppose that X is subject to right-censoring, meaning that we only observe X if
it occurs before some (random) censoring time C, that is, we observe T' = min(X, C).
In the canonical right-censoring setup it is assumed that C' is independent of X; that
its distribution does not depend on the parameter on which we seek to make inference,
in which case the censoring distribution is said to be uninformative.; and that we know
whether we observe a censored outcome or the real thing. Thus, our data are a realisation
of (T,A), with A = I(X < C) an indicator of noncensoring. Define the counting process
and the at-risk process of observed lifetimes

N; =AI(T <j), and Y;=I(T >j),

and denote dN; = N; — N;_;. Show that E (dN;|Y;) = Y;«; almost surely.

(c) Let (Fj)j>0 be the filtration generated by (N,Y), ie., F; = o((Ng, Yr)o>r<;) for
Jj = 0,1,.... Verify that Y; is F;_i-measurable for each j, in other words, that the
information contained in F;_; is sufficient to determine whether a subject is still at
risk or not. A process posessing this peeking ahead property is said to be previsible or
predictable.

(d) Define the processes M by M; = N; — Zi:l Yiay for j = 1,2,... Show that M is
a square integrable martingale. That is, M; is F;-measurable and square integrable for
each j, and E (M; | Fj_1) = M,_; almost surely for each j.

(e) To any square-integrable martingale M there is an associated predictable quadratic
variation process denoted (M, M), defined by (see Ex. D.4)

J
(M, M); => Var(dM | Fj—1), forj=1,2,....
k=1

Show that the martingale from (d) has predictable quadratic variation (M,M); =
>t Yieag(l — oy ), and deduce that Mj2 — (M, M); is a martingale.

(f) Consider now a full data set, assuming that (7%,61),...,(Th,dy) are independent
replicates of (T, A). Form the combined counting process N and the combined at-risk
process Y, as

Nj:ZAiI(Tigj) and YjZZI(nzj) for j=0,1,....

i=1 i=1

Formulate in words what these counts N and Y amount to; and verify that M; =
N;—=>7 _, Yyay is a square integrable martingale, with respect to the filtration generated
by the processes N and Y.

right-censoring

counting
process and
at-risk process

previsible
process

counting
process
martingale
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(g) Show, with the necessary efforts of book-keeping, that the likelihood information
from such a dataset can be expressed as

oo

I #n T1 (- Fr) = Lo —ayvmam,

iiA;=1 i:A;=0 =0

The product above is really a finite one, every factor after the largest T; being 1.

(h) Discuss how or to what extent the likelihood in (f) can be interpreted as a succession
of binomial trials, with N, | ¥; ~ binom(Y}, a;).

Ex. 11.2 Nelson-Aalen in discrete time. Let (T1,61),. .., (Th, d,) be independent repli-
cates of (T, A), where these are as defined in Ex. 11.1. This means that in the background
here there are i.i.d. lifetimes X, ..., X, and i.i.d. censoring times C1,...,C, with dis-
tributions F' and G, respectively.

(a) Show that the ML estimator for «; is @; = dN,;/Y; provided Y; > 0. We set
&; = 0 when Y; = 0, thus from now on a; = I(Y; > 0)dN,/Y; where we take ‘0/0’
to be 0. The discrete time Nelson—Aalen estimator of the cumumaltive hazard is then
A-—a0+ -I—OLJ Zk 0 (Yk>0)de/Yk

(b) Introduce gj = Zk:o arl (Y > 0). Add and subtract /L- to show that

~ I(Y; > 0)
Ay — Ay = jz::oiya dM; + ope(1/V/n),
in terms of the martingale differences dM; = M; — M;_;.

(c) Show that ,Zk — ﬁk is a square integrable martingale; and deduce from Lenglart’s
inequality (see Ex. D.7) that this implies that for any € > 0 and § > 0

k
~ ~ 1 I(Y; > 0)
Pr(rj;lgatlz<|Aj —Aj|>¢e) < = + Pr{ z;) Taj(l — ) >nb}.
]:
Derive conditions on the distributions F' and G under which we are justified in concluding
that max;j<i |A; — A;| —=pr 0 as n tends to infinity.

(d) Consult the martingale central limit theorem in Ex. D.8, and deduce from the above
efforts that

J

N , o (1 — o)
A; — A;) =4 N(0,0? th
V(A — Aj) =4 N(0,07), with of Zo 1—Fp1)(1—Ggor)’

as n tends to infinity, for all j such that F;_; and G,_; are strictly smaller than 1.

Ex. 11.3 Inference on the hazard. Since a;j = Aj— A;_1, large sample results pertaining
to the ML estimator @; can be deduced from those for the Nelson—-Aalen estimator.

(a) Show that max;<y |&; — a;| —pr 0 under appropriate conditions on F' and G.
(b) Derive the limiting distribution of \/ﬁ(//l\] —Aj, A\j,l — A;_1), and show that

_ a;(l - ay)
\/ﬁ(aj — Olj) —d N(Oa (1 _ Fj—l)(l — Gj—l))’

via an application of the Cramér—Wold device (see Ex. 2.45(h)).
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Ex. 11.4 Kaplan—Meier in discrete time. Suppose we have i.i.d. survival data as de-
scribed in the preceeding exercises. Estimating the c.d.f. or the survival function of X is
complicated by the fact that we only observe the censored survival time 7' = min(X, C)
along with an indicator A = I(X < C) of noncensoring.

(a) Convince yourself that F; = n~1 3" I(T; < j) is, in the presence of right-censoring,
not a good estimator for F;. The failure of this estimator is part of the rationale for con-
structing estimators based on @;, as this latter is consistent for the hazard «;.

(b) A natural estimator, indeed the ML estimator, for the survival function S, =
Hm ‘(1 — «;) is the Kaplan-Meier estimator §j = Hi;é(l —Qyg). Show that §j —pr S
for for any j such that F;_; and G;_; are both strictly smaller than 1.

(c) Deduce from the above exercises that

’\ Jj—1 ~
log S + Ope(1/n),
S] P 1—ay

and use this this to find the limiting distribution of \/ﬁlog(gj/sj).
(d) Derive an approximate 95 percent confidence interval for S.

Ex. 11.5 Parametric likelihood inference in discrete time. Retain the setup from Ex. 11.1,
and suppose that the probability mass function f; generating the data belongs to a
parametric family {f(6): § € ©} of probability mass functions on {0,1,2,...,}, with
© C R. Thus Pr(X = j) = f;(6p), where 6y is the true value of the parameter. As-
sume also that the processes (Ny,Y1),...,(V,,Y,) are only observed up to some finite
time 7, for which F; and G, are both strictly smaller than 1; and that the hazard
a;(0) = f;(0)/{f;(0)+ fi+1(0)+---}is, forall j =1,..., 7, twice continuously differen-
tiable in an open interval around 6.

(a) Consider the log-likelihood function for 6 based on the data observed up to and
including point k& < 7. Verify that it is given by (disregarding terms constant in )

k
) = Z{log(%(@)d% +log(1 — a;(6))(Y; — dNj)},

and show that the score function process s,(0) = {s,(0);: j = 0,1,...,7}, normalised
by n=Y2 is s,(0)r = n=Y200,(0),/00 = n~1/? 2?21 1 (0) {dN; — Y;a;(0)}, with
Y (0) = (0a;(0)/00)/{c;(0)(1 — o;(#))}. In particular, define s, = s,(0y) and show
that (s,)o<j<r is a square integrable martingale with respect to the filtration generated
by the counting and at-risk processes.

(b) Denote J,(0) = —0s,(0),/00, and let J,, = J,,(6p). Establish that
E <3n7 Sn>T =E Jna

This equality indicates that the predictable quadratic variation (s,, $,) plays a role akin
to the observed information that we met in Ch. 5 on likelihood theory.

(c) Let g be the derivative of 1y with respect to 6. Note that ¢y is continuous as a;(6)
is twice continuosly differentiable for all j. Show that J, — (sp,sn)r —pr 0. Moreover,
show that Jn(én) — Jp —pr 0 for any deterministic sequence én tending to 6.

(d) Let J = ZJT‘=1 ¥i(00)%y;ja;(00){1— (o)}, where y; is the probability limit of Y;/n.
Give yourself the assumptions you need (take a look at the relevant exercises in Ch. 5),
and show that, with 6,, the ML estimator, \/n(6,, — 6y) —4 N(0, J71).
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Ex. 11.6 Survival functions and hazard rates. Consider a lifetime variable T with density
f and c.d.f. on the half-line; in particular, the distribution is continuous. Define the
hazard rate function « as

a(t) = lim (L/W)PH{T € [t,t+ )| T = t}.

So, informally, a(t)dt = Pr(T € [t,t + dt)|T > t) for a small time window [¢,¢ 4 dt),
i.e., the conditional probability that T' occurs in [t, ¢+ dt) given that it has not occurred
prior to time t.

(a) First define the survival function as
St)=Pr(T >1t)=1-F(¢).

What are its basic properties?

(b) Show that in fact «(t) = f(t)/S(t). So from knowledge of f we can always find the
hazard rate from a = f/(1 — F).

(c) Define also the cumulative hazard rate function as A(t) = fot a(s)ds. Show that

F(t)=1—exp{—A(t)} and f(t)= at)exp{—A(t)}.

(d) Let T have the exponential distribution with density f(¢,0) = 0 exp(—0t). Find its
survival function and hazard rate.

(e) For the Weibull distribution, with F () = 1 — exp{—(at)®}, with the hazard rate
function, and display it in a plot, for a = 3.33 and b equal to 0.9, 1.0, 1.1.

(f) Consider the Gamma distribution with parameters (a,b), which has the density

I'(a)

Show that the mean and variance are a/b and a/b?. Take b = 2.22, compute the hazard
rates for a equal to 0.8, 1.0, 1.2, and display these in a diagram. Give explicit formulae

f(t,a,b) = t*Lexp(—bt) fort > 0.

for the survival function and hazard rate for the case of a = 2.

(g) Consider a lifetime distribution with hazard rate a(t) = 1/(1 +t). Find its survival
function and density.

Ex. 11.7 Maximum likelihood estimation with censored data. If we have observed in-
dependent lifetime data X,..., X,,, from a suitable parametric density f(x,0), the ML
estimator is found by maximising the log-likelihood function Y ; log f(X;, ). This ex-
ercise looks into the required amendments in the case of censored data. In particular,
let Cq,...,C,, be independent censoring times (i.e., nonnegative random variables) from
some common distribution with c.d.f. G, and assume that censoring is uninformative
in the sense that GG does not depend on #. Assume also that the we have independent
censoring, meaning that the X; and C; are independent. We observe the survival data
(T1,61), ..., (Ty,0,) where T; = min(X;, C;), thus there is right-censoring, and

A; = I(T; is the observed lifetime) = I(X; < C;),

So, in the case of A; = 0, this means that the real lifetime X, is at least as large as Cj,
but we do not know more than that.
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(a) Assume that the parametric model is given and perhaps primarily thought about
via its hazard rate function, say a(t, #). Assume first that all T; correspond to genuinely
observed lifetimes, i.e. that there is no censoring. Show that the log-likelihood function
above can be expressed as

0, (0) = _Z{logam, 0) — A(T;,0)},

with A(t,0) the cumulative hazard function for the model.

(b) For the very simple exponential model, with a(t, ) = 8, write up the log-likelihood
function from the expression under (a), and show that the ML estimator is h=n /> T
1/T,.

(c) Then consider the general case with censoring as described above, i.e. some of the
A; are equal to zero. Show that the log-likelihood function can be written

n
0a(0) = " log f(T:,0) + Y log S(T3,0) = > {A;log o(T;,0) — A(T;,0)}.

A=1 A;=0 i=1
Sometimes the first expression is more practical to work with, sometimes the second; also,
as will be seen later, the second expression lends itself more easily to general counting
process models.
(d) For the simple exponential model, again, but now with censoring, show that the ML
estimator is 6 = 27| A;/ 27| T;, generalising the non-censored case above.
(e) Generalise the previous situation to the model where the hazard rate is a(t) = ag(t)6,
with a known basis hazard function ag but with unknown multiplicative parameter 6.

Ex. 11.8 Counting process, at-risk process, intensity process, martingales. The eternal
golden braid, for modelling and analysing survival and event history data, is the quadru-
ple (N,Y, A\, M). The ingredients are the counting process N, the at-risk process Y, the
intensity process A, and the martingale M. This particular exercise gives a separate,
brief, and partial introduction to these four items, in the context of survival data. These
data are of the form (T4, 81),. .., (Th,d,), as described in Ex. 11.7. The counting process
N counts the number of observed events, over time:

n
N(t) = #{observed events over [0,t]} = Z NI(T; < t).
i=1
It starts out at zero, at time zero, and then increases with jump size 1 each time a new
observation is recorded. The at-risk process counts those individuals who are still at risk,
for each given time point:

n
Y (t) = #{individuals at risk just before time t} = Z KT; > t}.

i=1
The ‘just before’ can be formalised, e.g., via left continuity. Note that Y (¢) counts both
those T; with A; = 1 and those with A; = 0 (since we do not know yet when events
occur, or when censoring might occur). The intensity process A(s) can be defined in
several ways, and with somewhat different, but related, motivations and interpretations
[xx point to Ex. in appendix xx]. The simplest way, in this framework, might be

A(s)ds = Pr{N[s,s +ds] =1|F,s_}.
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First,
dN(s) = N[s,s+ds] = N(s+ds) — N(s—)

is the numer of observed events inside the small time window [s, s + ds]. Second, F,_ is
the full history of everything that has been observed up to just before time s, i.e. over
[0,5). In the present setup of survival data (i.e. without complications of more complex
event history constructions), the relevant information in all of Fs_ is simply ‘how many
are still at risk’, i.e. Y(s).

(a) In this setup, show that
dN(s) | Fs— ~ Bin(Y(s), a(s) ds),

a simple binomial situation with Y'(s) at risk and with a small probability a(s)ds. Show
that

Pr{dN(s) = 0| F._} = 1 —Y(s)a(s)ds + O((ds)?),

Pr{dN(s) = 1| F,_} = Y(s)a(s)ds + O((ds)?),

Pr{dN(s) > 2| F._} = O((ds)?),

This means that all the action here is in 0 (high chance) and 1 (slim chance, but impor-
tant, and sooner or later it will kick in). In particular, show using the above that

A(s) =Y (s)a(s)

(b) Then consider the random process

t t
M(t) = N(t) — / A(s)ds = N(t) — / Y (s)a(s)ds. (11.1)
0 0
Demonstrate that it has the magical martingale property,
E{dM(s)|Fs—} =0,

with dM(s) = M(s+ ds) — M (s) the martingale increment.
(c) Show that the process

K(t) = M(t)? _/0 Y(s)a(s)ds

also is a martingale. We shall see later, in the course and in exercises, that various central
properties flow from these martingales, including results on limiting normality for classes
of estimators.

(d) Consider again the situation of Ex. 11.7, with log-likelihood functions for censored
data. With the golden quadruple on board, show that the log-likelihood function also
can be expressed as

n

£,(0) = 2{51 log a(t;,0) — A(t;,0)} = /T{log a(s,0)dN(s) — Y (s)a(s,0)ds}.

i=1 0

Here the integral of a function with respect to a counting process is defined, simply, as

| aterants) = Y- gte

a sum of the function evaluated precisely at the observed timelengths.
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Ex. 11.9 More on counting process martingales. In this exercise we formalise some of the
matters from Ex. 11.8. Let N and Y be as defined in Ex. 11.8. We start out considering
n = 1, so that the counting process N makes no more than one jump. The filtration
(Fi)e>0 generated by (N,Y), that is, 7y = o({N(s),Y (s)}s<¢) records the history of
these two processes. The aim of this exercise is to show that the process M defined
in (11.1) is a square integrable martingale with respect to (F;);>0. For more on square
integrable martingales, see Appendix D.

(a) Verify that M is adapted, i.e., that M (¢) is measurable with respect to F; for each
t. You might consult the result from Ex. B.19(b) in doing so. Show also that E M (¢)? <
(1 —log(1 — F(t))?, establishing that M is square integrable.

(b) To conclude that M is indeed a square integrable martingale we must show the
martingale property

E(M(t)|Fs) = M(s), a.s., for each s <.

One way of proving this (feel free to attempt others) is to start by establishing that the
martingale property is the same as E{N(t) — N(s) | Fs} = E {f: Y (u)a(u)du| Fs} as.,
for all s < t¢. Now, suppose that we manage to show that the left- and right hand side of
this equation are respectively

E{N(t) — N(s)|Fs} =al(T > s), and E{/ Y(wa(u)du| Fs} =bI(T > s),

almost surely, for non-random a = a(s,t) and b = b(s,t). Show that if this is so, then
a = b, and the martingale property is proven.

(c) To prove the two equalities in the second display in (b), it suffices to show that for
any event A € F; such that Pr(A4) > 0, we have Pr(T > s) = Pr(AN{T > s}). Verify
that this is indeed sufficient, and show that the equalities hold.

(d) Suppose that the survival time T and indicator for noncensoring A come with a
covariate Z. We regard this coviariate as ‘realised at time zero’, and define the filtration
G = Fe Vo(Z) for t > 0. Generalise the above, and give yourself the proper technical
assumptions, to show that in this setup M(t) = N(t) — fg Y(s)a(s, Z)ds is a square
integrable martingale with respect (G;)¢>o-

(e) Going one step further, suppose that we have a covariate process Z(t) that of the
previsible sort. In particular, with Z; = o(Zs;s < t), the random variable Z; is Z;_
measurable (cf. the discussion about the at-risk process). Define G; = F; V Z;, and
attempt to show that, under suitable conditions, M (t) = N(t) — fot Y(s)a(s, Z(s))ds is
a square integrable martingale with respect (G¢)i>o.

(f) Show that a sum of martingales is a martingale. In particular, if My,..., M,, are
i.i.d. replicates of the martingale M defined in (11.1), or, indeed, the ones described
in (d) or (e), then Y. | M;(¢) is a square integrable martingale.

Ex. 11.10 The previsible variation process. The previsible quadratic variation process of
a square integrable martingale M, is an increasing previsible process, denoted (M, M),
such that M? — (M, M) is a martingale. More details are given in Ex. D.16. In this
exercise we study the previsible quadratic variation of the counting process martingales
introduced in Ex. 11.8 and Ex. 11.9.

(a) Let M be a square integrable martingale. Establish that E {M (¢)? | F_} = (M, M),
a.s.. As we will see in Ex. abc, this identity is a special case of what is called the Ito
isometry.
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(b) Let My,..., M, be independent square integrable martingales, and let ay,...,a, be
constants. Demonstrate that

(Z alMl(t))Z — Za?(Mi,MZ)t, t Z O7
=1 =1

is a martingale (in ¢), implying that (300 | a;M;, > 0 a;M;)y = >, a?(M;, M;).
Thus, in this regard, the previsible quadratic variation behaves like the variance of a
sum of independent random variables.

(c) Let M be the martingale defined in (11.1). Show that as k tends to infinity.

k t
. . 2
D E{(Mt/k) = M((G = Vt/k)" | Fynyun} = /0 Y(s)a(s) ds + ope(1),
Jj=1
almost surely, for each ¢. Deduce from this that

(M,M)t:/o Y (s)a(s)ds.

and, consequently, that with M, ..., M, i.i.d. replicates of the M in (11.1), we have

(ZMi,ZMi>t :/0 ZI(Ti > s)a(s)ds :/0 Y (s)a(s)ds,

with Y (s) = Y7, I(T; > s) as before. Thus, for this setup, the previsible quadratic
variation is hence identical to the so-called compensator f(f Y ads of the counting process
N.

(d) Generalise the findings from (c) to the martingales introduced in Ex. 11.9(d)-(e).

Ex. 11.11 A parametric step-function for the hazard rate. Consider independent lifetime
data of the form (71,01),..., (T, dn), as met with in Ex. 11.7 and subsequent exercises,
and assume they stem from a common distribution with hazard rate a(s). We wish
to estimate the cumulative hazard rate A(t) = fot a(s)ds. This can famously be done
using the (nonparametric) Nelson—Aalen estimator, see Ex. 11.12 below, but we start out
working through a parametric version, via a step-function. When the windows become
small, this parametric estimator will actually converge to the Nelson—Aalen estimator.

(a) Counsider the parametric model where the hazard rate is a step-function, i.e. constant
over windows. Suppose [0, 7] is the full time window of relevance (i.e. with a sufficiently
big end-point 7), with windows W; = [s;_1,s;) for j=1,...,k,and 0 =59 < 51 < --- <
s = 7. The model is then of the form

a(s) = a; on time window W; for j =1,... k.

Using the log-likelihood expression of Ex. 11.7, show that the log-likelihood function can
be written as

k k
oo, ... a) = Z /W‘ {loga(s) dN(s) — Y (s)a(s)ds} = Z(ANj log o; — Rjay;),

j=1

in which

ANj = N(Wj) = N(Sj) — N(Sj_l) and Rj :/ Y(S) ds.
W
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So AN; is the number of observed events, and R; is the ‘total time at risk’, over window
W;.

(b) Show the ML estimators for the local constants become

_ AN AN;

a; = = , forj=1,...k,
J R; ijY(s)ds

whenever R; > 0. If R; = 0 then we set & = 0 for all k£ > j. The ML estimator of the
full cumulative hazard rate is hence the integral of the estimated step-function, which
becomes the piecewise linear

at for t € Wy,
a181+a2(t—81) fOI‘tGW%
a181+a2(82 —31)—1—&3(15—32) for t € W3,

etc.

(c) Find the Hessian matrix
J(@) = =0y (ev, ..., ap)/0adal,

and show that it is diagonal. Let’s write a for the full parameter vector (a,...,ax)
where convenient. Find also the observed information, which is this minus the second
order derivative matrix computed at the ML estimate. Show indeed that

J = J(@) = diag(R}/ANy,..., R} /ANy).
(d) Attempt, using the martingale central limit theorem of Ex. D.19, to show that
V(@ —a) —a Ng(0,J71),

as n — 0o, and so, approximately, & ~4 Ni(«, j’l) for large enough sample sizes. Show
that this translates to the &; being approximately unbiased, normal, and independent,
with Vara; = AN;/R3.

(e) Argue, perhaps heuristically, that when the time windows become carefully small,
then the above E(t) is in effect a nonparametric estimator of the cumulative hazard
function, approximately unbiased and normal, and with variance estimable by

~ AN,
DD DI
windows left of ¢ ( j/ j)
with dj = s; — s;_1 the width of window W;. Since R;/d; = (1/d;) [}, Y (s)ds, this is
J
close to Y'(s}), with s} the mid-point of W;. A further approximation, which becomes
correct in a fine-tuned large-sample setup with cells becoming small at the right rate, is

then
~n2 th(S)
R () _/0 T

Via the step-function model, and some extra analysis, we have essentially reinvented the
Nelson—Aalen estimator, along with its properties.
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Ex. 11.12 The Nelson—Aalen estimator. Consider again independent lifetime data of
the form (71,61),...,(Th,0n), as met with in Ex. 11.7 and several subsequent exercises,
and assume they stem from a common distribution with hazard rate a(s). In Ex. 11.11
we set up a step-function model for a(s), which led to an almost nonparametric estimator
for the cumulative A(t) = fot a(s)ds. The canonical nonparametric estimator is indeed
this fine-tuned limit, namely the Nelson—Aalen estimator.

(a) We start with the definition, using the counting process and at-risk process notation
of Exercise 5 (and used in the book). The Nelson-Aalen estimator for A(t) is

-~ ¢ dN(S) 51
Alt) = / Vo) ~ 2 Vit

t; <t

Again, the integral with respect to a counting process is simply the finite sum over the
appropriate integrand, over the observed event times. It is easy to make a programme
computing A(t). Do this, for a dataset of your choice, perhaps simulated.

(b) Then we ought to spend a few minutes thinking about why the Nelson—Aalen A(t)
is a natural estimator of A(¢). Using the martingale M of Exercise 5, we may write

dN(s) =Y (s)a(s)ds + dM(s) = structure 4+ random fluctuations,
which implies
dN(s)/Y (s) = a(s) ds + noise.

Argue that this points to the Nelson—Aalen.
(c) With a bit of heuristics, we have

/T(t)—A(t)z/O d}iv((s‘j) —An = | dy(ij) :/0 g(ls,)dﬂi(S)’

where g(s) = Y (s)/n is a steadily more precise estimate of its limit in probability, say
y(s) = Pr{X > s,C > s}, with C the censoring mechanism and X the true uncensored
lifetime. It follows that

1 dM(s)
yls) n
But M(t)/+/n —4 V(t), say, a zero-mean Gaussian martingale with incremental variances

VardV (s) = y(s)a(s)ds, by the results in Appendix D. This, at least heuristically, is
seen to imply

Z,(0) = Vit - Ay = [

Zu(t) <54 Z(t) = / ﬁ)dvm

which is another zero-mean Gaussian martingale with incremental variances

dVv d
VardZ(s) = Var () = als) i
y(s) y(s)
(d) So the Nelson—Aalen is for large samples approximately unbiased, approximately
normal, and with variance

o(t)? = Var A(t) = %/o az(/s(l;is
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Give arguments supporting the estimator
L AN(s)
o Y(s)*

So a programme for the Nelson—Aalen just needs a few lines more to produce also 7 (t).

5(t)? =

In particular, confidence bands are now easy to construct, say
A(t) £1.6455(t) for t € [0,7],

where [0, 7] is a relevant time window for the data. Try to show that this band contains
the true A(t) with probability converging to 0.90, for each fixed ¢.

Ex. 11.13 Integration with respect to counting process martingales. We've met the full
eternal golden quadruple (N, Y, A, M) in Exercise 11.8. Here we go through more details
regarding the martingale machinery, in particular integrals with respect to counting
process martingales (for even more details, see Appendix D). The standard setup so far
is for the survival data framework of data (T}, 51) (Tn, 5n) as with Exercises 11.7,
for which the counting process martingale is M (¢ fo s)ds. Throughout,
(Ft)e>o0 is the filtration generated by the countmg process N and the at risk process Y.

(a) Now consider any function H = {H(s): s > 0}, and form its integral with respect
to the martingale M,

t):/OtH(s)dM(s) for t > 0.

This integral may be defined as the fine limit of Riemann type sums 3, H(s;){M(sj+1)—
M(s;)}, when the cells [s;,s;11) become smaller, but for the present purposes of the
survival setup it is sufficient to agree on

/OtHdM/OtH(s){dN(s) Y(s)a(s)ds} = > H(t;)s; 7/ H(s a(s) ds.

t; <t

Now, show that K = fo H dM is also a martingale, provided H is previsible, in the sense
that the value of H(s) is known when F,_ is known, i.e., H(s) is measurable with respect
to Fe_.

(b) When H is previsible (with respect to the same filtration of growing history), such
that K = [, HdM is another martingale, show that

/HdM/HdM /H M)(s).

(c) For the survival data setup, consider the random function

KO = [ vz M)

where J(s) = I{Y(s) > 1} is equal to 1 with very high probability (unless s becomes
large). The point is that 1/Y(s) isn’t defined when Y (s) = 0, and we take J(s)/Y (s) to
be zero in case of Y (s) = 0, which also means J(s) = 0. Show that K is a martingale,
with variance process

(K, K)(t) /J

which with very high probability is equal to A(t) itself.
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(d) Consider now two martingales, say M; and Ms, with respect to the same filtration.
We define their previsible covariance process (M, Ms) via

d(M7y, M2)(s) = cov{dMi(s),dMa(s) | Fs—},

again with notation dM;(s) = M;(s+ds) — M;(s). If

M;(t) = N;(t) — /0 Yi(s)a(s)dss

is the little martingale associated with individual 4 only, so that N;(t) = §;1(¢t; < t) and
Yi(t) = I(T; > t), taking on values 0 and 1 only, show that

(M;, M;)(t) =0 fori# j,

whereas (M;, M;)(t) = Y;(¢t)a(s) ds .

(e) Finally, at this stage, consider two martingales M; and Ma, along with two pre-
visible processes H; and Hs, such that K; = fo H;dM; and Ky = fo H5 dM>s become
martingales. Show that

(Kl,K2>(t):</O'H1 dMl,/O. Hng2>(t):/O Hy Hay d{Mi, M))(s).

In particular, if M; and Ms are orthogonal, meaning that their covariance process is
zero, then also fo H; dM; and fo H, dMy are orthogonal, even if H; and H, might be
dependent in complicated ways. It suffices that M; and Ms have uncorrelated increments.

Ex. 11.14 Martingales have GaufSian process limits. Here I go through a few things
having to do with the remarkable and powerful machinery of martingale limit theorems,
but without the finer details. Such finer details are included in Appendix D. The overall
message is that yes, lo & behold, a martingale M, (t), indexed by sample size n, is
approximately normal, for each ¢, when n grows. Fven more, the full random process
M, = {M,(t): t > 0} tends in distribution, when properly scaled, to a full Gaufian
martingale process, with independent and normally distributed increments (which is
saying much more than merely ‘for each ¢, the distribution of M, (t) is close to a normal’,
see Ch. 10). All these results are important and very useful generalisations of the results
for independent summands that we met in Ch. 2. For survival analysis models and
methods we very much need results with even complicated dependencies on the past.

(a) Let X3, Xs,... be a sequence of variables for which
E(X,|F.1)=0 forn=2,3,...,

where F,,_1 means the previous history (Xi,...,X,_1), that is, F,, = 0(X1, ..., X,,) for
each n > 1. Show that

M, (t) = Z X; fort>0
i<[nt]

is a martingale with respect to F,. Note that X,, can depend on the past in even
complicated ways, as long as its conditional mean is zero.

(b) Show that

(M, M) (t) = Z Vi,  where V; = Var (X; | Fi—1).

i<[nt]
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In the easier special case of independence, as with the previous exercise, the (M,,, M,,)(t)
is just the sum of the variances of the X;; here it is rather the sum of the conditional
variances, and these, being conditional, are random.

(c) There are now various theorems (for one such, see Ex. D.8) which say that if (i)
(M, M,)(t) —pr v(t) for each t and (ii) some Lindeberg type condition holds, then
there is full process convergence M, (t) —4 V(t), a GauBlian martingale with variance
v(t). Show that V(t) has the same distribution as W (v(t)), with W standard Brownian
motion.

(d) Now consider a more complicated process, namely

Kn(t)= > HX; fort>0,

i<[nt

where the sequence of Hy, Ho, ... are previsible, meaning that H; is known once F;_1 is
known. Show that K, is a martingale, with

(Kn, Kn)(t) = Y HPA(M,, My); = > HiVar (X;| Fi_1).

i< (nt] i<(nt]

These are parallels to what we’ve seen and worked with in Exercise 9.

(e) Since a martingale limit theorem is a martingale limit theorem, deduce that as long
as (1) (Kn, Kn)(t) —pr q(t) for each ¢ and (ii) some Lindeberg type condition holds for K,
then there is full process convergence K, (t) —q4 Q(t) = W(q(t)), a GauBian martingale
with variance ¢(t). Note that such K, processes can be much more complicated than
simpler sums of independent components processes.

Ex. 11.15 Integrating sequence converging in probability. When working with conver-
gence (of various sorts) of counting processes, the following situation arise frequently: A
sequence of stochastic processes X,, = {X,,(s): s € [0, 7]} is such that

Xn(s) =pr z(s), (11.2)

as n — oo for each (or almost all) s € [0,7], where [ |2(s)|ds is finite. We would like
to conclude that

t t
/ X, (s)ds —pr / x(s)ds, foreacht € [0,7], (11.3)
0 0

as well. This is somewhat similar to the convergence theorems of Ex. B.14, and also the
uniform integrability results in Ex. 2.5, but differs from these because we are dealing
with sequences of stochastic processes.

(a) To start off, show that if sup,e(o - [Xn(s) — 2(s)| —pr 0, then (11.3) holds.
(b) Suppose (11.2) holds, that E X,,(s) — x(s) for each s € [0,7] and that E|X,,(s)| <

k(s) for an integrable k(s). Show that this is sufficient for (11.3) to hold. In fact, show
that the convergence is uniform over [0, 7].

(c) We can weaken the result from (b), replacing convergence in mean by uniform in-
tegrability. Assume (11.2) holds and that (X,(s))n>1 is uniformly integrable for each
s € [0,7]; and that and that E|X,,(s)| < k(s) for an integrable function k(s). Show that

fot X, (s) ds converges in probability to fot x(s) ds, uniformly over [0, 7].
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(d) Again, suppose that (11.2) holds and that x(s) is integrable; and that for each § > 0
there is an integrable function ks(s) such that liminf,, Pr(|X,(s)| < ks(s) for all s) >
1 — 4. Define

Y. — Xn7 Xngkéy and _ Zz, $Sk5,
| ks, otherwise, v= ks, otherwise.

Explain why sup;c(o .| |f(;5 s)d — fo s)ds| —pr 0 as n — oo, and deduce that the
same holds when Y,, and y are replaced by X, and z, respectively.

(e) Let Y, be the at-risk process as described in Ex. 11.8, in particular, the possibly
right-censired survival data (11, 61), ..., (T, d,) are i.i.d. Show that Y;,(t)/n —pr y(t) for
each t € [0, 7], where y(t) = {1—F(¢t)}{1—G(¢)}. Explain that, in fact, this convergence
is uniform in ¢.

Ex. 11.16 More on the Nelson-Aalen estimator. Here are a few more technical de-
tails and supplementing remarks regarding the Nelson—Aalen estimators, compared to
statements reached in Ex. 11.12. So we work, again, with

~

A(t) =

0 Y

t; <t

We define ‘0/0” as 0 when time has run long enough to have Y'(s) = 0, i.e. nobody left.

(a) Note that this construction makes sense also in event history analysis setups, for
each intensity direction, so to speak. There would then be Nelson—Aalen estimators of

the form .
A () = / d];[/%kj(S)v
0 i(s)
from box ¢ to box j on the map of possible stations to occupy, with Y;(s) the number at
risk in box ¢ at time just before s, and dN; ;(s) the number of those for which an event
occurs inside the short time interval [s, s +ds). For the rest of this exercise, we're in the
simpler survival setup, though.

(b) With M (t) = N(t) — ftY( )a(s) ds the martingale, show that

Y N o Y(s)

where J(s) = I{Y(s) > 1} and A*(¢ fo s)ds. Find a formula for Pr{J(s) = 1},
and show that it is very cose to 1, unlebb s is growmg big.

(c) Show that A — A* is a martingale, with variance process

(A— A" A— A%)(t) = 0 {/]((j))Qd(M, M) (s) :/0 }{((Z))a(s) ds.

(d) Show then that the variance of A\(t) — A*(t), which is very nearly the same as the
variance of A(t), can be expressed as
/ (s)
Y (s)

Argue that a natural estimator of o(t)? is
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This is about the same as covered inside Ex. 11.12, but now with a bit more detail.

(e) A somewhat more elaborate version of the variance estimator above is

507 = ¥ 7P -7 = X v v A Y

Ti<t© V! T;<t ‘ ! !

First, we use AN(T;), the number of events observed inside [T}, T; + ), for a small €, in
the case of ties (the theory says that we should not have two events at the very same time,
but in practice data are not always given with very fine time precision). Second, going
through arguments above one learns that the variance of dN(s) given the past enters the
variance process arguments, and this conditional variance is Y (s)p(1 — p), with the small
p = a(s)ds. In the fine limit, where ds becomes infinitesimal, p(1 — p) = p, so to speak,
but it is possible that the above variance estimator is just slightly better when Y'(s) is
relatively small; then the estimate p = AN(t)/Y (t) is not so small, etc.

(f) But we can’t quite live on with just a sensible estimator of the sensible variance of
a sensible estimator; we need approximate normality, in order to construct confidence
intervals and bands, tests, comparisons, etc. So let us prove the y/n{A(t) — A(t)} has a
normal limit process. First, show that

Vn{A*(t) — A(t)} =, 0, for each ¢,
which means that it is enough to find the limit distribution in question for the simpler
Zult) = VAL A(t) - A%(8)}.
But this is a martingale. Show that
y(s) =Y (s)/n —pe y(s), for each s,
under mild conditions on the censoring distribution. Show that

(Zo, Z)(t) = / T;]((Ss))a(s)ds o v(t) = /0 ﬁa(s)ds.

0

This secures, with a small extra technical argument having to do with Lindeberg condi-
tions, see Ex. D.19, that

Zn(-) =a V() = W(v()),

a time-transformed Brownian motion, with variance Var V(t) = v(¢).

(g) The final statement we need under our belts is that o(t) is consistent for o(t), or
more properly that no(t)? converges in probability to the limit of no(t)?, which is the
v(t) above. Try to prove this.

(h) From these statements prove that

A(t) — A(t) _ Vi{A(t) — A1)} o(t) —a N(0,1),

5(0) NGO

for each ¢. In particular, show from this that

Pr{A(t) € A(t) £ 25(t)} — Pr{—z < N(0,1) < z},

yielding pointwise confidence bands, tests for hypotheses of the type A = Ay, etc.
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Ex. 11.17 The Kaplan—Meier estimator. The cumulative hazards of the world are
more versatile and useful tools, particularly in more complex event history setups, than
‘only’ the task of estimating the survival curve S(t) = Pr(T > t) for survival data
(Th,01),--.,(Th,0,). The canonical nonparametric estimator for S(¢) remains however
an important quantity, and this is the Kaplan—Meier estimator. Its definition is

s =T1{1- 5} - I{r- T

[0,2]

(a) For non-censored data, say t; < --- < t,, show that S (t) becomes the simpler
empirical survival function

S (t) = (Um) 321t > 1} = 1= Py )

(b) From Ex. 11.6, we do, under certain conditions, have the easy formula .S = exp(—A4),
binding together the survival curve and the cumulative hazard, so it is not at all forbidden
to start with the Nelson—Aalen and then exp its minus to arrive at

3(t) = exp{—A(t)}.

The A = —log(1 — F) formula is valid only for continuous distributions, however, so that
particular connection is not as straightforward for non-continuous step-function type
estimators as A and S. You may however attempt to prove that the Kaplan-Meier S
and Aalen-related estimator are quite close; in particular, when n increases,

VilS(t) — exp{~A(1)}] —p: 0.

This means that these two related estimators have the same large-sample properties.
Proving the above is easier when working on the log-scale; attempt to show that

Vn[A(t) +log S(t)}] —pr 0.

(c) (xx briefly on how to assess and estimate the variance of 5(t). the Greenwood formula
(from 1926!). limiting normality and confidence bands. xx)

Ex. 11.18 Smoothing the Nelson—Aalen estimator. In this exercises we look into ways
of smoothing the Nelson—Aalen estimator to obtain estimates of the hazard rate, akin to
kernel density estimates for density functions, see Ch. abc. The naive and perhaps most
straightforward way of estimating the hazard rate is by ‘differentiating’ the Nelson—Aalen
estimator, that is, using a,(t) = h’l{;l\(t +h)— A\(t)} =h"1 tt+h dA\(S) for some small
h > 0. A slightly more general version of this takes

At = 5 [ (5 A,

where K is a (bounded) kernel density and h is some bandwidth. In this exercise we retain
the assumptions from Ex. ?? (e.g., the processes are observed over the time window [0, 7]),
and introduce some new ones. We will assume that the kernel has support in [—1,1] (to
ease the notation), and the estimator above is only defined for ¢ € [h, T — h] (to ease the
notation), and so we need 0 < h < 7/2 for this to make sense. For the theoretical results
below, the bandwidth h will depend on the sample size n, and tend to zero as n — oo,
as we are used to from kernel density estimation.
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(a) Let A(t fo s) ds, and introduce &, (t) = h~* :+h K((t—s)/h) dA(s). Show
that v, (t )15 unblabed for Eozn( ), and that Eq, (t) = h=! [ K((t—s)/h)E{Y (s)}a(s)d

Show also that if « is continuous at ¢ and sup, |Y (s) = 1] —p, umformly, then E v, () —
a(t) as n — oo and h — 0 with it, and also &y, (t) —pr a(t).

(b) Use martingale theory to show that

. J(uh +t)
E (@,(t) — / K(u Y(uh 1) a(uh +t) du

(c) Assume that nE J(s)/Y (s) = 1/y(s) where y(s) > 0 on [0, 7] is the function from
Ex. ???? and that both o and y are continuous at ¢. Show that E (@, (t) — &n(t))2 =

(nh) t)/y(t) [ K(u)*du + o((nh)™') as n — co and h — 0. Deduce that provided
h=h, is so that nh,, — co as n — oo, the estimator a,(t) is consistent for a(t).

(d) Suppose that nJ(s)/Y (s) = 1/y(s) uniformly in the proximity of ¢ € [h,7 — h], and
suppose that both o and y are continuous at ¢t. Show that then (nh)l/z(an(t) — &'n(t))
converges in distribution to a mean zero normal with variance {a(¢)/y(t)} f_

asn — 0o, h — 0 and nh — .

Ex. 11.19 Confidence bands for the cumulative hazard and survival functions. Consider
again survival data of the familiar form (T1,41), ..., (Tn,0n), leading to the Nelson-Aalen
estimator A and Kaplan— Meler estimator S. These are nonparametric estimators of the
cumulative hazard rate A(t fo s)ds and survival curve S(t), respectively. Here we
look into how to construct conﬁdence bands for these two crucial quantities.

(a) In Ex. 11.16 We have seen there that
A(t) ~a N(A®), (1))

in the precise sense that Z,(t) = (A\(t) — A(t))/o(t) —a Z(t) ~ N(0,1). Show that this
implies that the band

B, (t) = A(t) £1.965(t) = [A(t) — 1.96 (), A(t) + 1.96 5(¢)]
is an approximate 95% pointwise confidence band, in the sense of
Pr{A(t) € B,(t)} — 0.95 for each ¢.

(b) Explain how this can be used to test the null hypothesis Hy(t) that A(¢) is equal to
some given Ag(t).

(c) Sometimes we need something more, however, namely a somewhat bigger band, say
B (t), which covers the full A(¢) across some time interval [a, b], as opposed to merely at
a given value ¢t. Such bands may be constructed in different ways. Let’s work work with

Bi(t) = A(t) £ c5(t) = [A(t) — c&(t), A(t) + c5(1)],

and attempt to scale ¢ such that it succeeds in being a 95% simultaneous confidence band
over the time window [a,b]. What is needed is then

Pr{A(t) € B} (t) for all t € [a,b]} — 0.95.
Show that this corresponds to

Pr(M,, < c) — 0.95,
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where

(d) From earlier results, of Ex. 11.16 and elsewhere, show that

At) — A(t) _ A1) — A®) on(t) _ V)
a0 an(t)  3(1) w(t)

Zn(t) =

where W (v(t)) is a GauBiian martingale with independent increments and variance
¢
d
o(t) :/ a(s) s
o y(s)

M,, = max |Z,(t)| =4 M = max |Z(t)].
t€la,b] t€la,b]

Argue that this implies

The threshold level ¢ can then, in principle, be read off from the limit distribution,
i.e. that of M.

(e) Here we're helped by first showing that

B W) W (s)
Mﬁtgl[%]‘ NOIO) ’*se[ﬁ%,}i(b)]’ Vs ‘

Show that this lead to the following recipe: first, obtain estimates v(a) and v(b), via

Then simulate say 10° paths of Brownian motion W (s) over the interval
[0(a), ()] = [n5(a)?, n5 ()],

and record for each run the value of M, the maximal value of W (s)/+/s over that interval.
You’ve now simulated the M distribution, and can read off ¢ as the 0.95 quantile.

(f) For a Brownian motion W = {W(s): s > 0}, consider the rescaled and time-
transformed process W*, with W*(s) = W (es)/+/c, where ¢ is a positive constant. Take
a cup of tea (as the preeminent botanist Robert Brown did in 1827, indirectly pointing
to a problem which was not mathematically solved until Einstein wrote a paper on this
in 1905). Show that W* is another Brownian motion. Show also that the variable

M = Mo = max [W(s)/Vs|

above has the property that M, ; has the same distribution as M., e, for any positive
scaling factor c. So M 13,2.23 has the same distribution as M;13 223, etc.

(g) Explain how you can use such a plot to test whether A(t) is equal to a given Ay(t)
over a given time interval.

(h) Explain finally how you can translate pointwise and simultaneous confidence bands
for A(t) to such bands for the survival curve S(t) = exp{—A(t)}.
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Ex. 11.20 The likelihood theory works also for censored data. Ch. 5 deals, among other
things, with ML estimation in the classic terrain of independent and fully observed
data points. It was not so easy to lift these machines to the world of survival analysis
models, however, since the censoring business makes the models, the estimators, and
their behaviour, more complicated. For early contributions to the theory, see the Notes
& Pointers.

Consider survival data of the usual form (7},0;) for individuals ¢ = 1,...,n, and
assume that the hazard rate is of a suitable parametric form «(s,#). Examples include
the exponential, the Weibull, the gamma, the Gompertz, the log-normal, etc. Below, let
0y denote the true parameter value.

(a) Check that you are able to deduce several (equivalent) expressions for the log-
likelihood function, met also in several earlier exercises:

£0(0) = X521 108 (T3, 0) + 5, log S(T;, 6) = S, {8:log a(Ti, 0) — A(T;, 0)}
= [y {log a(s,0) AN (s) — Y (s)a(s, 0) ds}.

Here 7 is an upper bound for the time window under consideration.

(b) We attempt to follow the path of the ‘standard’ theory from Ch. 5 , and start with
the first derivative. Consider therefore the random function

/w 0) {AN(s) — Y (s)a(s, 0) ds},

U, (8) =

with z/;(s 0) = Ologa(s,8)/00. At the true parameter value, show that Uy, (6p) =
fo (s,60) dM (s), involving the martingale M (t) fo (s,6p)ds. Hence
U, (6p) is very conveniently a martingale, evaluted at the end pomt T.

(c) Show that the previsible quadratic variation of the score is
((1/v/n)Un(00), (1/v/n)Un(00)) = (1/n) /OT (s, 00)¥(s, 0o)" (M, M)(s)
= (1/n) /OT P(s,00)1(s,00) Y (s)a(s,bp)ds

and that, provided Y (s)/n tends uniformly in probability to a limit function y(s), this
converges in probability to the matrix

Jo :/ P(s,00)1 (s, 00) y(s)a(s, 0y) ds
0
Conclude from martingale limit theorems, that

(1/\/>) n(GO) —d U~N (O’ ']0)

So we’re in good shape, with the required result for the first derivative random function,
though it took more work and more advanced limit theory than for the i.i.d. case.

(d) Next up is the second derivative p X p matrix function. Show that

820, (0)
0000*

/OT [w*(s, 0){dN(s) — Y(s)a(s,0)ds} — (s, 0)1(s, 0) Y (s)a(s, ) ds},

In(e) =

where 1% (s, 0) = 0% log a(s, 0)/0006".
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(e) Try to show, whether this means ‘prove’ or ‘make very plausible’, that
_(1/n)In(90) _>pr J0~

So, still, we’re in good shape, and have essentially been able to modify and extend the
arguments of the i.i.d. case for the present more complicated world of survival models,
partly thanks to the martingale theory. Conclude that for the ML estimator 6, we have

V(0 — 00) =4 J; U ~ N, (0,J571).

This is the clear extension of the classical ML result for i.i.d. data to the world of survival
models, involving now a new definition of the Jy matrix.

(f) For the special case of no censoring, and with time window the full half-line, corre-
sponding to 7 = 0o, show indeed that Jy becomes equal to the Fisher information matrix
for i.i.d. data.

(g) We need a good estimator of Jy. There are several options, actually. The perhaps
simplest to work with, since it comes out of computer optimisation programmes, as the
Hessian matrix, is

120 [ 00060068 ats By ts = (/) [0 (5.0) i),

in which 7(s) = Y(s)/n and M(t (t) fo (s,0) ds the estimated martingale,
at the model. Try to prove that Jg —pr JO, ie. that it is consistent. Part of this involves
showing that the second term here goes to zero in probability. Another estimator, which
also works, based on the form of Jy, is

Jo— /0 " 3s)0(s,0)(5,0) (5. B) s,

corresponding to ignoring the second term above.

(h) For a simple illustration, consider the exponential model with a constant hazard
rate, a(s,d) = 6. Find an expression for the ML estimator 5, and check each step of
the arguments above. Put up the limit distribution for \/ﬁ(ﬁ— 6o). How much is lost in
precision, if the censoring distribution is another exponential, with rate 7

Ex. 11.21 Parametric hazard rate regression models: theory. The ML machinery of
Ex. 11.20 extends nicely to the case of regression models. The setting is that of indepen-
dent survival data (11, 01,21), ..., (Th, 6n, Ty), with covariate vectors x; of length p. We
start from

a;(s) = a(s,0) exp(xiB), fori=1,...,n.

The theory briefly sketched below will work, mutatis mutandis. for the case of a(s, 8)r(z;, 8),
i.e. not merely for everyone’s favourite choice r(z;, 3) = exp(z!03).

(a) Show that the log-likelihood function may be expressed as

= Z /OT [{log als,0) + xtBY dN;(s) — Yi(s)a(s, 0) exp(zt3) ds].

-~

The ML estimator (6, 3) are the maximisers of £, (6, 3).
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(b) With 0 and f of dimensions ¢ and p, we start from the first derivatives

00,9 = (g0 ) = (o0t 00)

With (s, ) = da(s,0)/96, show that

Z/wsa{dw 5) — Yi(s)a(s, 0) exp(z) ds)

and that

Z / zi{dNi(s) — Yi(s)(s, 0) exp(atf) ds}.

(c) At the true parameter value (g, 8o), show that

it =35 [ ()i

with
M;(t / Y;(s)a(s, 0p) exp(xtBo) ds

the martingale associated with counting process N;. Hence the score function process
U,.(00, Bo) is a martingale.

(d) Show that the variance process of U,, at the true parameter position can be expresses
as

t

(U0, o), Un(6o, o)) Z / (75 0) (75 ) vits)ats, o) exptatf) a

Ty

Argue that under reasonable conditions,

U
Un(0o,B0) =a U = (UD ~ Ng4»(0, Jo),

with an appropriate (¢ + p) x (¢ + p) information matrix J.

(e) Then find expressions for the second derivative process, say

82€n (770)

I,(00, Bo) = Wv

writing for brevity n for (6, 8) with true value 79 = (6, Bp). Show that

_<1/n)In(00aﬁ0) —pr JO7

the same matrix as met above.
(f) Use this to establish that

V(0 - 0p) 177 -1
(\/E(B/BO)> —d JO U NQ+P(O7 ‘]O )
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The practical translation of all of this, for direct use when ML fitting parametric regres-
sion models for survival data, is that

0 0\ ~
(3) ~d Nq+p(<5z> o)

with the (¢ + p) x (¢ + p) observed information matrix

j\ _ 82€n(ﬁml)
obs = T T oo -
Ondn

For further elaborations, extensions, and applications, see the references in the Notes &
Pointers section.

Ex. 11.22 Coz’s partial likelihood. In Ex. 11.21 we studied parametric forms of Cox’s
regression model, with hazard rates of the generic form «f(s, 8)r(z;, ), for datasets of
the classic survival type (T}, 0;, ;). The classical case is that of r(z;,8) = exp(z!f),
but theory goes nicely through also for the more general case. We saw that the basic
ML machinery works well, after all, with approximate joint normality for (5, B), an
explicit estimator for its variance matrix, etc.. In the present exercise we rather consider
the classic semiparametric setup of Cox’s proportional hazards, where hazard rates are
modelled as

a;(s) = ap(s)exp(ztB) fori=1,...,n,

but without modelling the baseline hazard rate ag(-) at all. Seen from the perspective
of Ex. 11.21, there’s simply no 6 or attempt to model the ag(-). As earlier we use
(N;,Y;, M;), for the counting process, the at-risk-process, and the martingale

dM;(s) = dN;(s) — Yi(s)ap(s) exp(ztBo) ds,

associated with individual 7; also, we posit that the model holds, with the true parameter
denoted .

(a) For a generic observations (7, d, ), show that the density is
! 5
[ (t) exp(a*Bo) exp{— eXp(xtBO)/ ap(s)ds}{l — G(c|z)}]
0
t
< lexp{ exp(e' o) [ an(s) dsh(el )],

0

where G(c | z) is the conditional c.d.f. of the censoring times, and g(c|z) its density .

Explain that, under the assumption of non-informative censoring, this density is, viewed
as a function of 8y and «g, is proportional to the likelihood function

(8, a0) — {ap(t) exp(mtﬂ)}é exp{— exp(z*3) /0 ap(s) ds}.

(b) Suppose we have n independent realisations (74, 01, 1), ..., (Tn, O, T5) of the vector
specified above, and let L, (3, an) = [[1—; {co(t:) exp(z )} exp{— exp(z!B) fg ap(s)ds}
be the likelihood function. Explain why supg ., Ln (8, o) is infinite, and consequently
no ML estimator exists for this likelihood.
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(c) Cox proposed estimating [ parameters by maximising the function

280 I )

i=1 Jitj >t t>014i=1 ] 1 J( )eXp

This is typically called Cox’s partial likelihood. It can also be derived as a profile likeli-
hood, where the baseline hazard is proﬁled out. We will now understand how. Note that
the cumulative baseline hazard Ag(t) fo ap(s) ds is an absolutely continuous function,
meaning that when we parametrise the Cox model in terms of o, the implied parameter
space is

{(B,Ap): B € RP, Ay € {absolutely continuous functions on [0, 00)}}.

And with this parameter space, the likelihood L, (8, ap) as no maximiser. The trick is to
instead parametrise the Cox model in terms of 8 and the cumulative Ay, and allow Ag to
live in the much larger space of all nonnegative functions on [0, 00) such that Ay(0) = 0,
thus admitting functions with jumps. Consider the likelihood function

n(B, Ao) = H{AAO exp(z}8)}* exp{— exp(a}B) Ao(t:)}, (11.4)

where AAg(t) = Ao(t) — Ap(t—) is the jump of Ay at t. Treat S as known, and show
that the maximiser, Ay(t, ) say, of L, (8, Ap) is a step function whose jump at time ¢;
is Ado(ti, B) = 0:/{3 14,51, exp(x;ﬁ)}, that is

-2 i Yt )exp( 58)

t; <t

Z Z]>’L exp( 5

t; <t

Profile out Ag, that is, insert the expression for Ay (¢, 8) in L, (8, Ag), and show that
Ln(B, Ao (-, B)) = Ln(B) exp(— Zé

This entails that the maximiser B\ of L, (B) and Ay(¢, B), known as the Breslow-estimator,
are ML estimators relative to the likelihood in (11.4).

(d) Compare partial to full likelihood inference in a case where that is possible. Simulate
one thousand datasets (¢;,d;, z;)1<i<n, where n = 47, the z, are i.i.d. standard normal,
the t; stem from the Cox model whose hazard is agexp(zfy) for a constant baseline
hazard. Estimate §y using the partial likelihood and the full likelihood. Compute the
mean, the variance, and mean squared error of your one thousand estimates. Comment
on and give an heuristic explanation of what you observe.

Ex. 11.23 Basic theory for the Cox regression model. Cox’s proposal for estimating £
is to maximise what he called the partial likelihood,

n

La(8) = ;p( H{e}j’ },

i 6;=1 i=1

with

Su(s,8) = Y exp(a}f) =

risk set

s)exp(a; ﬁ)

||M:



379

We call this 3 the Cox estimator. Its use hinges on basic large-sample theory for the Cox
estimators 3, the maximiser of ¢,(8). The key points are that yes, indeed, the theory
parallelling that of Ex. 11.21 still goes through, even though this is not ML theory, and,
it requires new proofs.

(a) Show that the log-partial-likelihood can be expressed as
= {2}B—log Sn(ti, B)} 6; = Z/ {8 —log Sy (s, B)} dAN;(s).
i=1 i=170

(b) Show that its first derivative, with respect to the regression parameters 3, can be
expressed as

Z{JJZ— ntz,ﬁ}é—Z/ {371_ n )}dN()

with
0Su(s,8) _ Si(s,8) _ 2= Yj(s)w; exp(a;)
0B Sn(s,B) Zn 1 j( ) exp(x Jﬂ)

Introduce also the second order derivative function

En(sa 6) =

52 (s,8) = 8ﬂ8ﬂt ZY xjx;- exp(a:;ﬂ).

(c) At the true parameter f3, show that, crucially and half magically,

Uu(fo) = Y / "l — Ea(s, fo)} M ().

Hence it is a martingale (here evaluated at the right end-point 7 of the time observation
window).

(d) Show that the variance process associated with this martingale is

(U (B0), U Z / s = Bu(s, o) Hei — Bu(s. o) }Yi(s)ao(s) exp(at o) ds

- /0 (SD(5, B0) — En(5, B0) En(s, B0)"Sn(s, fo) Jato(s) ds
_ /0 V(5. B0) S5, o) (s) ds,

in which
S (s, 8)
Sn(s,B)

(e) Consider a random covariate vector x*, sampled from the risk set at time s, with
probabilities proportional to the exp(x;ﬂ). Show that the mean of such an z* is E, (s, 8)
and that its variance matrix is V,,(s, ). This provides some insight and intuition into
the E, and V,,, and certain bootstrapping schemes might be invented flowing from this,
but it is not actively used in the mathematics below.

Vn(S,ﬂ) = 7En(576)En(536)t'
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(f) Under reasonable regularity conditions, it follows from martingale limit theorems
that

(1/vn)Un(Bo) —a U ~ Np(0, Jo),

with Jy the well-defined limit in probability of (1/n){U,(Bo),Un(Bo)). Indeed such reg-
ularity conditions include or imply convergence in probability of the sample averages of
Y;(s) exp(a), Yj(s)zj exp(xf), Yj(s)z;a% exp(z} ), to well-defined limits, say

18, (s, B) —pr S(5,8), n1SW (s, B) = SV (s,8), n1SP(s,8) —pe SP (s, B),

uniformly in s € [0,7] and in a neighbourhood of 8 values around ;. Show that this

implies
B 5(1)(3,5)
E.(s,B) —pr E(s,p) = W
and also 5@
Va5, 8) —pr 05, 8) = 222 _ (s 6)B(s, )

S(s,P)

Hence the crucial Jy matrix above can be expressed as

Jo = /OTv(s,ﬁo)S(&ﬁo) ds

(g) So now things are fine for the score function part, that the first derivative process
becomes normal. The second crucial ingredient, as per the chain of arguments used in
Exercises 30, 31, 33, is to secure that the second derivative process, when normalised by
sample size, converges to a matrix in probability. Show that

9%¢,,
LT S (s, 8)Su (s, B) — SN (s, 8)SW (s, B)
--x S5, B2 )

= _;/0 Vi (s, B) dN;(s).
Show, using dN;(s) = Yi(s)ao(s) exp(ziBy) ds + dM;(s), that

—(1/n)1,(Bo) —rpr /OT v(s, Bo)S (s, B)ap(s) ds,

which, lo & behold, is precisely the Jy matrix above.

(h) Try to prove, in some more generality, that if H(s) is a given function, then
/32 [ A aNs) = 1w 3 [ 6Tl explato) ds-+avi(s)
i=170 ;

/H s, Bo)ao(s) ds.

Also, attempt to generalise this to

(1/n) Z/ H,(s)dN;(s %pr/ H(s)S5(s, Bo)ao(s) ds,

if H,(s) is such that it converges to H(s), uniformly in probability.
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(i) The essential part of the work is now done. Argue, pointing to earlier and similar
efforts above, and also in Ch. 5, that

\/E(E* Bo) —ra Jo_lU ~ Np (0, Jo_l)~

(§) The crucial result above underlies most software packages etc. for survival analysis
via Cox regression. The ‘practical translation’ is that

B\ ~d N;D(ﬁ(h j:;blq)v

where

T 82671 (B\) T e 7
Tom =~ = [ V(oo B) 3 AN (5) = 3 Vit A
Ex. 11.24 Aalen’s linear hazard rate risk regression model: theory. With survival data
of the familiar form (77, §;, x;), Aalen (1980, 1989) introduced an additive risk regression
model, rather different from Cox’s multiplicative one. The hazard rates are now taken
as

a;(s) = Po(s) +xi1f1(s) + -+ xigfq(s) fori=1,...,n,

in terms of a baseline hazard function fy(-) in addition to ‘regressor functions’ §;(-) for
j=1,...,q. The setup is quite general, but it suits perhaps particularly well situations
where the covariates indicate ‘risky values’, with zero the value for ‘normal and healthy’.
In such a setup, fy(s) is the hazard rate for all ‘normal and healthy’ individuals, those
having all covariates equal to zero, and any increase in any of these covariates contributes
to a higher hazard rate.

For the mathematical development it is convenient to ‘move notation around’ a little
bit to land at

ai(s) = 231 B1(s) + - + @i pBp(s) = 2 B(s),

where the first of the columns in the n x p covariate matrix X typically (but not neces-
sarily) consists of (1,...,1). With the usual counting process N;, at-risk process Y;, and
martingale

mwzmm—én@%@m:mm—Am@m%ma

we may write

dN;(s) = Y;(s)xiB(s) ds + dM;(s),

to capture the main structure. We are interested in estimators and large-sample approx-
imations for the cumulative regressor functions

B(t) = (Bi(t),..., B,(t))', with Bj(t)z/o 8,(s) ds.

(a) Show that

Z x; dN;(s) = Z Yi(s)xxt B(s)ds + Z x; dM;(s),
i=1

i=1 i=1

which is convenient to rewrite as

(1/n) sz dN;(s) = Gn(s)dB(s) + (1/n) in dM;(s),
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featuring
= (1/n) Z Yi(s)x;x
i=1

This matrix has full rank p x p as long as there are at least p linearly independent z;
vectors in the risk set at time s.

(b) Show that this leads to
~1(1/n) sz dN;(s) = dB*(s) + Gy (s) "' (1/n) sz dM;(s)

featuring B*(t), with cumulatives B (¢ fo s)ds, where J(s) = I{full rank at time s}.
In practice, this means J(s) = 1, and B*( )= B ( ) for all ¢ in the ‘good terrain’ where
there are enough individuals at risk. This leads to the Aalen estimator

B t):/o Go(5)~1(1/n) Zx,dN ZG ~L(1 /n)z0;,

with all the cumulative B;(t) estimated jointly.

(c) So we have
dB(s) = J(s)dB(s) + J(s)Gn(s) " (1/n) le dM;(

with the second term equal to a martingale increment. Show that the variance of that
increment is the mean of

<NQGAQ”(UM}:mdMKQwU@GM@_%UMEZ%dMK@>

= (1/n)J(s)Gn(s)"*(1/n) Z Yaixtet dB(s)Gy(s) !
= (1/n)J(5)Gn(s) ™" dHn(s)Gn(s)™"

(d) Argue that this leads to the natural variance matrix estimator for the B (t):
¢
(1/0) [ TG B ($)Gn(s) ! = (1/m) 3 J05)G(t) AL ()G (1)
0 i<t

Here
n

dH,,(s) = (1/n)ZY(s)m 2t dB(s),
which also means )
dH,,(t;) = (1/n)z;ztzt dB(t;)6;.

(e) For n large, argue that
V{B(t) — B(t)} ~a Wa(t),
a p-dimensional Gauflian zero-mean martingale process, with variance matrix
t
= / G(s) ' dH(s)G(s)™!,
0

where matrix functions G(s) and H(s) are the limits in probability of G, (s) and H,(s).

(f) (xx a bit more. xx)
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Notes and pointers

[xx for notes and pointers xx] Parts of the material presented in Ex. 11.1 was also included
in Hjort (1990b), along with further results, extensions, and discussion. The framework
and methods for the discrete time setup has separate interest, and it inspired the invention
of the Beta process, as a fine limit of the time-discrete grid.

(xx mention that Kaplan-Meier used the ‘product limit estimator’ term to allude to
the mesh to zero limit. this matches some of the above. point to Beta process of Ch14
in that regard. xx)

[xx some notes and pointers here xx] The result you have proven in Ex. D.3 has an
analogue in the continuous time world, known as the Doob—Meyer theorem, see e.g. Jacod
and Shiryaev (2013, Theorem 1.3.15, p. 32) and the references therein.

for Lenglart in continuous time see e.g. Andersen et al. (1993, p. 86) or Jacod and
Shiryaev (2013, p. 35).

for Ex. 11.18, point to Ramlau-Hansen (1983).

for Ex. 11.11 we point to Hermansen and Hjort (2015).

confidence bands of Ex. 11.19(c) were proposed by Hjort (1985b), inside a long
discussion contribution to the 1984 SJS Lecture (Andersen and Borgan, 1985), along
with various other points.

commenting on theory in Ex. 11.23. This is what it took the profession a few years
to sort out properly, from when Sir David Cox (Cox, 1972) introduced the model and
the basic estimation and inference strategy [as of October 2018, when I write this, that
paper has more than 48,000 citations on Google Scholar], all the way, via other good but
still partial results, to Andersen and Gill (1982).






the AIC

the BIC

I.12

Model selection and model averaging

Statistical model selection has in principle been around from the inventions of the
more classic models, but has now become much more vital and nearly omnipresent
due to the ease with which statisticians can sift through thousands of candidate
models. There are classes of relevant tools, from graphical checks to a rich caval-
cade of goodness-of-fit tests, cf. Ch. 10, but this chapter focuses on direct selection
criteria. Chief amongst these are the acronyms AIC, BIC, FIC, i.e. the Akaike,
the Bayes, and the Focused Information Criterion. The latter is set up to work
for a given focus parameter, with the FIC aiming for the candidate model that
delivers the best inference for this focus; so the same data and the same list of
candidate models might have different winners for different foci. Connections to
cross-validation are also tended to. When taking weighted averages of the best re-
sults, or need to understand the properties of the finally produced estimators, we
enter the terrain of model averaging. The theory is motivated and worked through
first for i.i.d. setting, but is naturally extended to cover also regression frameworks.

Key words: AIC, BIC, choosing covariates, FIC, model averaging, model selection,
narrow model, tolerance radius, wide model

Suppose a dataset y is studied, with competing parametric models, say M, ..., M}, with
perhaps different parameter dimensions py,...,pr. A simple, classical, powerful model
selection scheme is then the AIC, the Akaike Information Criterion, working as follows.
For each model, fit its parameters maximising the log-likelihood function, say ¢;(6;),
involving in particular the maximum likelihood estimate @’ml. Then compute the AIC
score

AIC; = 20; max — 2p; = 20;(8,) — 2p;, (12.1)

and declare the model with the highest AIC score the winner.

In exercises below we illustrate model selection using this criterion and also go
through the chain of arguments behind it, with variations. We also go into the BIC, the
Bayesian Information Criterion, which from quite different start arguments and certain
approximations land at

BIC; = 20 max — pjlogn = 2@-(?)}) — pjlogn, (12.2)

with n the number of observations. The third model selection criterion given emphasis
in this chapter is the FIC, the Focused Information Criterion. Whereas the AIC and the

385
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BIC work in overall modus, comparing a model’s complexity with how well it fits the
data, the FIC starts from the notion of a given focus parameter, say u, a quantity of
interest with clear interpretation across models. Model j leads to the parameter estimate
;= uj(éj) These estimators are associated with certain risks, the mean squared errors the FIC

mse; = Etrue(ﬁi - /"t]rue)2 =v; + bsqj

say, for j = 1,..., k, with v; the variance and bsq; the squared bias of fi; as an estimator
of pgrue- The FIC aims at estimating these, with

FIC, = mse; = 0; + bsq;, (12.3)

and with different formulae for these depending on the complexities of the models and
the focus parameter. Models with lowest FIC scores are then judged the best. The FIC
might choose different optimal models for different focus parameters.

It should be noted that model selection methods are related to but also different in
attitude from the many types of goodness-of-fit tests. The latter aim at giving yes-no
answers to the question of whether the data adequately fit a given model, whereas AIC,
BIC, FIC leave that question partly to the side; we aim at having the best model, from a
list of candidate models, without necessarily claiming that the winning model is correct.

Model selection criteria, like AIC, BIC, FIC, can be used to decide on which covari-
ates to exclude, and which to include, and in which ways, in regression models. We also
include material on cross validation and discuss its relation to the AIC.

These methods, along with deliberations to find the appropriate tools depending on
the context, are amply illustrated and discussed in Stories #5, #8, #16, #17, #22, #24,
H#26, #27, #28, #37, #38, #51, #45, #50, #53, #55, #58, #61, #76, #87, #98.

AIC and BIC in action

Ex. 12.1 Fitting models and computing AIC and BIC. To get used to the operations and
calculations involved in fitting different parametric candidate models and then ranking
these with AIC or BIC, simulate say n = 200 datapoints from the Beta distribution with
parameters (a,b) = (1.10,0.90).

(a) Fit the following four candidate models to your data: (i) the Beta(a,1); (ii) the
Beta(1,b); (iii) the symmetric Beta(a,a); (iv) the two-parameter Beta(a,b). For each,
programme the log-likelihood function and maximise it numerically. In that process,
table also the implied estimates of the focus parameter y = EY, along with standard
errors (estimated standard deviation).

(b) Then as a consequence of your model fitting operations, compute AIC and BIC
scores, and find the winning models. How does this compare with results from testing
hypotheses about the two Beta parameters?

(c) Play with your code a bit, to see how your conclusions about the best models change
with increasing sample size.

(d) Include one more candidate model, the three-parameter model with c.d.f. G(y, a,b,¢) =
Be(y, a, b)¢, where Be(y, a,b) is the c.d.f. for the Beta(a,b). Do the data tell you that it
is worth it, to include the extra ¢ parameter?

Ex. 12.2 Which probabilities are equal? Suppose you have two coins, A and B, with

probabilities p, and p, for ‘heads’. You flip each n = 40 times, and get z, = 17 and
xp = 24 heads. Are the probabilities equal, or are they not?



387

(a) When X ~ binom(n,p), we have seen in Ex. 5.23 that the ML estimator is p = X/n.
Show that the log-likelihood maximum is

b = nf1(7) + o (), with H(s) = plogp + (1 - p)log(1 - ).

(b) Consider model 1, that p, = py, and model 2, where p, # pp. Compute AIC scores
for the two models, and decide which is judged the best. If you first get x, = 17 for the
first coin, how far away must x; be, for the second coin, in order for AIC to determine
that the two-probabilities model is better than the common-probability model?

(c) Suppose now that you actually have three coins, with probabilities p,,pp,p. for
‘heads’, with results 17, 24, 15 in n = 40 flips. Consider as many as five models: model
1 takes p, = py = p.; model 2 takes p, = p, but different from p.: model 3 takes p, = p.
but different from p: model 4 takes p, = p. but different from p,: and model 5 says the
three are different. Compute AIC scores and list the five models in ranked order. For
an application of this machinery, along such lines, do the corresponding AIC analysis for
the five models for the Star Trek casualties data of Story #52. Should your uniform be
blue, to better your survival chances?

Ex. 12.3 Are some multinomial probabilities equal? Let (Y1,Ys,Ys,Y,) be multinomial
(n, p1, P2, 3, pa), with the p; summing to one and the Y; summing to n. Suppose there
is a possibility that p; = py and that p3 = p4, in which case the two first and the two
last boxes could be lumped together. That’s a question that AIC can answer.

(a) The wide model has 3 unknown parameters. Check with Ex. 5.23 to see that its
log-likelihood function can be written y; log p1 + y2 log pa + y3log p3 + y4log ps, that it
is maximised at p; = y,/n, leading also to

linax,wide = n(P1log p1 + - - - + Dalog pu).

(b) The narrow model, which lumps together the two first and then the two last prob-
abilities, takes p; = py = %01 and p3 = py = %02, say, with 6; + 6 = 1. Show that the
log-likelihood for this submodel is

Enarr(gl) = (yl + y2> log(%el) + (y3 + y4) log(%QQ)v
that is is maximised at f; = p1 + p2 and by = D3 + pa, with
Cmax nare = n[(p1 + P2) log(P1 + p2) + (P3 + Pa) log(ps + pa) — log 2].

(c) Show that D = lpax wide — Ymax.narr 1S always nonnegative, and that AIC says the
wide model is best if D > 2.

(d) Generate 1000 outcomes of the Beta(5, 3) distribution, and display a standard equal-
bin-sized histogram for the data with 20 cells. Explain that this corresponds to estimating
a multinomial with probabilities p1,...,poo; see Ex. 1.6. Then display a different his-
togram for the same data, but with 10 cells. Use the AIC to determine which histogram
is best.

Ex. 12.4 AIC and BIC for linear regressions. For regression data (y;, z;), with available
covariate vectors z; = (%;1,...,2;,)" of length p, there is often a question of which
covariates to include, as including too many leads to higher variability. Inside given
model frameworks, AIC and BIC offer general answers. Here we study the general normal
linear regression model, with independent y; ~ N(zt3,0?) for i = 1,...,n; see Ex. 3.33.
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(a) For this model we know that the ML estimator 3 is the same as the minimum sum of
squares estimator, leading to the minimum Qo = Q(B\)7 where Q(B) = > i, (y; — ziB)2.
Show that the log-likelihood function is £,(3,0) = —nlogo — $Q(B)/0* — nlog(2n),
and that £, max = —nlogo— %nf %nlog(%r), in terms of 52 = Qg /n, Deduce that AIC =
—2nlogo—2(p+1)—n—nlog(2m) and that BIC = —2nlogo —(p+1)log n—n—nlog(2m).
(b) Suppose now that a list of submodels is considered, say Mi,..., My, with model
M; having a subset C; of the covariates x;1,...,%;, on board. Show that doing well,

according to the AIC or the BIC, is equivalent to having small value of the scores
a; =nlogo; +p; and b; =nlogo; + %pj logn,

respectively, with 3]2- = Qo,j/n involving the minimum sum of squares for subset C;, with
its p,; covariates. Explain here that ¢; for a submodel estimates a different parameter
than the o in the full model. Show also that a given submodel, with py < p covariates, is
judged by the AIC to be better than the full model provided nlog(cy /) < p—po. Turn
the narrative around: explain that if one starts with a perhaps acceptable model M,
with py covariates, then it’s worth including additional covariates only if &g, becomes
small enough to achieve nlog(co/drm) > p — po-

(c) Use linear regression methods and results from Ch. 3 to give the variance of the
estimator 3 = 48 for v = E(Y |z¢) = a48. Give also the confidence interval for ~,
using Ex. 3.36. This assumes the model is correctly specified, however, and ignores
potential modelling bias. The FIC methods developed below address this problem.

Ex. 12.5 AIC for polymomial order. Assume regression data (z;,y;) are recorded, with
the covariate z; taking values in [0, 1]. Consider the polynomial regression models

yi = mj(xi) +ei = Bo+ Prxi+ ...+ Bzl +e fori=1,...,n,

for polynomials of order j = 1,...,p, and for each model taking the &; as i.id. N(0,02).
Thus condidate model j has j + 2 parameters.

@
e |
o |
© “ —~
E g
2 X
© w | £ o |
o o
(:’_) (=}
5 L
o 0
S 24 g
] g
c £ < |
&
FRER ©
2 5
%]
E Q
E o 2
c ©
E £ o]
7] o
X o
o
o | .
< T T T T T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 1 2 3 4 5 6 7 8 9 10
X polynomial order

Figure 12.1: Left panel: a total of n = 250 data points generated as described, along with fitted polyno-
mial regression curves of order three and six. Right panel: the different estimates of m(zo),
at xg = 0.75, along with 95 percent confidence intervals, not taking modelling bias into
account; the true value is 2.666.
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(a) Explain that the o parameter depends on the order j of the polynomial here (so a
more pedantic notation would use o; here, for j = 1,...,p). Use results from Ex. 12.4
to show that the ML estimator inside model j is 8]2- = @} min/n, with the minimum
S {y: — mj(z;)}?, involving the estimated m;(z) = Bo + iz + -+ + B;2. Find a
formula for the AIC score, and show that the AIC chooses as winner the model with the

smallest nlogd; + j.

(b) Try this out, in a simulation setting, generating for a given n the x; from the
uniform distribution on the unit interval and then y; = Mmye(x;) + €50, With m(z) =
exp(sin(rz?)), and €; ¢ taken i.i.d. N(0, 02), with say oo = 0.333. Generate n = 250 data
points following this recipe, fit the first ten polynomial regression models, compute AIC
scores, and find the winning model. Construct a version of Fig. 12.1, left panel.

(c) Play with your simulation code, checking perhaps n = 50,100, 150, 200, ..., 1000,
and demonstrate that with more data come increasingly sophisticated winning models.
Also, for a fixed n = 250, repeat the experiment several times, to see how often the
different models become winners.

(d) Assume one wishes to estimate v = m(zg), for some given zg. For this illustra-
tion, use the generated data to compute the ten different estimates of ~, along with 95
percent confidence intervals, with these computed assuming that the model used is cor-
rect. Construct a version of Figure 12.1, right panel. The first few of these err since the
models are not adequate. We address modelling bias when developing the FIC theory
below. Explain that the coverage of the AIC winning interval is not 95 percent, due to
(i) modelling bias and (ii) the extra randomness coming from model selection.

Ex. 12.6 AIC and BIC for logistic regression order. For 0-1 data Y, associated with
a covariate z € [0,1], assume the associated true probability curve is p(x) = 0.5 +
0.5 sin(27z?). We work here with the logistic models py(x) = H(Bo + f1z + ... + Bpz"),
with H(u) = exp(u)/{14+exp(u)} the logistic transform and k the order of the polynomial.
How well will the estimated py () perform, when the order is selected using AIC or BIC?

1.0

08

0.6

logistic regression curves
0.4

0.2
selection probabilities, for AIC and BIC

0.0

X order k

Figure 12.2: Left panel: for a simulated dataset of size n = 500, fitted logistic curves py(z) are given
for k = 4,5,...,15 (dashed lines), along with the underlying true p(z) (full curve). Right
panel: the AIC and BIC order selection probabilities, for n = 1000, for 1000 simulated
datasets, with the BIC on average preferring lower order.
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(a) The true p(z) is outside the logistic regression models. Explain however via the
Weierstrass theorem, see Ex. 2.17, that for given € > 0, there is a perhaps high k£ such
that max |pg(x) — p(z)| < e, with coefficients properly selected.

(b) With n =500 and z; = i/n for i = 1,...,n, simulate a dataset, then fit this to the
logistic models py(z), for order say k =1,2,..., kyp, = 15. Make a version of Figure 12.2,
left panel, indicating that the fitted curves manage to mimic the true p(z) function with
increasing order.

(c) Fitting a given dataset to the order k model, via ML, show that the maximised log-
likelihood function is £y, max = Z?Zl{yi log p; + (1 —y;) log(1 — p;), with p; the estimated
p(z;). Having fitted a given dataset to these logistic models, explain that the AIC and
BIC scores are AIC, = 20, max — 2(k + 1) and BIC; = 2{,, max — (k + 1) logn. With
n = 1000, simulate 1000 datasets, finding and keeping track of /k\:aic and Ebic, those giving
largest AIC and BIC scores. Construct a version of Figure 12.2, right panel. One learns
that the BIC typically prefers smaller models than does the AIC.

(d) Let pa(z) and pp(z) be the finally selected estimators of p(z), with orders k, and
ky. For the 1000 simulated datasets, compute and keep track of the values of Dy =
max, |pa(z) — p(z)| and Dp = max, |pg(z) — p(x)|. Plot these (D4, Dp) and comment.

Ex. 12.7 A start model and one-parameter extensions. Assume a start model fo(y,6)
is fitted for a given dataset, leading to maximal log-likelihood £y max-

(a) Suppose then that a certain one-parameter extension of the start model is contem-
plated, say fo(y,,7), leading to maximal log-likelihood ¢1 yax. Show that AIC prefers
this wider model if and only if the log-likelihood is increased with at least 1. In other
words, one needs A = 2({1 max — fo,max) > 2. Note that this is the log-likelihood-ratio
statistic worked with in (xx give pointers to likelihood chapter xx), though not with some
customary 0.05 level. Show indeed that the implied significance level is 0.157.

(b) Show then that BIC needs harder evidence of the wider model being better, namely
that A > logn.

(c) For an illustration, consider regression data (x;,y;), where the narrow model has
y; = Bo +¢&; and the wide model takes y; = 8o + B1(z; — T) + £}, in both cases taking the
error terms as i.i.d. N(0,02). Derive a clear expression for £1 max — £0,max, in the notation
above, and state what it takes for AIC to select the wider model.

(d) Invent a similar situation and check out how methods perform.

Ex. 12.8 Is modelling variance heterogeneity worth the trouble? Suppose we have re-
gression data (z;,y;), with z; of length p, for which the standard linear regression model
takes N(z!j,0?) with a common variability level o; see Ex. 3.33. There are models and
methods for factoring in non-constant variances, as we have seen in Ex. 5.49, involving
by necessity some extra sophistication and efforts. So when is it worthwhile?

(a) For some one-dimensional covariate w;, normalised to have mean zero, consider

the heteroscedastic extension taking o; = oexp(w;y). Let 5(7)? = Qo(7)/n, with the heteroscedasticity
weighted sum of squares Qo(v) = Y. {yi — Igg(’y)}2/exp(27w¢); the standard case is

that of v = 0. Using methods and results from the exercise pointed to, show that AIC

prefers such a one-parameter extension of the basic p + 1-dimensional linear regression

model provided nlog{c(0)/a(7)} > 1. How much smaller does 7(¥) need to be, compared

to &(0), in order for the BIC to judge this worthwhile?

(b) More generally, consider the heteroscedastic setup with o; = o exp(w!y), for covari-
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ate vectors w; of length ¢. It is again fruitful to normalise these to have mean zero, for
each component, also to simplify the mathematics; see Ex. 5.49. Show that the AIC score,
for such a model, becomes AIC = —2nloga(7) —2(p+q), ignoring constants. When com-
paring many such models, perhaps with different subsets of the x; for the mean structure
and the w; for the variance structure, good AIC models are those with small values of
A =nloga(¥)+p+gq. In some detail, consider candidate models, indexed as Mj j, using
subsets C; of x; 1,...,x;, for the mean and subsets Dy of w; 1, ..., w;  for the variance.
Fitting such a model involves finding ;1 = 7,(7%), with the appropriate subsets. Ex-
plain that the best AIC models are those with lowest A;; = nlogd;r + p; + gk, where
p; and g are the sizes of these subsets C; and Dj,. How many such submodels can there
be?

Ex. 12.9 Comparing AIC and BIC, in prototype setup I. To learn about how AIC and
BIC differ in their selection strategies, consider the following simple setup: i.i.d. Y1,...,Y,
are either from N(0, 1), with no unknown parameters (model 0), or from N(6, 1), with ¢
unknown (model 1).

(a) With £y max and ¢1 pax for the maximised log-likelihood functions, for models 0 and
1, show that ¢; — fp = 1nY?, with as usual Y = n~! """ | ¥;. Show also that

AIC, — AIC; =nY? —2, BIC; —BICy = nY? — logn.

Deduce that AIC selects model 1 if /n|Y]| > V2, but that the BIC demands more,
choosing model 1 if \/n|Y| > (logn)'/2.
(b) Consider the probabilities that AIC and BIC selects model 1,

Dn,A(0) = Pro(AIC selects model 1), p,, p(0) = Pro(BIC selects model 1)

as a function of the parameter. Compute these, and display them in a graph, for n =
10, 50, 100.

(c) Study in particular p,, 4(0) and p,, p(6), and their limits, for cases (i) 8 = 0, i.e. model
0 is correct, and (ii) 6 # 0, i.e. model 1 is correct. Comment on your findings.

(d) Consider

~ 0 if AIC selects model 0 -
oa nal — § - . =yl Y Z 2).

final {y if AIC selects model 1} gI(VnY| > v2)
Find an expression for the risk function risk,(0) = E {\/ﬁ\(é\mﬁnal — 6])}?, and similarly
for risky(#). Again compute these, display them, for n = 10,50, 100, and comment on
your findings. (One may simulate to produce these curves, for a grid of § values, without
having to work out mathematical formulae.)

Ex. 12.10 Comparing AIC and BIC, in prototype setup II. Suppose we have sample
Z1,...,%, from N(a,1) and another sample y1,...,y, from N(b,1). Consider model 1,
that a = b, and model 2, that a # b.

(a) Show that ML estimators are the sample means @ = X and b = Y. A natural
parameter to focus on in this setup is the mean difference § = b — a. Show that 5=
b—a~N(5,2/n).

(b) Find expressions for the maximised log-likelihoods, say ¢1 max and fo max. Give also
expressions for AIC; — AIC; and BIC, —BIC;. Letting Z,, = (n/2)1/2g, show indeed that
AIC prefers model 2 if |Z,| > v/2, whereas BIC sets the mark at |Z,| > {log(2n)}/2.
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(c) Show that

Pn,a(a,b) = Prq,(AIC selects model 1) = Pr{xj(3né*) > 2},
pn.B(a,b) = Prg,(BIC selects model 1) = Pr{xi(1né?) > log(2n)},

and plot these in a graph, for a few values of n. Characterise what happens when n
grows.

(d) Then consider the final estimator for 6 = b — a, after the model selection step. For
AIC, show that this is gﬁnal = (3— a)I(|Z,] > v/2). Show that the associated risk
function for the AIC procedure may be expressed as

risk 4 (a,b) = nEqp (0gnal — 6)> = nE{(8 + (2/n)/2N) I(|6 + (n/2)/*N| > V2) — 6},

with N a standard normal. Compute and display both this curve and the corresponding
one for the BIC case in a diagram. Compute also the risk ratio riskp(a, b)/risk4(a, b),
and show that the max of this risk ratio tends to infinity with growing n. Translate this
to prose.

Motivation and arguments underlying AIC and BIC

Ex. 12.11 The motivation and arqguments behind the AIC. Suppose Y7, ...,Y, areii.d. from
a density g, and that using a parametric model f(y,#) is contemplated as an approx-
imation, via its ML estimated density f(y, 5) Consider the Kullback—Leibler distance
KL(g, f(-, é\)) from the true density to the implied approximation,

/g(y) log 7). dy = /gloggdy— R, with R, = /g(y) log f(y,0) dy
f(y,0)

The task becomes that of estimating R,, or its expectation E,, = E; R,,, from the data.

Then different models can be compared and ranked via their F,, values. A natural start

estimator is R, = n’lﬂn(g), the normalised log-likelihood maximum. The details to

follow tell us by how much this start estimator overshoots its target.

Below we need a few general results reached in Ch. 5 for the behaviour of the ML
estimator  outside model conditions; see Ex. 5.10-5.11. Specifically, 0 — Op = JU, +
opr(1/4/n), where 6 is the least false parameter value, the minimiser of KL(g, f(-,6)),
assumed here to be an inner point of its parameter region; J is the agnostic informa-
tion matrix defined in those exercises; and U,, = n~ 1Y uo(Yi), the average of the
score functions u(Y;, 6p), computed at this 6. With p the dimension of 6, this led to
VnU, —4 U ~ N, (0, K), with K the variance matrix of u(Y;,6p), and the fundamental
limit distribution J U ~ N, (0, J"LK.J™1) for v/n(f — ), with the sandwich matrix.
(a) Writing G, for the empirical distribution of the data, tending to the c.d.f. G, show
that

B~ Ry = / log £(4,0) {dGa(y) — dC(y)}
- / {108 £(y,00) + 10(1) (0 — 60) + Ope (10 — p|[2)} {AGny) — AG(y)}
=a,—a+n" "W, + opr(n_l)7

where a,, —a =n"tY""_ log f(Y;,00) — [ g(y)log f(y,0y) dy has mean zero, and where
W, =nUt(0 — 0p) =nUt T U, =g W =U'J'U.
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(b) Show that EW = p* = Tr(J'K). If the parametric model holds, show that p* = p,
and we may call p* the generalised dimension for the model. Show indeed that under
model conditions, W ~ x2.

(¢) Deduce that n_lémmax — n~!p* is approximately unbiased for E,, = E, R,. Argue
that this leads to £, max — P* as the natural correction to ¢, max, With p* any natu-

ral estimator of p*, like p* = Tr(j -1 ), with these matrix estimators worked with in
Ex. 5.29

(d) Argue that all of this points to using
AIC* =20y, oy — 27" (12.4)

as information criterion. This is sometimes called the robust AIC, in comparison with
the simpler (12.1). When can the AIC and AIC* be expected to be close?

(e) For later purposes it is good to know also the following, regarding the attained
log-likelihood maximum. Using J,, = —n~19%¢,,(65) /9006, show via Taylor expansion
that

N M max = 170y {log f(yi, 00) + ulyi, 00) (6 — 00) + 5(8 — 00)"i(ys, 00)"(0 — 00)}
i=1 o . N (12.5)
=n"",(00) + UL (0 — 0) — 3(0 — 00)" T (0 — )
=n"",(00) + LULT U, + ope(1/n).

Show furthermore that with Ry = [ g(y)log f(y,60) dy, we have
Ry = Ry — 50— 00)'J(0 — 60) = Ry — $UST U,

(f) Work through details for regression setups, via Ex. 5.42 and 5.55, to see that the ar-
guments above carry through, with essentially the same results, modulo small regression
modifications to the formulae.

Ex. 12.12 Leave-one-out statistics. Consider a parameter functional T'(F) with influ-
ence function IF(F,y), as for Ex. 6.17, with estimator b= T(F,), based on observations
Y1i,---,Yn. Here we learn valuable generic ways of de-biasing, related to a little list of
connected key words: leave-one-out, cross validation, jackknifing.

(a) Let @\Z) be the estimator in question computed for the dataset where y; is pushed
out, with Gjack =ntY" 0 (i) their average again. Assuming sufficient smoothness
of the T(F') for the (6.6) representation to hold, deduce Ef =6+ b/n + o(1/n) and
EG(Z) =6+4+b/(n—1)+ o(1/n). From this construct bjack/n =(n-— 1)(6’Jack 0), and
via this again form the bias corrected estimator 0" = nf — (n — 1)9Jack Show that
Ef* =60+ o(1/n), i.e. the order 1/n bias term has been shaved off. Common terms
describing this operation include cross-validation and jackknifing.

(b) For numbers aq,...,a, with average a, show that the average of those remaining
after having pushed out a; can be presented as

—1a—(a; —a G
_ Za]_ (n—1)a— (a a):d_aZ a

(i) n—1 n—1 n—1

(c) Let 5(1-) be the estimator in question computed for the dataset where y; is pushed
out. Show that g(i) =0—(n— )~ HUF(F,, y;)-
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(d) Show that

So= Y (04 — 0) (0 — ) = (1/n2) Y IF(F,,y:) IF(F, )",
=1

i=1

and argue that this is a natural estimator of the variance matrix for 9. There are other
ways of estimating this variance matrix; the point at present is that one via jackknifing
can estimate both bias and variance, in a nonparametric fashion.

Ex. 12.13 log-likelihood cross-validation and the robust AIC. Consider the setup of
Ex. 12.11, where we saw that the direct estimator n‘lémmax tends to overshoot its target
R, = [g(y)log f(y,0) dy with a certain amount, namely n~!p*, with p* = Tr(J 1K),
involving the two matrices from the sandwich story of ML behaviour outside model con-
ditions; see Ex. 5.10. There is another take on this story, via cross-validation, as follows.

~

(a) Show that R,, is the same as E4 log f(Y,,+1,0), with Y;,41 a new observation from g.
érgue that this invites the cross-validation statistic xv, = n=1 31" | log f(Y;,0;)), with
0y the leave-one-out estimator computed for the dataset where y; is pushed out. The
xv, can be computed directly from the data, though needing n separate evaluations of
the parameter estimate.

(b) Now use the approximation

~

Oy =0 — n F(Fy, ) =0 —n~tT 14,

from Ex. 12.12, with J the normalised information matrix, as in Ex. 12.11, and u; =

~

u(Y;,0), the estimated score for datum . Show that
xv, = n ! Zlog Flys, 0 —n ' T ')
i=1
n ~ ~ ~ ~
=n~> {log f(yi, 0) — n U M} =0T U max — 7 Te(J K.
i=1

We have shown that xv,, is to the first order of approximation equal to AIC*/(2n), hence
equivalent to the robust AIC as a selection criterion.

(c) For the lifelength dataset of Roman Era Egypt, studied for various parametric models
in Story #50, consider the Gamma and the Weibull models. For these two models,
compute J and K and hence = Tr(j -1 ), and carry out robust AIC analysis. Then
compare with cross validation, and check the AIC* = 2n xv,, approximation.

Ex. 12.14 Cross-validation for other criteria. (xx above: xv,, =n~* Y log f(yi, 5(2»)),
seen to be closely related to the robust aic. can cross-validate other criteria than the
log-density. e.g. n=' 31 | |yi — Ui, ()| ete. spell out, give a simple example. xx)

Ex. 12.15 The motivation and arguments behind the BIC. The basic ideas underlying
the BIC are rather different from those leading to the AIC, see Ex. 12.11. For BIC
the starting idea is to put priors on all unknowns and then sort candidate models, say
My, ..., Mg, by how likely they are, given the data. This is often a tall order, as it
involves (a) having prior probabilities p1, ..., pg on the models and (b) placing priors on
each of the parameter vectors 6;. We shall find a simple to use approximation to the
posterior probaibilites, however.
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(a) Given such a setup, with a prior 7;(6;) on the parameter vector for model j, show
that
Pr(M; | data) = — Pifi  ere i = /Lnj(aj)wj(ej)dej.
pifi+- 4 prfi ’

(b) For an illustration, consider the simple setup with the flipping of two coins, in
Ex. 12.2, with probabilities p,, pp. For model M7, take a uniform for the common p, = py,
and for model Ms, take independent uniforms on p, and pp; to complete the Bayesian
prior description, assume the two models are equally likely before the coin flipping starts.
With outcomes (4,23) = (17,24) for the two binomials, find the marginals f; and fo,
and compute Pr(M; |data) and Pr(M; | data).

(c) Generalise to the follow-up question for Ex. 12.2, with three coins, and outcomes 17,
24, 15 for the three binomials, each with n = 40. For the five models, take uniforms for
the probabilities involved, and find the marginals fi, ..., fs for the five models. Complete
the analysis by presenting the posterior probabilities for the five models, for the case of
the five models being equally likely a priori.

(d) Itisclear that a careful and accurate analysis for Pr(M | data) is demanding, in more
complex setups, conceptually and computationally. There is a simple approximation,
however, using methods and results from Ex. 7.38. With data size n observations, with a@
the ML estimator for model Mj, of dimension p;, associated with log-likelihood function
£;(0;), show that

10g fj = £jmax — 5pjlogn +logm;(0;) — 3 log | Jn ;| + 3p; log(27).

(e) Show that the two first terms in this approximations dominate the others, with
growing n. Show that this leads to the simple approximation

Pr(M; | data) = p;q;/(p1q1 + - - - + Prar),

where ¢; = exp(%BICj), in terms of BIC; = 2/; max — pjlogn. Show also that the prior
probabilities p; become unimportant here, as data size n grows. In yet other words, all
Bayesian aspects of the postulated prior setup disappear, for growing data size. The
models with highest posterior probabilities are those with highest BIC scores.

Squared bias, variance, the FIC

Ex. 12.16 Estimating squared biases. When we come to FIC building, in exercises
below, one of its components is to estimate squared biases inside certain general setups.
Here we examine relevant themes, inside simplified prototype setups.

(a) Assume X ~ N(b, 1), and that ¢ = b? is to be estimated. Revisit Ex. 9.37, to see
three different estimators for b2, along with their risk functions. Attempt to construct
an additional estimator, and check its performance.

(b) Assume D ~ Ny(4,Q), with § unknown and @ known, in dimension ¢. Suppose
further that the main parameter of interest is the squared mean for a given linear com-
bination, say g = (c'6)%. From c¢'D ~ N(c'd,c'Qc), draw on what you found above,
to compare the pluses and minuses of these three estimators: (i) 7y = (c'D)?; (ii)
fie = (¢! D)? — ¢t Qc; (iii) fi3 = max((c'D)? — ' Qc, 0).
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Ex. 12.17 Parametric or nonparametric: a FIC view. Consider a setup with i.i.d. ob-
servations Y7,..., Y, from some distribution G, with a focus parameter u(G) to be esti-
mated. The nonparametric choice is finp = p(Gp), in terms of the empirical c.d.f. G,,.
With a parametric model, with density fy(y) = f(y,0) and c.d.f. Fy, we may construct
an estimator 6, leading to the parametric choice Lpara = /1(5), where pu(0) = p(Fp).
We suppose 0 —pr 6o, a least false parameter value, without assuming that F(-,6) is
equal to G; for the ML estimator, the 6 is the best parametric approximation in terms of
Kullback—Leibler distance; see Ex. 5.3. We address situations where we first can establish
(ﬁ{ﬁpara - N(QO)}> N

that
U 0 v k
~N para
\/ﬁ(ﬁnp — fltrue) ¢ <V> 2(<0> ’ ( k vnp>)’

for suitable variances vpars and vy, amd covariance k. This typically follows from first
showing \/ﬁ(g— 0o) =4 Up ~ N,(0,X), say, with p the dimension of § and ¥ a p X p
matrix, and then applying the delta method to reach /n{fipara — (o)} —a U = d'Up,
with variance vpara = d*Xd, where d = du(6y)/08.

(a) Assume first that fin, and [ipara are approximately unbiased estimators, in the sense
that their biases are o(1/n); as we have seen in Ex. 12.12 this can be accomplished via
jackknifing when the parameter functionals are smooth. Explain that this leads to the
approximations

2 2
MS€para = 0° + Vpara/N, mMSenp = 0% + vnp/n,

where we write b = p(6p) — ptrue for the modelling bias. Hence the parametric choice
is better than the nonparametric, in cases where nb? < Unp — Upara, O \/1|b| < (vpnp —
’Upara)l/2. Assuming b # 0, i.e. the model is not perfect, show that the nonparametric
estimator wins, for sufficiently large n. For moderate or small n, however, the parametric
may win, even if the presence of modelling bias.

(b) We shall construct our first FIC, the Focused Information Criterion, by estimating
the msepars and mseyy, risks from data. To estimate the squared bias, consider b = Hpara —
np, and show that Vb —b) g U -V ~ ' N(0, w), with w = vnp + Vpara — 2k. Explain
under the unbiasedness assumption that Eb? = b% + w/n+ o(1/n), ie. b2 overshoots its
target b%; see Ex. 12.16. With @ and 9, Upara consistent estimators for w and vpara, with
means O(1/n) away from these, show that FICpara =B —@/n+ Upara/n is unbiased for
mSepara UP to and including order 1/n. In case of b2 — w/n being negative, we truncate
this biased squared estimator to zero, and we are led to

FIC,aa = maux(/l;2 —W/n,0) 4+ Vpara/n, FIC,, = 0%+ Unp /M.

(c) Naturally estimators finp, and fipara are not always unbiased, and we do need to take
O(1/n) size biases into account. Assume it can be established that

ﬁpara = ,LL(QO) + Cpara/n + nil/QZn,para + 0(1/71),
,anp = Htrue + Cnp/n + nil/ZZn,np + 0(1/71),

with (Z,, paras Zn.np) having zero means and tending to joint binormality, with variances
Upara and vnp and covariance k, as above. In particular the parametric bias is b, =
1(680) — fhrue + Cpara/7 = b+ Cpara/n, up to order 1/n. Show from this that

2 2
mSepara = U5 + VUpara/N = b° + 20Cpara/M, MmSen, = Unp/n,
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up to and including order 1/n. Explain hence that we may keep the nonparametric FIC
score as Unp /M.

(d) Show that b=0b+ (Cpara — Cnp) /M + n‘l/Q(Zn)para — Zpnp)- With ¢, consistent and
order 1/n unbiased for ¢,p, show that this leads to

Etrue 0% = b2 4 2b(Cpara — Cap) /1 + w/n,  Eirue(0% + 2660p/n — @/n) = b2,

again up to and including order 1/n terms. Hence we have a nearly unbiased and a
truncated-to-zero modified estimators of the mean squared errors,

FICY, .. = b° + 2bcup/n — ©/n 4 Dpara /10,

para

FICpara = max(b® + 2bcnp/n — @/n,0) + Tpara/n-

These scores can then be computed, compared, and ranked, from the winning parametric
model with the smallest FIC to the others; ranking can of course all include the non-
parametric model, with FIC,, = Uyp/n. It is to be noted that only the ¢,p/n leading
bias term needs to be assessed and estimated, as the various cpara/n terms cancel out.
(e) A rather unified recipe for estimating the vpara, Unp, £, w quantities can be given via
influence function representation of the estimators. Suppose indeed that

fipara = 1(00) + Cpara/n + 17" Y TFpara(G,Y;) + ope(n™1/?),
1=1

Fiapy = s+ Cop/m 4174 D7 TFap(GY5) 4 0pe(n™172),
=1

i.e. with influence functions IF,. (G, y) and IF,, (G, y), having finite variances. Then
use

i)\para = n_l Zfﬁpara(n)Qa i)\np = n_l Zl/ﬁnp(}/i)zv /]; = n_l Zﬁpara(n)fﬁnp(n)y
i=1 =1

i=1

followed by @ = Vpara + Unp — 2k and the FIC scores. Here I/ﬁpara(y) and ffnp(y) are
the empirical and consistent versions of IF para (G, y) and IF,, (G, y). The nonparametric
bias ingredient ¢,p/n needs to be tended to for each application (and is in many cases
equal to zero). A generic jackknifing procedure for this step is in Ex. 12.12.

Ex. 12.18 Parametric or nonparametric for quantiles? Suppose Y1, ..., Y, arei.i.d. from
some smooth c.d.f. GG, with positive density g. The task is to estimate the quantile
= Q(p) = G~1(p), for one or perhaps many p. Should we do this nonparametrically or
parametrically, say using the normal distribution?

(a) Below we need a certain technical detail. With @, (p) the sample quantile, computed
via linear interpolation as per the default choice of R,

EQn(p) = Q(p) + c(p)/n  with c(p) = (1 —2p)/f (1) — 5p(1 — p)f" (1) / f(1)*.

So for the ¢yp/n ingredient in the general FIC setup of Ex. 12.17, we use this formula, with
standard kernel density based estimates f, and f], for f and f’, see Ex. 3.42, evaluated
at position Q. (p). Hlustrate and check this, by simulating the exact n{E Q.. (p) — Q(p)}
for e.g. the normal density, for a little range of p, perhaps with n = 100, and comparing
to (i) the ¢(p) formula, and (ii) to the estimated version of that formula, with f,, and f;.
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(b) For the sample quantile @, (p), check from Ex. 6.18 that its influence function
IF,p(G,y) is —(1 — p)/g(Q(p)) to the left of Q(p) and p/g(Q(p)) to the right. Now
consider the normal alternative, which is fi, = E + 0 zp, with the familiar estimators for
mean and standard deviation, and with z, the normal quantile. Follow the general recipe
of Ex. 12.17 to show that

fﬁpam(y):(lyﬁ ((1) ?)1( W) )za[z<y>+;zp{z<y>2—1}},

“p o \z(y)* -1

2

where z(y) = (y — E)/E. The FIC scheme is now to be pursued, involving b = £ + & Zp —
Qn(p)-

(c) Work through the FIC details also for the three-parameter t model with ¥; = {+o0 ¢,
with €; ~ t,. For implementation, necessary for the Oslo boys and girls of Story #22,
we use numerical derivation for finding both u(y, éml), the &\, the J. Explain that the
influence function is ﬁpara(y) = d'J u(y, Om1), with d = Ou(0y1)/00, for p(f) = € +
o G, 1(p), in terms of the t-quantile function.

(d) With positive data yi,...,yns, should one use the nonparametric median, or rather
log 2/6 from having fitted an Expo(¢) model? Work out the FIC details.

Tolerance radii around models

Ex. 12.19 ML behaviour under local alternatives, I. Consider a parametric density
f(y,0) for observations Yi,...,Y,. Assume however that these do not precisely follow
the model, but rather a density in its vicinity. What can we deduce for the behaviour of
the ML estimator 67 Results reached here are useful for local power analysis and indeed
for the construction of model selection criteria, in particular for the FIC below. We start
in the i.i.d. framework, for sorting out matters in a clean fashion, though results reached
here will be generalised to regression contexts in Ex. 12.28.

(a) Assume the real state of affairs is a density

fu(y) = f(y,00){1 + 6h(y)/v/n}, for some h with /f(yﬁo)h(y) dy =0. (12.6)

Write fo(y) = f(y,00) and ug(y) = u(y, bp) for density and score function at 6. With
notation and arguments as in Ex. 5.10, show that U, = n~1/2 > uo(Y;) has mean
b6 = [ fo(y)h(y)dyd and variance matrix tending to J = [ fo(y)uo(y)uo(y)' dy. Show
via the Lindeberg theorem that indeed U, —q U ~ N,(bd,J). With ¢,(0) the log-
likelihood function and .J,, = —n~19%¢,,(0) /00 96", show also that J,, —,, J, even when

the data density f, is O(1/y/n) away from fy. Proceed to show
An(s) = (00 + s/v/n) — £,(00) = USs — 35" s + 1 (s) —q A(s) = U's — 25°Js,
as with (5.5), but now with the additional b§ mean for U. Deduce from this that
V(0 —0y) =4 JTU ~ N, (J 7108, T 1),

and also that 2{¢ max — €n(00)} —a U'J~'U, which has a xZ(b*J~'b6?) distribution.
We learn that when the real data mechanism is O(1/4/n) away from the model, then
bias is affect, but not the variance, for large n.
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(b) Consider a focus parameter u(6), with true value now determined from (12.6), and
with ¢ = 9pu(0y)/00. For log-likelihood profiling and the deviance, show using Ex. 5.13—
6.14 that

(ct-'U)? 20y 82

T 1e ~ Xl()“S )s

with A = (c*J71b)?/c*J~Le. (xx invent two simple illustrations. point to local power
things already in Ch 4. xx)

Dn(,U/O) = 2{én,prof,max - gn,prof(,ufO)} —d

Ex. 12.20 ML behaviour under local alternatives, II. As an important special case of
the machinery of Ex. 12.19, assume that a certain narrow model with density fo(y,0)
is used, with dimension p, but that the reality is that data come from a wider model,
needing an extra parameter v of dimension q. Suppose indeed that the real density is
forue(y) = f(y,00,7 + d/y/n), where setting v = 7o in the p + g-dimensional model
f(y,0,7) gives us back the fy(y,8) model. For this wider model, introduce score vector
component ug(y) = dlog f(y,00,7)/00 and ui(y) = dlog f(y,00,7)/0v. It is now
fruitful to introduce

Joo Jo1 s _ Joo  jo1 Joo jo1
J = <J10 J11> with inverse J ! = (Jm i) = (o o)

the (p+q) % (p+¢q) Fisher information matrix for the wider model, with inverse, computed
at the position (p,7p). The ¢ x ¢ matrix Q = J' = (J1; — JioJyg Jo1) ™! will play a
crucial role, in particular for the FIC to come below. It is a special case of what we
worked with in Ex. 5.14.

(@) Let Uy =n"1Y"  uo(Y;) and Uy =n~1 31" ug(Y;). Show now that

Uno) _ \/ﬁqo . Uo N (J015 Joo Joi )
Un,i Vval,) P\, Prai\ned) " \Jwo i)

With é\narr the ML estimator in the narrow model, show that

Vi (Brnare — 00) = Jog' v/1ln 0 + 0p(1) —a Jog Uo ~ Ny (Jog Jo16, Jogh).

(b) Next consider ML estimation in this wide model, with (Oyide, Ywide). Show that

(v 0) = () w07 () =) 7

In particular, note that

Dn = \/ﬁ(;}/\wide - ’YO) —d D~ Nq(éa Q) (12'7)

(c) So how do narrow model estimation and wide model estimation pan out, when
it comes to some given focus parameter? Consider such a p = u(6,~), with true value
Hirue = 1(6o, Yo+ §/+/n). The two estimators under consideration are fiya; = u(é\na", %)
and ﬁwide = M(Gwidea ?wide)~ Show that

\/ﬁ(l/fznarr - ,utrue) —d N(wt(sa 7-02)?

- 12.8
\/E(,uwide - ,Utrue) —>d N(Oa TO2 + WtQW), ( )
featuring

S = (55) o' G and w = ooy G — 3 (12.9)

with these partial derivatives computed at the null position (g, o).
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(d) So when is narrow model estimation still best, even if that model might be somewhat
wrong? Narrow model means bias but smaller variance; wide model means lower bias
but higher variance. This bias-variance trade-off is nicely captured in the (12.8) limits.
Show that the limit risks, mean squared errors for the limit distributions, are

mSeparr = Tg + (wté)2 and mseyige = Tg + wiQu.

Conclude that narrow is best, provided |w'd| < (w'Qw)'/2. We may translate this to
lwt (v —70)| < (W*Qw)'/?/\/n, where it is to be noted that the tolerance becomes smaller
with growing sample size; with more data, models might need to become more sophisti-
cated.

Ex. 12.21 Computing the tolerance radius. Consider a model fy(y, ), extended with
one extra parameter v, in a manner where the density f(y,#6,~) becomes fo(y,6) when
v is equal to its null value 5. We use the same local asymptotic framework as above,
with data seen as coming from f,(y) = f(y, 60,70 + /+/n), with § unknown.

(a) For a focus parameter pu = pu(6,v), with estimators fina,y and [iwide, show from
Ex. 12.20 that the associated limiting risks are mseya,, = Tg + (w5)2 and mseyiqge =
T8 +w?k?, with k2 = Q the lower right element in the (p+1) x (p+1) matrix J 1. Deduce
that narrow estimation is better than wide estimation as long as || < k, regardless of
the particularities of x. This translates to the tolerance radius |y — vo| < k/y/n.

(b) Consider nonnegative data yi, ..., y, from the Gam(a, d), with a = 1 corresponding
to the simpler Expo(6) model. For estimating the mean, for instance, there is then the
choice between the simple fipa, = 1/ gnarr = Y and the somewhat more complicated
Hwide = OGwide /gwidc. Writing V' for a unit exponential, show that the Fisher information
matrix J, computed at the narrow model, becomes

e () - (1)

with ¢(1) = —0.5772..., minus the Euler constant. Also, b = VarV and a = cov(—V,log V)
are found mathematically to be 72/6 and —1, though can also be found via numerical
integration, in more complicated settings. Show from this that k? = 1/(b — a?), leading
to the conclusion that as long as |a — 1| < 1.245/4/n, the simpler exponential model will
fare better than the two-parameter Gamma.

(c) For another illustration, also with Expo(f) being the narrow model, consider the
Weibull extension with c.d.f. F(y,0,7) = 1 — exp{—(0y)"}, with null value v =1 giving
back the exponential model. If the median is to be estimated, the choice is between
the simple fnar = (log2)/ §narr and the more complicated [iwiqe = (log 2)1/ Fwide / é\widc.
Show that the Fisher information matrix J at the null model is the variance matrix of
((1/6)(1-V),14+1og V-V log V), taking a form as above but with different @ and b. Find
these values and conclude that narrow estimation is best provided |y — 1] < 0.779//n.
(d) Perhaps we occasionally ought to stretch the Gaufiian tail? Consider the three-
parameter density model

f(y,&0,7) = %ﬁ eXp{fé(yff‘v}.

g

With v = 2 we are back to GauB, with a(2) = (27)'/2; also, v = 1 corresponds to the
double exponential. Tails are fatter then normal for v < 2 and slimmer for v > 2. Show

tolerance radius
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that actually a(y) = 2'TY/7T(1 + 1/v), and further that the Fisher matrix, computed at
normality, becomes

elo 1/02 0 0
J = Var (2 -1)/o = 0 2/0%c/o],
—1e%log el + b 0 c¢/o k

where ¢ is a standard normal. Find numerical values for b, ¢, k here, and use these to
find that if |y — 2| < 4.459/+/n, then tailstretching is not worth the extra trouble.

(e) Consider the three-parameter extension of the traditional two-parameter normal,
with c.d.f. F(y,&,0,A) = ®((y — £)/o)*. How much can the usual normality based
estimation methods tolerate, in terms of A away from 1, before they lose to the three-
parameter based ML methods?

Ex. 12.22 Gammaweibulling the exponential. Consider the three-parameter density
model

f(y.a,bc) = k(a,b,c)y* " exp(—by®) fory >0,

with positive parameters a,b,c. Note that ML analysis is fully feasible here, via the
log-likelihood function, as per the theory of Ch. 5; see Story #98 to see this in action.
Here we examine the level of tolerance around the simple one-parameter model Expo(b),
sitting in the middle, corresponding to (a,c) = (1,1).

(a) Show that the Gamma and Weibull distributions are indeed special cases, and carry
out integration to show that k(a,b,c) = cb®“T(a/c). For tolerance analysis we need
the Fisher information matrix J(a,b,c), and its inverse, computed at exponentiality,
i.e. (a,c) = (1,1). Show that the score functions, computed there, are

Uly) = —(1/o)Wy1, Vi(y) =Wz, Va(y) = (logb)W; — W3,

in terms of Wy =y — 1, Wa =logy — ¢(1), W5 = ylogy — {1 + ¢ (1)}, each with mean
zero. Carry out numerical integration, to determine J(1,b,1) and its inverse, from which
you should find the crucial lower-right 2 x 2 matrix

Q- 4.762 —5.824
~ \—5.824 10.594 /)’

not depending on b.

(b) Go through as many as four different foci, u = p(a, b, ¢), and check when msey,,y <
mSeywide, Which needs the partial derivatives and w: (i) the mean & = EY; (ii) the
standard deviation o = sd(Y’); (iii) the probability p = Pr(Y < yo) wth yo = 0.10; (iv)
the hazard rate h = f(yo)/{1 — F(yo)} with yo = 0.25. Draw tolerance bands, which are
infinite strips. Show then that (w®d)? < w'Qw for all w is equivalent to §*Q~1§ < 1. Draw
the tolerance ellipse of (a, ¢) inside which estimation using the narrow 1-parameter model
will do better than estimation using the wide 3-parameter model, for every estimand.
Show that this tolerance ellipsoid is the intersection of infinitely many tolerance strips.

Master theorem for ML behaviour in submodels

Ex. 12.23 ML estimation and AIC in narrow and wide models. Let the setup be as
in Ex. 12.20, with a wide model f(y,0,~), having p + ¢ parameters, and the narrow
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model fo(y,0) = f(y,0,7), with p parameters, corresponding to setting v equal to its
null value 7. In the exercise mentioned we have sorted out the basic of ML estimation,
where a focus parameter ;1 = u(6, ) has narrow and wide model based estimators fipan =
,u(@\narr, 7o) and [iyide = p(@wide, Awide). The limit risk expressions also had consequences
for tolerance radii. Here we work out further consequences, also for the AIC.

(a) In the notation of Ex. 12.20, let U, o = v/nUy and U,,; = /nU;, with averages
Up=n"t30" jug(Yi) and Uy = n= 13" uy(Y;). For ML estimation in the narrow
model, we have seen that

Vi(Bnare = 00) = Jo" Uo ~ Np(Jgo' Jor8, Jog')-
Then consider W,, = /n(U; — JioJoy Uo), and show that (U0, W) —a (U, W),
with these being independent, and W ~ N, (Q~16,Q1). Show furthermore for D,, =

\/ﬁ('/)/\wide — ’Y()) of (12.7) that D,, = QWn + Opr(l) —d QW =D~ Nq(é, Q)
(b) With log-likelihood functions £, narr(0) and £, wide(6,y), show via (12.5) that

t —
Un,O —1 Un,O
én,wide,max = En,O + %n (Un,l) J (Un,l + Opr(1)7

— 1 77t —177
en,narr,max - En,O + §nUn,OJOO U"»O + Opr(1)7

where én,O = Z?:l log f(yh 907 70)
(c) With notation for the blocks of the (p+ ¢q) x (p+ q) matrices J and J~!, from 12.20,
demonstrate the algebraic fact that

t

<U0) Jil (ZO) — UBJ&#U() = (U1 — Jloj(;ol’ll,())tQ(ul — JloJ(;Ol’LLQ).

Uy 1
Explain that W*QW = D'Q~'D, and show that
AlICyide — AlChar = DEQ ™" Dy — 2¢ 4 0pp(1) —q D'Q™'D — 2 ~ X2(8'Q7'6) — 2q.

We have accordingly understood the limit probability that AIC will favour the wider
model, in terms of the local parameter §, in v = v + /y/n. Show in particular that this
probability is Pr(xg > 2q), if the narrow model is correct. Compute these probabilities,
for say ¢ = 1,...,10, and comment.

(d) For the case of v being one-dimensional, write Q = x? and @ = ®? from having
estimated the limit information matrix J. Explain that D, /k = /n(Ywide — 70)/K —4
D/k ~N(6/k,1). Show further that AICiqe — AlCyar —a D?/k% — 2 ~ x3(62/k?) — 1.
The AIC choosing the wide model is hence for large n equivalent with |D,|/k > v/2, an
event having probability 0.157 for large n if the narrow model is correct.

(e) (xx round off this. need to define Ag properly. more in Master Theorem. xx) After
having selected the winning model, the final AIC selected estimator becomes

//Zﬁnal = ﬁnarr I(AICwide < AICnarr) + ﬁwide I(AICwide Z AICnarr)-
Show that
\/ﬁ(ﬁﬁnal - /Ltruc) —d AO + wt(SI(WtQW < 2Q) + w(5 - D) I(WtQW > 2(])

(f) (xx do and polish. xx) then estimate 66° via DD — @, and make a FIC, for this
narrow-vs-wide setup. generalised later, to include all ig.
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Ex. 12.24 Master Theorem for ML estimation in submodels: the Limit Ezperiment.
The setting is as with Ex. 12.20 and 12.23, where we so far have worked with the nar-
row p-parameter model fo(y,0) = f(y,0,70) inside a wider (p + ¢)-parameter model
f(y,0,v). We shall build a framework for analysing estimators from all the interme-
diate models. Let S be a subset of {1,...,q}, of cardinality |S|, with ensuing model
fs(y) = f(y,0,7s,70,s¢) of dimension p + |S|; here g is used for the subset of v; with
j € S. This means allowing v; as a free parameter for j € S, but setting v; = 7o,;
for j € S¢ the complement set. For any focus parameter p = u(6,7v), this leads to
submodel estimators of the type jig = M(é\S,:Y\S,’Yo,Sc), with (tz)\s,ﬁs) the ML estimator
for submodel S.

Below we shall need the @ = J'!' matrix from the (p + ¢) x (p + ¢) Fisher in-

formation matrix, computed at the narrow model, along with 7¢ = (g—’;)t.]&)lg—’g and
w = JloJ&Jlg—g - 2—5, worked with in Ex. 12.20, again with derivatives computed under
the null model where v = 7. Introduce also independent normal variables Ag ~ N(0, 73)
and D ~ Ng(6,Q). The Master Theorem reached in (12.11) below is a clear representa-
tion of the limit distribution for \/n(fis — fitrue), in terms of these independent Ag and
D, from which limit bias and limit variance can be read off. (xx put in two sentences,
here and or for previous, about regulatity conditions; p needs derivatives, J is finite and
positive definite; and (6p, ) is an inner point. xx)
(a) There will be results similar to those reached for fina,,y and fiyige, but we need a
machinery for handling the book-keeping. Let mg: R? — RIS be the projection, taking
z = (z1,...,24)" to its subset 25 indexed by S. We may thus view 7g as a |S| x ¢ matrix
of zeros and ones. When handling the S model, there is a Fisher information matrix of
size (p+ |S]) x (p+ |S) and its inverse, say

00,5 701,5
Jg = ( Joo JOl’S> with inverse Jg' = <j1o,s leS) :

Jio,s Ji1,s
Show that the lower-right matrix of the inverse can be written Qg = (msQ~'7%)~1, of
size |S| x |S]. An important book-keeping matrix of size ¢ x ¢ will be

Gs =m5QsmsQ = nh(msQ '7h) trsQ . (12.10)

For the full subset S = {1,..., g}, show that indeed Gyide = I, the ¢ x g identity matrix;
for S = () we define Gpapr = 0. Show that Tr(Gs) = |S|. When Q happens to be diagonal,
show that Qg is just the appropriate |S| x |S| submatrix of Q.

(b) A useful exercise, to get acquainted with the book-keeping of subset models, is as
follows. Generate any covariance matrix J of size 6 x 6, thought about as via 6 and ~
each of length 3. For the 23 = 8 submodels S of {1,2, 3}, pushing 71, 72,73 in and out,
compute the Gg matrices, and verify Tr(Gg) = |5].

(c) Use arguments similar to those seen in earlier exercises for narrow and wide model
estimators to show that

\/ﬁ(as —6o) -1 ( \/EUOn ) (CS> -1 < Jo16 + U )
N =J _ 4+ ope (1) — =J ,
(\/5(73 —0,5) 5 \VnUin,s el =\ pg S \msJid + U g
in which (Ug,U7) has the distribution N,44(0,J). In particular, all these limit distri-

butions are linear functions of the same (p + ¢)-dimensional multinormal and are hence
multivariate normal.
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(d) We are now in a position to work with the submodel estimators fig for the focus
parameter, the true value of which is ptrue = (00, v0 + 8/4/n). Work with

fis — prue = 103,75, 70,5¢) — 1(00, 70,5, Y0.5¢) + 1100, 70) — 1(00, 70 + 6/v/n)
to see that the limit distribution of /n(fig — fttrue) can be written
As = (0u/09)"Cs + (0p/07s)" Ds — (Op/07)"0.
Now introduce
Ao = (%) ' U and D =6+ QU] — JioJoe Up)-

Show that these two are independent, with distributions N(0,73) and N, (6, Q). (xx one
more sentence re D, same as limit of v/n(y — 7o) as seen in (12.7). xx) Then carry out
the somewhat laborious algebraic reformulations to verify that

\/ﬁ(ﬁs — Ntruc) —qAs = Ao + wt(d — GsD) (1211)

(e) We have started with a quite general situation, any smooth regular model f(y, 8,~),
and found that there is a simply structured Limit Experiment, characterised by the
two independent random variables Ag and D. In this Limit Experiment, essentially all
parameters are known (i.e. well estimated, with high precision, for large n), except for
the single unknown d, for which we observe is D ~ Ny(d, Q). The object, in this Limit
Experiment, is to estimate the linear combination ¥ = w'S. Show that Ag is normal,
find its mean and variance, and establish that its mse is

mses = EA% = 78 + w'GsQGYhw + {w' (I, — Gs)0}.

For the two extreme cases verify that we recover results of Ex. 12.20, that msep.. =
78 + (w'6)? and mseyige = T4 + W'Quw.

(f) How correlated are different submodel estimators, for the same estimand? For two
subsets S and T of {1,...,q}, explain that the Master Theorem result (12.11) holds
jointly, so there is a binormal limit for jig, fi7. Show that in the Limit Experiment, the
correlation is

78 + w'GsQGLWt
(mseg)'/2(mser)t/2

p(S,T) =

In particular, the limit correlation between estimators from narrow and wide models is

2
75 1

{78 + (W) }12(rg + w' Q)2 {1+ (w'0)? /7112 (1 + whQu/75) /2

We learn that the size of A = w'Quw/7¢ matters significantly. If this ratio is small, then
the extra variability introduced by further unknown parameters is small compared to
the variance of the narrow model, most correlations might be high, and model selection
might not be fruitful. If the ratio is moderate or big, however, there is more extra room
and benefit for cleverness in model selection, as finding a clever S, for the given occasion
of the (6, ), might be significantly better than competitors.
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The FIC, the Focused Information Criterion

Ex. 12.25 The FIC in the Limit Experiment. We may derive our first Focused Informa-
tion Criterion for the Limit Experiment, described and discussed in Ex. 12.24. It consists
in estimating the limiting risk mseg found there, in the situation where J and the partial
derivatives of p(6,v) are known, hence also 79, w, @, Gg, and with only § unknown, for
which we observe D ~ Ny(d,Q). The Real FIC, so to speak, for a given dataset and
candidate models, then emerges by estimating all unknowns; see Ex. 12.26.

(a) Via Ex. 12.16, explain that the natural risk function estimator is
FICs = 7§ + w'GsQGY%w + max(w' (I, — Gg)(DD"' — Q)(I, — Gg)'w,0). (12.12)

We are essentially taking the unbiased estimator of the squared bias term and truncating
this to zero if that estimator turns out negative. There are 29 submodels, each with its
FIC score, and the winning model is the one with lowest FICg. (xx sentence on bias and
variance balance. slim S: first small, second big; fatter S: first big, second small. xx)
Note that the 7¢ term is common to all, and might be ignored, but it useful to retain it
in order for FIC;/ % to have the interpretation of estimated rmse. For the two extreme
choices, show that

FIC,arr = Tg + max((w*D)? — w'Qw,0),
FICyide = 7o + w'Qu.

Explain that FIC prefers the narrow to the wide model when (w*D)? < 2w'Quw, i.e. when
IT| < V2, where T = w'D/(w*Qw)'/2, which is normal with variance 1. When the narrow
model is correct, show that the probability of it being selected by the FIC is 0.843.

(b) Consider the case where the extension parameter v is one-dimensional, where the
choice is between the p-parameter narrow model and the wide (p + 1)-parameter model.
Assume w of (12.9) is nonzero, show that it cancels out for the FIC comparison, and that
the narrow model wins provided max(D? — k2,0) < x2, or max(D?/x% —1,0) < 1 where
we as earlier write Q = k2. Explain that this is the same as D?/xk? < 2, and that this
is actually precisely the same as with the AIC; see Ex. 12.23. So FIC is only useful on
its own for ¢ > 2, where different foci are associated with different w, and these do not
cancel out.

(c) (xx one or two more things, inside Limit Experiment. xx)

Ex. 12.26 The Real FIC. Turning to The Real FIC, assume we have data Y7, ...,Y,, from
the model f(y,#,7), with the wide model envisaged to be in the vicinity of the narrow
model where v = 7. Then letting J be the observed normalised Fisher informaton
matrix, compute from this Q and all Gg via (12.10), along with 7 and @ via the estimated
partial derivatives of our focus u(6,v). We also need D,, = v/n(Fwide — Y0), discussed
earlier, as with (12.7).

(a) Explain that the empirical version of the Limit Experiment version above becomes
FICs = 72 4+ 0'GsQG%E + max(@*(I, — Gs)(Dn D!, — Q) (I, — Gg)'@,0). (12.13)

This is the real FIC for real datasets. It is to be computed for all relevant candidate
models S, and the FIC score ranks them from the smallest (best) to the biggest (worst).
(b) This FICg relies on consistent estimators for the population quantities du(6o,v0)/08,
(6o, v0)/9v, and those coming from the Fisher information matrix J = J(6g, 7o), i.e. 7o,
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w, Q, Gg. Explain that the FIC will work whether one uses ‘narrow’ or ‘wide’ estimation
for the focus derivatives and for J. FICologists often prefer using estimators coming from
the wide model, as this tends to make inferences more robust. (xx but if formulae are
very simple for narrow, etc. xx)

(c) (xx a simple illustration. to be used in one or two stories, perhaps one iid and one
regression, and perhaps alongside AIC. xx)

Ex. 12.27 The AFIC. (xx spell out. basics, an illustration. and in regression, below.
xx) The FIC has been built around a single focus parameter p,, with formulae above
being extended in the next subsection for various practical situations. Sometimes there
is not such a one-and-only u of primary interest, however, but perhaps a slim collection
of pj, with j = 1,...,m, a finite set, or an index representing a stretch of parameter
values. Here we develop the essence of the AFIC, the Average-weighted Focus Information
Criterion. For simplicity we develop results below in terms of a finite index set.

(a) Explain that the ML estimator for p, is fia = Ma(gsﬁsﬁo,sa), and that previous
master theorem results imply

V(s j — pirue,) —d Asj = Mo j +wi(6 — GsD),

1 aﬂj 8[Lj

with wj = JioJgy 55" — 5> and otherwise the same Gg and D as above; see Ex. 12.9
and 12.24. Also, 75 ; = (%)Hﬁ;&(%), not depending on submodel S.

(b) For any weight-of-importance scores v; over the index set, show that
nY (s — Hirue)” —a Y viho; +wh(S — Gs D).
J J

with this limit variable having expected value

> v+ Y vilwiGeQGw; + {wh(Iy — Gs)d}?).
7 7

(c) When searching for a good model S, explain that we may ignore the first term here.
Show that an unbiased estimator for the second term, in the limit experiment, is

riskg = Zvj (Wi GsQGsw; + wi(I; — Gs) (DD — Q) (I — Gs)'wj]
J

= Tr(GsQGsA) + Tr{(Il, — Gs)(DD" — Q)(I, — Gs)A},

in terms of A =3 j vjij;. The second term here is essentially unbiased for a squared
bias, so we truncate it to zero in case of a negative value. The empirical version of the
AFIC becomes

AFICs = Tr(GsQG%A) + max(0, Tr{(I, — Gs) (D Dy, — Q)(I, — Gs) A},
with A = Zj vj@j@;, and D,, = v/n(Ywide — Y0), as above.

ML behaviour, tolerance, FIC, model averaging, in regression models

Ex. 12.28 ML behaviour under local alternatives, in regression models. We have seen in
various exercises in Ch. 5 that the basic theory for ML behaviour, with limiting normality,
Wilks theorems, etc., could be lifted from the i.i.d. context to general regression models.
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Basically, in smooth regression models, (i) ML estimators still have clear definitions, as
maximisers of log-likelihood functions; (ii) behaviour under model conditions is partly dic-
tated by the normalised observed Fisher information matrix J,, = —n~192¢,,(0)/0006",
and there is a well-defined limit in probability J; (ii) there is large-sample normality
and a chi-squared for deviances with Wilks type statistics. The present point is that
importantly, theory developed above for local alternatives goes through when lifted to
regression models. This concerns in particular Ex. 12.20, 12.23, 12.24. Essentially, this
involves careful use of Lindeberg theorems, with care for the biases implied by data
mehacnisms being O(1/+/n) away from the models used.

To look into the basic mechanisms underlying these ‘methods and results hold up
when lifting from i.i.d. to regression’ statements, consider a model f(y;|x;,8,v) for Y;
given z;, with 6 and - of dimensions p and ¢, in generalisation of the setup of Ex. 5.42. As
above, in the development that led to both tolerance radii and the FIC, there is a narrow
model with p parameters, corresponding to a null value v = 7y, and a wide model, where
all of 1, .., 7, are free. We need the score functions ug(y; | z;) = 9log f(v; | zi,60,70)/00
and uy (y; | 2;) = dlog f(y; | xi,00,70) /07, computed at the null position. With a dataset
of (z;,Y;) for i = 1,...,n, where the Y; are independent given the xz;, there is a log-
likelihood function €, (60,v) = Y1, log f(y; | z;,0,7). Writing a = (6,7) for the full
parameter, there is a normalised Fisher information matrix

-1 agn(QOaFYO) _ (Jn,OO Jn,Ol

In=-n dadat

Jn,OO Jn,()l
> with inverse J,, ' = < ,

10
In,10 In11 Jn" Qn

of size (p+ q) X (p+ q), computed at the null value, assumed to be an inner point in the
parameter region for the model. We postulate that Lindeberg regularity holds, including
a clear positive definite limit in probability matrix J, —p, J.

(a) Now examine the local neighbourhood situation where the real mechanism is f; ¢rue (Yi
f(yi|zi, 00,7 +38/+/n). From the log-likelihood function we form versions for the narrow
and wide model, leading to ML estimators énarr and (é\widcﬁwidc). We need

Vil =23 u(Yila) and  Valy =n 2w (Y| ,).

i=1 i=1

Use Taylor expansion techniques, or generalisation of arguments used in Ex. 5.42, to
show that

ViOnare — 00) = Ty soV/nU.0 + 0pe(1) =a Joo Uo ~ Ny (Jog" Jo1d, Jog ).

and that

(it 200) = (5] womtt s () Mot (5). 7
Note also that we as in the i.i.d. case have D,, = v/n(Qwide —Y0) —a¢ D ~ Ny (6, Q)
(b) Having established these basic results, for smooth regression models under Lindeberg
conditions, verify that also other results reached for i.id. setups in Ex. 12.20, 12.23, 12.24
continue to hold in the wider regression context. This in particular holds for the Master
Theorem of Ex. 12.24, with a clear limit distribution v/n(fis —fitrue) —ra Ao+w*(6—GsD).
When using this to form FIC in regression models, as with (12.13), it is sensible to see the
ingredients @n and és as the natural estimators of quantities @), and G, g, associated

ED
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with J,,, for the given n of the dataset being analysed. A similar comment applies to
-1 Op _ Op

To,n and Wy, estimates of 7y ,, and wy,, = Jig.n 00059 — o

Ex. 12.29 Tolerance radii in regression models. We have learned in Ex. 12.28 that the
basic limiting risk expressions hold for msey,;, and mseyiqe, associated with estimating a
focus parameter via the narrow and the wide models. This leads to the same toleranced
radius expressions as in the i.i.d. case. In particular, if v is one-dimensional, representing
one extra parameter extension of some regression model, then narrow based estimation
is better than wide model estimation provided |y — vo| < K, /v/n, with Q,, = x2 the
lower-right element in the (p + 1) x (p + 1) matrix J, *.

(a) For a simple linear regression dataset of (z;,y;), with regression line a +b(x; — ), as
in Ex. 3.32, might it be worth it to include a quadratic term c(z; — Z)2? Show that this
wider regression model, with three parameters for the mean in addition to the normal

scale o, has normalised Fisher information matrix J,(o,a,b,¢) = (1/0?)diag(2,3,),
where
n 1 1 ‘ 1 0 M,
En:n_lz T, — T T, — T = 0o M, T, |,
i=1 (.’Ez — {f)2 (ZL'Z — i’)Q Mn Tn Fn

in terms of covariate moments M, = n~ !> " (z; — )%, T, = n~ '3 (z; — 7)3,
F, =n"'3" (z; — 2)*. With E, the (3,3) element in X', show that simple linear
regression is better than quadratic regression provided |¢| < EY %o /\/n.

(b) More generally, consider ordinary linear regression, with covariates z1,...,%,. Is
it worth it, including also an extra z,11? Let X, be the (p + 1) x (p + 1) matrix
nT Y T plus T} juss With i plus being (251, ., 4 p, i p11)*. Show that the tolerance
radius for the extra B,11 is |Bpt1] < EyY 6 /\/n, now with E, being the lower-right
element of ¥, 1. We learn that the tolerance level depends on scale o, the actual covariates
on board, and the sample size.

(c) For the general linear regression model of Ex. 3.33, with y; ~ N(z!83,0?), con-
sider the modelling option of introducing heterogeneous variance, as worked with in
Ex. 5.49. Specifically, suppose there is a covariate w;, normalised to have average zero and
n~t 3" w? =1, for ease of interpretation, where the wider model takes o; = exp(yw;);
the w; could e.g. be one of z; covariates, normalised. With (ﬁ, 0,7) the ML estimators,
show via ML theory of Ch. 5 that /n(¥ —v) —4 N(0,1). Show that the tolerance radius
becomes |y| < 1/4/n.

Ex. 12.30 FIC selection of covariates in linear regression. Consider a linear regression
setup with covariates z1,...,z,, deemed important and protected, along with 21, ..., 24,
seen as potentially fruitful but needing care and checks for possible inclusion. The wide
model is Y; ~ N(zt8+ 2}v, 02), the narrow model has only the z!3 term, and there are 24
candidate submodels corresponding to pushing the z,..., z, in and out. Thus submodel
S has mean of the form z}8 + 2} ¢7s.

(a) Show via the general linear regression theory of Ex. 3.33 that ML estimation in the
wide model yields least squares estimators

A n n t
B —-1,_—1 (z1y7> -1 (%) <931>
=, , where ¥, =n ,

along with 62 = Ro/n, say, with Ry = Z?:l(yi — xﬁg —zy)2.

check Story
#16 for similar
FIC work for
logistic
regressions
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(b) Show that the Fisher matrix J, (o, 8,7), of size (p+q¢+1) X (p+q+1),is

2 0 0 0 0
J.=(1/a%) |0 Y000 Zno1 |, with inverse J =020 »00 »loy
0 Xp10 211 (DD IS

featuring the blocks of 3,, and 3, 1.

(c) Following the general recipe of Ex. 12.28, show that the crucial @ matrix becomes
Qn = 72XL!. Show next that when finding the G,, s matrices from (12.10), the o cancels
out, leading to X, s = mg¥, 5 and

Gp,s = 7Tts@s7TS@71 = Wts(ﬂséflﬂfg)flﬂséfl = 7m5(ms(Z)) " wg) s (BT
Again, G”L@ = 07 Gn,wide = Iqa and TI'(Gn’S) = |S‘
(d) The task is now to find good models for estimating . = E (Y | zg, 20) = x§B8+287, for
given xg, zg. Show that w = w(xg, 29) = En,lOE;})OxO — 2g, free of unknown parameters.

In the general FIC notation introduced above, show that 7.2 o = szBZ;boxm that D,, =
\/n7, and that the FIC score for submodel S can be expressed as

FICg = ?72170 + thn’S@nG;,Sw + max{w' (I, — Gn.s)(DpD} — @n)(lq — Gn,g)tw, 0}
= 52 [xgE;})Oxo + thnysZ,ﬁlG;’Sw

T max{w' (I, — Grs)(n37/8> — SE (I, — Guns)'w, 0}].

Point to the parts relating to estimating respectively variance and squared bias. For an
application of these methods, see Story #17.

Ex. 12.31 Master Theorem for post-selection and model averaging estimators. (xx do
and polish. xx) Consider again the general setup of Ex. 12.23-12.24, involving a wide
model f(y, 0,) of dimension p+ ¢, inside which is the narrow model fo(y,8) = f(y,0,v0)
with a null value v = ~5. We have seen the Master Theorem spelling out the large-
sample behaviour for all subset model estimators fig = M(é\gﬁg,'m se). Indeed, under
v = 99 + §/\/n circumstances, v/n(lis — ftrue) —d Ao + w'(d — GgD). One crucial
component here is the limit variable of D,, = v/n(Jwide — 70), namely D ~ N, (4, Q).
Note that this convergence also holds jointly, for the collection of all the 29 subsets S of
{1,...,q9}. Now we are widening the class of estimators significantly, forming in effect
model averaging estimators

W= > (S| Do)is
s

We require that these potentially data-dependent weights sum to 1 and have at most a
finite number of discontinuities in D,,. Thus included are post-selection estimators, for
the AIC and the FIC and other regimes, with weight 1 given to the winning model and
0 to the losers.

(a) Demonstrate the Master Theorem for model averaging estimators, under local alter-
natives, that

VA = forne) —ra A = Ag +w'{6 — 6*(D)}, (12.14)

where §*(D) = > ¢ w(S|D)GgD. Explain that the previous Master Theorem of (12.11)
is a special case. Show also that the same limit obtains more generally, if the weights are
of the less strict form of @,,(5), as long as @, (S) — w(S| D,,) —pr 0 for each S. (xx the
post-AIC and post-FIC are of this form; do the details. xx)
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(b) Note that the limit A* is not normal, but rather a nonlinear mixture of normals
(unless the weights are fixed). Using that A* | D is normal, explain that

Pr(A* < u) = /q)(u—wt{é—é*(x)}

To
with ¢4(x, Q) the multinormal N, (0, Q) density. The A* distribution can be multimodal
and skewed, depending on the nonlinearities of the weights.

) bq(z — 6,Q) dz,

(c) Suppose we only care about the narrow and wide models, and interpolate between
these, using p* = (1 — h)finarr + Plwide, for some suitable h, with the property that
h — h(D,,) —p, 0 for a certain associated h(D) € [0,1]. Demonstrate that

Vn(p* = pirue) —a Ao + w'{§ — h(D)D}.
Show that the FIC selector corresponds to setting h =1 when (@*D,)? > 2?&@@ and 0
otherwise, and that h — h(D,,) —¢, with h(D) indicator for (w'D)? > 2w'Qu.
(d) Studying p* = (1 —h)finarr + hfiwide, for fixed h, show that the theoretically optimal
his hg = (w'6)?/{(w'6)? + w'Qw}, in the sense of minimising the limiting risk. This
invites using
(@'D,)?

h= —
(@*Dy,)? + 5'Qw

Find the limit distribution of /n(p* — ). (xx one more, smooth function of fic scores,
spell out, give risk functions. convey the insight that different ideas may be compared
clearly and informatively with risk functions in the Limit Experiment. xx) something
like this: let T}, = 1(&°D,)?/&'Q% — 1. fic says wide if T}, > 0, narrow if T,, < 0. make
it smooth:

~

h = exp(AT,) /{1 + exp(AT,))},

for suitable fine-tuning parameter A. a large A means FIC. Again, find the limit distri-
bution of v/n(u* — ptrue). Draw risk functions, for the case of ¢ = 1.

(e) (xx finding theorerically optimal weights, from the limit experiment, then estimating
these, inserting D for §. xx)

Ex. 12.32 Hybrid estimators: smoothing between narrow and wide. (xx nils rant; to
be polished. may place a bit of the risk stuff in Ch8. xx) Starting with the estimators

~

Tnarr = ((Onarrs Y0) and fwide = 1(Owides Ywide ), We may form a version linearly balancing
these two,

= (1= a)fnarr + afiwide,
with a a balance parameter. With the framework above (xx pointer xx), show that
V(i — pirae) —a Ao + (1 — a)w'd + aw®(§ — D) = Ag + w'6 — aw'D.
For this limit distribution, find the mean and variance, and establish that
mse(a) = (1 — a)?(w'0)? + a*w'Qa.
This is minimised at
w'd)? P

—_ — ith — t¢\2 t
0= s s~ S Vit = (W0 Qe
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and with risk minimum
(W)W Qu

) = G Qe

a number smaller han either of the two risks mse(0) = (w*0)? and mse(1) = w'Qw. note
that when the model extension parameter y is one-dimensional, the w cancels out, leading
to

ap =0%/(0* + Q) = p/(p+1) with p=06%/Q,

and risk minimum mse(ag) = §2°Q/(6% + Q). then a separate point regarding the es-
timation of p, and of p/(p + 1), based on D ~ N,(4,Q). on the scale of ¢ = w'4,
this means ¢ = w'D ~ N(¢,72), with known 72 = w'Qw. prototype version of
this: with 7:/1\ ~ N(9,72), how to estimate not merely 12 well, but more specifically
p/(p+1)=1-1/(p+1), with p = 92 /72. may take 7 = 1 to understand different op-
tions and their risk functions: X ~ N(6, 1), how to estimate 1/(1+6?) well under squared
loss. what is Bayes solution under flat prior? how does 1/(1 4+ X?) do, min(1/X?,1)?
since we like max(X? — 1,0) for 6%, may take

1
1+ max(X?2 —1,0)

after this, with a sensible but not unique @, we analyse [ifn. = fi(a@), for which we have
clear theory.

Ex. 12.33 Selecting regression model with variance heterogeneity. (xx finding an illus-
tration. o; = o exp(yw;) part of wide model. different foci. xx)

Ex. 12.34 ML behaviour under local alternatives, III. (xx to come here, nils hoping to
make it not long and not complicated. to be used in Ch7 and some stories. starting
point: y ~ N(6,1), where we know 6 > 0. then ML is 0= yI(y > 0), and with a positive
probability of being zero. then v/n(g, — d/y/n) in the case of § = §/1/n. then general
ML and profiled, aiming for D,, = v/n(y —70) when v = 79 + 6/4/n and we have v >
a priori. consequences also for log-likelihood-ratio. xx)

Notes and pointers

well:

mention Sala-i Martin (1997), ‘I just ran two million regressions’. point to review
paper Claeskens and Hjort (2027).

(xx mention the Nils point: a good real BIC should use real coherent priors for the
candidate models, so that p(6;) has the same prior across models, when p(6;) is a focus
parameter. xx)

The focused view, for data planning, model selection, and inference, aligns with
C. Darwin’s view: “How odd it is that anyone should not see that all observation must
be for or against some view if it is to be of any service.” (xx Mozart, Figaro. xx)

do AFIC too. and a bit more on model averaging. include one model averaging
thing in Stories.

Schwarz 1978 and others for BIC, Rissanen. Claeskens and Hjort (2008b) for AIC,
for BIC, and in particular for FIC, AFIC, master theorems I and II. also Claeskens and
Hjort (2003), Hjort and Claeskens (2003a,b).
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cross validation. Mention generalisation of model averaging to bagging, in Hjort
(2014).

for tolerance discussion: include the limit probability thing with 0.157.

point to Jullum and Hjort (2017); Claeskens et al. (2019); Cunen et al. (2020c);
Daehlen et al. (2024) for FIC Generation Two.

include brief exercise with fic based on two other loss functions, the 0-1 one and the
skewed exp’d one.

be more consistent with # and ~ being used for éwide and Yyide-



1.13

Markov chains and Markov processes

For Markov chains, tomorrow’s outcome depends on today’s. This leads to crucially
important dependence models, used broadly in probability theory and statistics. We
go through the key issues regarding first visiting times, recurrence, transience, and
stationary distributions; these are used, fundamentally, for the rich world of MCMC,
Markov Chain Monte Carlo, including posterior sampling for the many Bayesian
setups of Ch. 7. We also go into likelihood analyses for such processes, with various
applications in our Statistical Stories. When Markov chains are studied in finer time
scales, some key processes converge in distribution to some of those worked with in
Ch. 10; in particular, the Ornstein—Uhlenbeck process is seen to be a limit of the
properly scaled Ehrenfest model, as seen with tools of this chapter in Story #14.

Key words: first visiting time, generating functions, Markov chains, MCMC, ML
for Markov chains, random walks, recurrence, stationary distribution

Consider a stochastic process Xp, X1,... on the finite state space {1,...,k}, with the
basic property that

PI‘(X,H_1 :]|X0 = io,. .. 7Xn = ’Ln) = DPin,j for j = 1, .. .,]{i (131)

depends on the past only via the current state X,, = i,,, and does not change over time.
We call such a process a stationary Markov chain. This probabilistic aspect, that what
happens next depends only on the present, is called the Markov property. The transition
probabilities p; ; = Pr(X,4+1 = j| X, = i) govern the process, and can be modelled,
from prior knowledge concerning the process in question, often with parameters to be
estimated from data. Instances and applications abound, as we shall see in this chapter
and indeed in several stories, including #3, #14, #15, #25, #46, #61, #86.

Material covered here include stationary distributions, first visiting times, generat-
ing functions, recurrence, CLT for Markov chains, likelihood theory for estimation and
testing. The theory is also extended to Markov chains with continuous outcomes. We
have already learned about and seen the MCMC machinery in action in the Bayesian
Ch. 7, and Ex. 13.19-13.21 explain and spell out the details.

Markov chains

Ex. 13.1 Markov chains. Consider a Markov chain, as in (13.1).

413
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(a) For such a chain, define the transition probability matrix by

P11, -5 P1k
pP2,15 -5 P2k

- . b
k,1y « -y Pkk

where p; ; = Pr(X,,41 = j| X, = i). Show that the probability distribution aspects of
the chain are fully described by giving such a P and the initial state Xy = i¢, by giving
a formula for Pr(X; =i1,..., X, =i, | Xo =dp).

(b) Explain that all rows of P sum to 1, and that 1 is an eigenvalue for P. Prove next,
for the two-step transition probabilities, that

k
pg?]) =Pr(Xpi2=j|Xp=1i) = mepr,j for all 4, j.
r=1

(2)

Show that this perfectly matches matrix publication: the two-step probabilities p;”; are

the elements of P2.

(c) Generalise to m-step transition probabilities, showing that the pggl) = Pr(X,4+m = Chapman-

§| X, = i) are the elements of P™; so indeed P(™) = P™. Also show that Kolmogorov
k
P = Pr(Xpim = | Xo =) = >_p{Wp\") for all i,j. (13.2)
r=1

These are called the Chapman—Kolmogorov equations. Since transition probabilities
across several steps match matrix multiplications, the result is merely the unsurprising
Pm+1n — PmPn

Ex. 13.2 The equilibrium distribution. Consider a Markov chain Xy, X7, X5,... on a
finite state space {1,...,k}, with transition probability matrix P = (p; ;)i j=1,.. k. For
simplicity here we assume all p; ; are positive, e.g. to avoid deterministic periodicity.
Assume X has a start distribution (7q,...,7) with the property that

k
Ty = ZTQ}%J for all j
i=1

(a) Show that this requirement on 7 = (7, ..., T) can be expressed as 7P = 7. Explain
that this also implies 7P™ = 7 for any n > 1, and that this means

k k
Pr(X,=j)= Pr(Xo=i,X,=j) = mp\) =m; forj=1,....k
i=1 i=1
The (71, ..., 7) is called the chain’s equilibrium or stationary distribution. Explain that
P" tends to the matrix @ having these (1, ..., ) for each of its rows. A straightforward

way of finding these probabilities, for a given Markov transition matrix P, is to ask your
computer to compute P" for n = 2,3, ... and then read off any of its rows after numerical
convergence. A different way is provided next; for an example to see how this pans out,
do Ex. 13.4.



for an
application,
check Story
#85

there is more in
Story #61
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(b) Let Aq,..., A, be the eigenvalues of P, i.e. the solutions to the k-degree polynomial
det(P — AI) = 0, with I the identity matrix of appropriate size k x k. Show that 1 is an
eigenvalue, and that no other eigenvalue can have |\;| > 1. We arrange the eigenvalues

with Ay = 1 and Ao, ..., Ax of absolute value less than 1. From linear algebra, there is a
representation P = UAU !, for the appropriate eigen-matrix U, where A is the diagonal
matrix with (A1,..., ) on its diagonal, in decreasing order of magnitude. With G; the

matrix having 1 in position (j, j) and zeros elsewhere, show that

k k
Pr=UAU =Y NUGU =00 g+ > NUGU,

Jj=1 j=2

with UM and (U~')(y) respectively column 1 and row 1 for the matrices U and U~".
From this, explain that U(l)(Ufl)(l) must be equal to the limit matrix @ of P", with the

stationary probabilities (71, ..., m) for each row. Show also that the convergence P" —
@ is exponentially fast, with max, p |p((1”b) —mmp| < cp™ for all n, for p = max(|Ae|, ..., |Ak])-

Ex. 13.3 The two-state Markov chain. Consider a Markov chain on the states {0,1},
with transition probabilities pg1 = a and p; o = b.

(a) Show that the full 2 x 2 transition probability matrix must be

p_ <p0,0, p0,1> _ (1 —-a, a >
P1,05 P11 b, 1-b)’
and give a formula for p((f()] =Pr(X,n42=0]X,, =0).

(b) Show that the equilibrium distribution becomes (mg, 1) = (b/(a + b),a/(a + b)).
Show further that P has eigenvalues 1 and A =1—a — b.

(c) Show that
P = (77—07 77—1) + (1 —a _b)n ( 1, _7T1> )
o, T1 —To, To
(n)

If the chain starts out in its equilibrium distribution, show that cov(Xy, X,,) = TPy i —
72 = mom1 (1 — a — b)". Note that the correlation tends to zero exponentially fast.

(d) In particular, for the symmetric Markov chain, with transition matrix

show that pgnl) =1+ 1(1-2a)", and that cov(Xpm, Xpnin) = (1 — 2a)".

Ex. 13.4 Social mobility. A classic theme inside sociology, demography, economics con-
cerns ‘social mobility’, from one generation to the next. Van Bavel et al. (2011) have
counted and tabulated occurrences N; ;, the number of father-son pairs in categories (i, j),
in Antwerpen, Belgium, 1860-1920, with the 1-5 categories being unskilled, semiskilled,
skilled, middle class, elite.

from father to son 1 2 3 4 5 total:
1 unskilled 108 39 26 30 2 205
2 semiskilled 36 47 26 32 2 143
3 skilled 14 38 29 36 4 121
4 middle class 32 31 34 81 5 183
5 elite 5 1 1 6 3 15

total: 195 155 116 185 16 668



416 Markov chains and Markov processes

(a) Translate the information above to estimated transition probabilities p; j = Pr(Y =
j| X = i), forming a Markov matrix P, with X for father and Y for son. If you are
middle class, what’s the probability that your grandchild also will also be middle class?
And your grandchild’s children?

(b) Find the equilibrium probabilities 7, ..., 75, for this society, assuming that the
transition probabilities remain unchanged over time. Use both methods outlined in
Ex. 13.2; the answer should be 0.287, 0.236, 0.174, 0.279, 0.024.

(c) To explore this a little further, find eigenvalues numerically (they are 1.000,0.351,
0.203,0.132,0.039), study the P™ representation of Ex. 13.2 and the speed with which it
converges to the the limit, with the stationary distribution (71, ..., 75) in each row. Also,
simulate a long chain from P, and check that the relative frequencies in states 1,...,5
match the equilibrium distribution. A formal proof of the intuitive N, o/n —pr mq, with
N, o the number of visits to a during the first n observations, is given in Ex. 13.13. Why
is it not enough to point to the Law of Large Numbers from Ch. 27

(d) Let us shift perspectives, reading Turgenyev backwards, from sons to fathers. Show
that the time-reversed transition probabilities become

p;‘,j =Pr(X =j4|Y =1i)=mn,p;;/m fori,j=1,...,5.

Compute the matrix P* with these, and compare with P. Show that the stationary
distribution of the time-reversed chain is identical to that of the original chain.

Ex. 13.5 Today, given the past and the future. Consider a Markov chain Xg, X1,..., X,
as with (13.1).
(a) Show that

Pr(X; = a |20, @1, ..., @1, Tig1, .-, Tp) = Pr(Xys = 2|21, 2i11),

i.e. today’s outcome depends only on yesterday and tomorrow, not other aspects of the
past and the future.

(b) For the symmetric simple two-state chain studied in Ex. 13.3, with 0-1 outcomes, find
the four probabilities Pr(X; = 1| (2;-1,%;+1)), for the neighbour pair being (0, 0), (0,1),
(1,0), (1,1). Parametrise the stay-put probability 1 —a = Pr(X; = 1|X;_1 = 1) as
exp(B8)/{1 + exp(B)}. Show that Pr(X; = z|x;—1,2i41) x exp(Hp), where H is the
number of neighbours equal to x. This is significant, leading to fruitful models in di-
mension two, with X ; on a chessboard, say. For the famous Ising model, the leading
characteristic is Pr(X; ; = x|rest) o« exp{SH(z)}, with H(z) the number among the
four neighbours being equal to x. Give prose descriptions for how such a model will
behave, for 8 clearly positive, clearly negative, or close to zero.

First visiting times, generating functions

Ex. 13.6 First visits, and generating functions. For a Markov chain Xy, X7, Xo, ... with
states 1,...,k, suppose Xy = i, and consider T; ;, the first time the chain visits j. Let

I =Pr(Tiy =n|Xo=1) = Pr(X1 # ..., Xnor # 4, X0 = j | Xo = i)

for n =1,2,3,.... For these first visit probabilities, as well as for the transition proba-

bilities pl(.z.), we define their associated generating functions,

Fi,j (3) = Z fl(g)gn and P’L,](S) — ZPEZ)S7L7
n=1 n—0

after 4-5
generations
equilibrium is
reached

time reversal

the Ising model,
in dimension 1;
check Story
#90

basically from
1925
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for s inside the convergence interval for the power series in question. Here p,/ =

whereas pg)oj) =0 for j #1.

(a) Show that f;, = F;(1) = 3.0, £\ is the probability that T;.; is finite, given that
Xo = i; in other words, 1 — f; is the probability that the chain never returns to i. We
say that the chain is recurrent if f7'; =1 and transient if f; < 1.

(b) Show that p{" = Y7, f*p{" ™ and from this that P;;(s) = 1/{1 — F;;(s)}. In
situations where P; ;(s) can be found, explain that F;;(s) = 1 — 1/P; ;(s). When i is
recurrent, show that the mean of the first revisit variable T; ; = min{n > 1: X,, = ¢}, for
a chain starting in Xo = 4, is equal to I ;(1).

(c) With the chain starting in Xy = i, let N; = >, I(X,, = i) be the number of
times the chain visits ¢ again. Show that EN; is finite if and only if f7;, < 1. If state
1 is recurrent, show that the chain will visit ¢ not only once, but, with probability one,

infinitely many times.

(d) For j # i, show pgz) => fi(f;)p;-z_k), and then that P; ;(s) = F; ;(s)P; ;(s).

Ex. 13.7 A well, unwell, sick model. Suppose that a man is either well, or unwell, or
sick, with these three states here called 0, 1, 2. Letting X,, be the person’s state at time
n, say recorded in months, suppose Xy, X1, ... forms a Markov chain, with transition
probability matrix

1 — Do, Po, 0
P= Oa ]-_plv P1
D2 0, 1-po

(a) Translate the probabilistic assumptions here to a few sentences of prose, describing
the person’s life.

(b) Suppose pg = 0.02. If the person is well on January 1st, what is the probability that
he remains well, all through January, February, March?

(c) Suppose Xy = 0, and consider the first time Tj he gets unwell. Find the distribution
for T, and show that ETy = 1/py.

(d) Let then T be the full cycle, from being well, to then becoming unwell and sick, and
becoming well again. With T represented as Ty + 11 + 75, find the mean and variance
of T.

(e) Find the equilibrium distribution g, 71, 72 for this man’s health process over time,
expressed via pg,p1,p2. In fact, show that mg = pgl/k,m = pyt/k,mo = py /K, with
k=1/po+1/p1+1/pa.

(f) Let B, be the number of days our person has been ill, in the course of the first n
days, after having started off being well. Find formulae for the mean and variance of
B,,/n, and comment.

Ex. 13.8 From falling ill to having recovered. Mr Jones has fallen ill. Thanks to a clear
diagnosis and correct medicine, along with his own good constitution, he’ll soon enough
have fully recovered, however. In fact he reports that every day he is about ten percent
better than the day before. When asked to make this optimistic statement a bit more
precise, he explains that on his scale of wellbeing, normal health corresponds to level 2.0,
and this particular illness to level 1.0. His health index is Hy = 1.0 on the day when he
fell ill, but then Hy, = (14 01)--- (1 + 6,,,) after m days, where he experiences the §; as
i.i.d. with mean 0.10 and standard deviation 0.03. So when will he have fully recovered?
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(a) Clearly precise answers, about the day M where H,, first exceeds 2.0, depends on the
particularities of the distribution of the ;. One modelling possibility, which captures
the essence of the setup here, is to take 1 4 §; = exp(y;), with the y; i.id. from an
appropriate Gam(a,b). Show that

By = (727) -1 Vs = (525)" - (525)

Find the Gamma distribution parameters to match EJ; = 0.10 and Vard; = 0.032
(answers, modulo numerical imprecision: (12.151,127.991)). Produce a plot, displaying
densities for his health index after 2, 4, 6 days.

(b) Find and present the full distribution for M, the number of days it takes Mr Jones
to be fully recovered. What is the most probable number of days needed for his recovery,
based on the ‘about ten percent better each new day’ starting assumption?

(c) Investigate a few other possibilities, regarding the distribution of the d;, but still
keeping the Ed; = 0.10 and Var §; = 0.03? starting information. Are the gamma-based
results reached fairly robust?

Ex. 13.9 The number of throws to get siz-siz. You roll your k-sided die, yielding
X1,Xs,... uniform on {1,...,k}. The time to the first k is a simple geometric, with
parameter p = 1/k and mean k, but the time needed to see (k, k) is a more complicated
random variable, since (X,_1, X,,) and (X,,, X,,11) are dependent.

(a) Explain that the sequence of X = (X,,Xn41) follows a Markov chain, on the
sample space {1,...,k} x {1,...,k} of pairs (i,7). For k = 3, write down the transition
matrix P, of size k> = 9. Each row has 3 elements equal to p and 6 elements zero.

(b) Show next that the two-step transition matrix P? has all elements equal to 1/k?,
each row having (1/k?,...,1/k?). With generating function notation from Ex. 13.6, for
this Markov chain on sates (4, ), show that

Pl g o) (8) = 83,59, 00y + 0505 + D 8™ = 8ibjk + 81, + 9757 /(1 — ),
n=2
with Kronecker delta notation, d;  being 1 or 0 if ¢ = k or ¢ # k. In particular, writing
q =1 —p, deduce
p?s? B 1—s+ps(l—s)+p*s? B 1 — gs — pgs>

1—s 1—s 1—s ’

Py, (ko () = 1+ ps +

(c) Consider T;;, the first time one sees X = (i,4) again, after having started with
X§ = (i,4). Show from Ex. 13.6 that the first revisiting probabilities Pr(T; ; = n) have
generating function

1-s
Funan(s)=1————%
(00,620 (5) [ppr—
Show from this that the expected recurrence time, from (Xo,X1) = (4,7) to seeing

(X, Xnt1) = (4,4) again, is 1/p2 = k2
(d) For start position X7 = (4,7), show that the time T to reach X} = (k,k) has a
distribution with generating function

_ Plig). iy S(L = 5) +p%s
1 — gs — pgs?

Fi gy, (ek)(8)
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(e) The task is to find the mean of T' = min{n > 2: (X,_1,X,) = (k,k)}. The
distribution and mean of T is affected by the start position (X7, Xs3) from the first
two throws. For start position (i,7), with j < k, show that T, with T" > 4, has mean
k% + k + 2; for good start position (i, k), with i < k, with T' > 3, show that the mean is
k? + 2; for perfect start position (k, k), we have of course T' = 2. From these ingredients,
show that the time to first seeing (k, k) has expected value

k(k— 1 k-1 1
(T) S ( + )+ 52 =k +k.

(f) The above calculations have used general tools from Ex. 13.6 to catalogue the means

ET =

(K +k+2)+

of T from different start positions (i, j) for the two first throws. Another venue, bypassing
the Markov chains, is as follows. Show that T can be represented as Ty + 1, with
probability p, and Ty + T* + 1, with probability 1 — p, where T is the geometric time
needed to see k the first time, and 7™ has the same distribution as 7. With generating
function Go(s) = EsT0 = ps/(1 — gs), deduce that the generating function of T' satisfies
G(s) = pGo(s)s + qGo(s)sG(s), and from this deduce

Gls) = PGl pA—as5)Gols)s _ _ ps”
1—qGo(s)s (1—gs)(1 —qGo(s)s) 1—gs—pgs?

Check that G’(1) = k? + k, and find also the variance of T

Ex. 13.10 The symmetric random walk. Consider a simple up-and-down process Xg, X1,

X5, ... on the integers, as follows. It starts in Xy =, and if X,, = ¢, then X,41 is¢+1

or ¢ — 1, with probabilities %, % We call this a siple random walk, with symmetric

probabilities.

(a) Simulate a few paths, say up to n = 1000, to learn aspects of the behaviour of a
random walk. Show that X,, = U,, — D,,, with U,, ~ binom(n, %) and D, =n—U,. Use
this to give the mean and variance of X,,. What is the probability that | X, | < 2\/n?
(b) Show that pgh = (27?)(%)2" Using Stirling’s formula, see Story #103, show that
pgg) = 1/(mn)"/2. Deduce that the random walk process is recurrent; if it starts at 0, it
will with probability 1 come back, some time, to 0.

(c) Tt is useful to find the generating function of the pgfg, also since that gives us the

generating function for the fé?)), via results from Ex. 13.6. To this end, work first with
G(z) = 30° o (*™)a™. Show that G'(z) = 2G(z) +4xG’(x); use this to find the derivative

n=0

of log G(z); and work out from this that

— [2n\ ., 1 L
G(x):Z(n)x :m for |z| < 7.

Show also that

= 2n) 1 .
(l—x)1/2:1—2( >2n_1(ix) for |z < 1.

n
n=1

(d) Show that Py(s) = 1/(1 — s?)'/2, and deduce that state 0 is recurrent; the chain
will indeed come back to 0, infinitely many times.

(e) Then show that F(s) =1 — (1 —s%)1/2, and deduce from the above that

1\n
my _ (27 _(2) S
O’O_(n)Zn—l for n > 1.
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Show that its mean is big, so the time for the first return is expected to be long.

Ex. 13.11 The biased random walk. Consider now a biased random walk, where the
chain goes up with probability p and down with probability ¢ = 1 —p, and where p might

be different from %

(a) Write X,, = U,, — D,, = 2U,, — n, where U,, ~ binom(n,p), to find the mean and
variance of X,,. In particular, the biased random walk has a drift of (2p — 1)n.

(b) Show that Pyo(s) = 1/(1 — 4pgs?)'/2, and that the expected number of visits in 0,
given that the walk started there, is

|—=

E(Ny|Xo=0) =

L J2/0-2p) if p <3,
1= 2p| 2(1-p)/(2p—1) ifp=

N|—

(c) Show that Fyo(s) =1 — (1 — 4pgs®)'/2, and derive from this that

my _ [(2n) (pg)" for m > 1
0’0_(n)2n1 orm =t

What is the probability of returning to zero, given that the chain started there?

(d) Suppose the chain starts at zero and that p is a bit bigger than % It is then a chance
that the chain will drift off to infinity, without ever coming back to zero. What is the
expected time to return, given that it actually will return (i.e. not drift off to infinity)?
And what is the probability that the chain will never return, given that it has not been
seen at zero for the first 100 times?

(e) Find p§7 ™" and then a formula for Py;(s). What is E (N; | Xo = 0), with N; the
number of visits to 17

(f) What is the probability 15,100, that the chain sooner or later will find its way to 100,
given that it started in Xg = 07

Ex. 13.12 You'll eventually find your car keys (in dimension two). We saw in Ex. 13.10
that for the symmetric random walk in dimension 1, we have p((fg) = 1/(7n)Y/?, a
divergent series, implying recurrence. Now study the random walk in dimension two,
1

with the four movements right, left, up, down, having equal probabilities 7

(a) If the walk starts at the origo, explain that the position after n steps is (X,,Y,) =
: : : 1111

(R — Ly, Uy — Dy,), with (Ry,, Ly, Uy, Dy,) a multinomial (n, 3, 3, 7, 7)-

(b) Explain next that po, = p(()%flo)o, the probability of having come back to origo after

2n steps, is that of having Rs, = Lo, and Us, = Ds,. Show from this that

_ (271)' 1\2n
DPon = Z W (Z) .
(i) i+j=n

The above can be worked with directly, but the expression is somewhat awkward. An
easier route is as follows, via Nx = Ra, + Loy, Ny = Us, + Do,. Explain that Nx ~
binom(2n, %), with Ny = 2n — 2Nx. Conditioning on Ny = 2k, show that

=3 (@) () (h )

(c) This can be simplified further. Argue that the coming-back problem splits into two
independent one-dimensional random walks, with

in dimension
three you might
never return
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Pr(Rau = Lou) Pr(Uay = Lo) = { (") (12} = 2
n = IT n — n r n — n) — 3 = -
2] 2 2 2 2 n )\2 p,
Conclude that the chain is recurrent, i.e. with probability 1 coming back to where it
started (though slower than in dimension one, of course).

Recurrence times, CLTs, and likelihood for Markov chain models

Ex. 13.13 Occupation and recurrence times. Consider a Markov chain Xg, X1,..., X,
on a state space {1,. .., k} with transition probabilities p, 5. For simplicity for the details
to follow we assume the chain starts in its equilibrium distribution 7 = (71, ..., ), given
by wP = m. For various purposes, regarding analysis of both probabilistic and statistical
issues, we need a CLT for such chains.

(a) For a recurrent state a, consider N,, , = Y ., I(X; = a), the number of visits to a.
Show that E N, , = nm, and

Var N, o = nmg (1 — m,) + 2 Z wa(p(efi) — ).

a,a
i<t

With go, = pff?1 — Ta, show that n='Var N, o = m,(1 — 74) + 27 > (1 — 7/1)ga,r-
Explain from this that N, o/n —p e, for each a. Writing Z,, o = \/n(Ny o/n — m,),
show also that

Var {/n(Nna/n —7a)} = 04 = Ta(l = 7a) + 2Taa,0;

where 744 = S°°, (pi') — 7). Explain that each ., = Z;’,ozl(pffg — mp) is finite via

r=1
exponential convergence established in Ex. 13.2.

(b) We wish to prove that \/n(N, «/n—m,) —a N(0,02), which is an instance of a CLT
for Markov chains. One method is via mixing sequences and bounds and approximations
(where Ex. 2.30 might find use). Here we follow another path, roundabout but perhaps
with simpler tools. Let T, 1,Tg2,... be the times between successive visits to state
a, so that S, ,, = To1 + -+ + T, is the time for visit m to state a. Show that
these Ty.1,T42,. .. are i.i.d., with Pr(T,; =) = 52, as in Ex. 13.6. Show also that
mY2(Sgm/m — €,) —a N(0,72), with &, and 72 being the mean and variance of these
waiting times.

(c) Show that N, , = m is equivalent to Sy ., < n < Sy m+1. From

Sa,N,, < n < Sa,N,,,—i—l'

Sa.n, <n < Sy nN,+1 deduce that <
¢ @ Nn,a Nn,a Nn,a

Show that the mean waiting time, also called the mean recurrence time, is {, = 1/7,, and
verify again from this that indeed N, o/n —pr 7q, as we discovered above via somewhat
laborious variance calculations.

(d) From

S,

) < va(Sn )

1
Nn,a Da

\/ﬁ(fV—N—f) < vin(

deduce that v/n(N,, q/n — m,) indeed must have a zero-mean normal limit distribution,
with a variance that needs to be equal to the o2 above.
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(e) Show also that o, = pi/ 27'a, connecting the o, formula above with the standard
deviation of the waiting time distribution. If a chain is such that 7, is more easily found,
this also gives a recipe for finding and perhaps later estimating the o,.

(f) Since we shall need the joint limiting distribution for such visit-counting variables in
material below, consider (N,, o, Ny, ) for a pair with a # b. Work through the details of

cov(Np,a; Nnp) = ZCOV{I =a),I(X; =)}

= —nmem + E Wapab ) mam) + E Wbpba — Ta M),
1<j i>]

and establish, with details similar to those above, that
COV(Zn,aa Zn,b) — — MMy + TaYa,b + TbVb,a-

Ex. 13.14 Ergodic convergence of averages. Suppose X1, ... is a Markov chain on the
state space {1,...,k}, with all transition probabilities positive, and for simplicity that it
starts in its equilibrium distribution 7 = (71, ..., 7g), with 7P = 7. For any function h,
consider h, =n~1 3" | h(X;).

(a) Show that h, = 32*_, h(a)N, a/n, with N, ,/n the relative frequency of visits at

a=1
a. Use Ex. 13.13 to prove that h,, —p, Za 1 h(a)me = Ex h(X), with X here denoting
a variable having the equilibrium distribution. this is called
— d‘
(b) Find also an expression for the variance of hy,. zz%s,ei;ence

Ex. 13.15 CLT for counting in Markov chains. Consider a Markov chain Xg, X3,..., X,
with transition probabilities p, ; on the states 1,..., k&, and assume for simplicity that it
starts out with X drawn from the stationary distribution 7 = (7y, ..., ), with 7 = Pr.
Write Nop = > iy I((Xi—1,X;) = (a,b)) for the number of cases with transitions from
a to b, and N, . Zb a,b for the number of cases we have seen X;_; = a. Write also
= Nap for the number of visits seen at state a for Xo, X1,..., X_1.
(a) For the model that does not impose further structure on the k(k — 1) unknown
parameters p, p, show that the likelihood and log-likelihood functions become

Hpa p*" and £y =3 Naplogpay, with Y pep =1 for cach a.
a,b b

Show that this is maximised for P, = Ny p/N,,., the natural observed transition rates.

(b) For the first and second derivatives, show that
agn Na b Na k

= — — —— forb=1,...,k—1,
8pa,b Pa,b DPa,k

or2 N, N,
n = ;’b&,’c— ;’k for be=1,...,k—1.
apa,bpa,c Pap Dok
For the information matrix J = —n~'E 8%(,,/00 06", here not depending on n, writing 0

for the collection of k(k — 1) parameters pq_p, show that
J = diag(li, N ,WkMk),

where M, of size (k—1) x (k—1) has elements 1/p, p +1/pa ks on the diagonal and 1/pg
outside. Check with Ex. 5.23 to recognise this as the multinomial structure. If maximum
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likelihood theory works as anticipated, therefore, we should have
V(Pap — Pap) —a (/7)) Vay forb=1,... k,

with covariance structure cov(Vyp, Va.c) = Pa.b(0b,c — Pa.c) for b,c = 1,... k; also, the
vector of V,  is independent of the vector of V; 4 when a # c.

(c) To verify the anticipated multinomial limiting structure above we shall use N, ./n —p,
Ta, for each a, from Ex. 13.13. Argue that given N, ., the collection (Ny 1, ..., Ng i) forms
a multinomial count, with probabilities pg 1, ..., pq,r. Deduce from this that

V(Bap = Pap) = (0/Na, )2 Nal (B — Pap) —+a (1/ma) 2V,

say, where these form a zero-mean normal limit with covariance structure as above; in
other words, the V;)b collection has exactly the same distribution as the anticipated V4
collection above.

Ex. 13.16 Maximum likelihood for Markov chain models. Consider a parametric model
Da,p(0) for the transition probabilities of a Markov chain, leading also to an equilibrium
distribution p,(#). We assume the model is smooth and regular with two continuous
derivatives. Write g 4(0) = 0logpap(0)/00 and i, (0) = 9*logpay(0)/00 96° for the
first and second log-derivatives.

(a) For each fixed a, take two derivatives of )", p, 5(#) = 1 to learn that ), pa s (0)ua(0) =
0 and

Ja<9) = - Zpa,b(e)ia,b(e) = Zpa,b(e)ua,b(e)ua,b(e)t-
b b

Define also J(0) = >, m4(0)Jo(0), where 7(6) is the equilibrium distribution implied by
the pgp(0) transition probabilities.

(b) With data Xy, X1,...,X, for such a chain, show that the log-likelihood function
can be written £, () = >_, , Na,b log pa,b(f) (ignoring the start information). Write U, (¢)
and I,,(0) for the first and second order derivatives. At the true value 6y, show that

—n " (00) = =Y 07 Napiap(0o) —pr J = J(60).
a,b

(c) We next need to work with Uy, (0) = >_, , Napta,s(0). Write 74, pa,p, Ua,p for these
functions evaluated at the true position 6y. Let p, = N, ./n, the proportion of time the
chain has visited a, tending in probability to m,. Cleverly writing

;r\aﬁa,b — TaPa,b = %a(ﬁa,b - pa,b) + (;T\a - '/Ta)pa,ba
deduce

nil/QUn(QO) = Z%a\/ﬁ(ﬁa,b - pa,b)ua,b + Z \/ﬁ(%a - Wa)pmbua,b’
a,b a,b

and verify also that the second term disappears. Use then results and notation of
Ex. 13.13-13.15 to establish that

n V20 (00) a U =Y mwa/? Vaptiap-
a,b

Via covariance expressions and algebraic efforts, show that indeed VarU = J.
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(d) Via these results, along with ML theory arguments resembling those used in Ch. 2,
show that

V(0 = 00) = T UL(00) /v + 0pe(1) = J 71U ~ N, (0, 771).
For smooth focus parameters ¢ = ¢(0), estimated as $ = ¢(§), explain via the general
delta methods of Ch. 2 that /n(¢ — ¢) —4 N(0,c'J L), with ¢ = d¢(6y)/D¢.

(e) Show furthermore that W,, = 2{¢,,(8) — £,,(6)} —a X3, and explain how this may
be used to test hypotheses and form confidence regions for the model parameter.

Ex. 13.17 Waiting times in a two-state Markov chain. As in Ex. 13.3, consider a chain
on {0,1} with transition probability matrix

p_ (po,o, po;) _ (1 -p, D ) '
P10, P11 ¢ l—gq
(a) Find the waiting time probabilities féfg), for Ty = min{n > 1: X,, = 0}, after having
started in 0. Find the generating function Fyo(s), along with &, and 72, the mean and
variance.
(b) Find the limit distribution for v/n(No/n — m) with Ny = Y. | I(X; = 0) counting
the number of visits to state 0 in the course of the first n times. Verify the connection

between oy and 7y found in Ex. 13.13.

Ex. 13.18 A symmetric random walk with two reflecting barriers. Consider the Markov

chain on {0,1,...,k} with transition matrix
01 0O0---0
p q p 0 PR O
P — O D q p--- O ,
0 v .- 010

where 2p + ¢ = 1. The chain takes steps to the right or to the left, with a probability ¢
of staying put, and there are reflecting barriers at 0 and k.

(a) From wP = 7, show that the stationary distribution is given by

wozﬂk:ﬁ, m:kfl—f—m) fore=1,...,k—1.
(b) Assume the chain Xg, X1,..., X, has been observed, with N;;_1, N;;, N; 11 the
number of transitions (¢,4 — 1), (i,4), (¢,7 + 1). Show that the log-likelihood becomes
k—1
n(p) =Y {(Nii1 + Niiy1)logp+ Niilog(1 — 2p)} = A logp + By log(1 — 2p),

=1

with A4,, = Zf;ll (N;i—1+ Nijit1) and B, = Zf;ll N; ;. Show that the ML estimator

isp=1A4,/(Ay + By).
(c) Show, using results from Ex. 13.13, that

Ap/n —pe 2(k —Dp/(k—1+2p), B,/n—p (E—1)q/(k—1+ 2p),

and that this entails consistency of p for p. For the Fisher information, see Ex. 13.16,
show that J = 2(k —1)/{(pq)(k — 1 +2p)}, and that indeed /n(p — p) —4 N(0,7%) with
variance pg(k — 1+ 2p)/{2(k — 1)}.

for a good
illustration,
check with
Story #25



425

(d) Make a program to simulate such chains, for given state space size k + 1 and pa-
rameters (p,q) = (p, 1 — 2p). Check that (4,, B,) are close to their limits. For one such
chain, with k& = 5 and length n = 250, we got the transition counts N, , = > & | I(z;-1 =
a,x; = b) below. Estimate p and ¢ and find 90 percent confidence intervals.

0 1 2 3
0 14 0 0
14 9 17 0
17 6 24
0 24 11 31
0 0 32 8 21
0 0 0o 22 0

O O O »
O O O o w

O W N O

Markov chain Monte Carlo methods

Ex. 13.19 The Metropolis and Metropolis—Hastings MCMC' algorithms. We learn in
Ex. 13.2 that a given Markov chain has its equilibrium distribution; if X follows this ()
distribution, then X,, —4 X. The table can be turned: for a given perhaps complicated
X, we can construct a perhaps simple Markov chain having this X is its equilibrium. Let
(m;) be a probability distribution over some large sample space. The task is to simulate
realisations from this distribution.

(a) Suppose Xg, X1, X2, ... come from a Markov chain with transition probability matrix
pij = Pr(X,, = j| Xn—1 =4). Show that if these are constructed such that

mipi; = T;pji for all 4, j, (13.3)

and also that the chain is irreducible with period 1, then the stationary (or equilibrium)
distribution for the chain is actually (m;). The (13.3) are called the detailed balance
conditions.

(b) There ought to be quite some elbow room for many different p; ; constructions that
obey the conditions above. The Metropolis method of 1953 uses

pij = ¢i,jmin(l,7;/m;) for j # i,

where ¢; ; = Pr(X’ = j| X = 14) is the so-called proposal distribution, assumed here to
be symmetric (g; ; = ¢;,;). Show that the condition of (a) really is in force with such p; ;
constructions. Explain also that the Markov chain generated in this fashion can be rep-
resented as follows, where we also write 7; = 7(j). For an i.i.d. sequence Uy, Us, ... from
the uniform, create dependent coin flips J,, = I(U,, < r,), with dynamically evolving
acceptance probabilities r,, = min{1, 7(X,, prop)/m(Xn—1)}, and then let

Xn=0—-Jn)Xn-1+Jp Xsprop formn>1.

(c) Sometimes it is however practical, or even necessary, to employ ¢; ; that are not
symmetric in (¢, j). Let ¢; ; be a potentially non-symmetric proposal distribution that
from the present ¢ proposes a j. Attempt using an accept probability of the type
min(1, s; ;m;/m;), i.e. p;j = q;; min(1l,s; jm;/m;). Show that this really works, provided
Sij = ¢;,i/¢ ;! This amounts to the Hastings (1970) generalisation of the Metropolis al-
gorithm: propose j from a symmetric or non-symmetric ¢; j, and accept with probability

min(1, (¢;,:/¢i,;)7;/m:)-
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Ex. 13.20 Metropolis for a distribution for 10'2 numbers. Consider a probability dis-
tribution across all natural numbers from zero up to a million million, defined by

12
1
’R’((El, Ce ,£C12) = m eXp{—)\ Z(I'J — i’)z} for (iCl, A ,1’12) € {O, ceey 9}12.
Jj=1

Here Z()) is the required summation constant, that perhaps not even HAL could manage
to compute accurately, and T = (z1 + - -+ + x12)/12. We may think of an outcome x =
(z1,...,212) as a random telephone number, in a country employing 12-digit telephone
numbers.

(a) What kind of numbers will be preferred by this distribution, i.e. what type of x are
likely and what type less likely? Describe some aspects of outcomes, for situations where
A is respectively negative, close to zero, moderate, and large.

(b) How can one manage to sample say 10,000 random telephone numbers from this
distribution, for a given A? Set up and implement a Metropolis algorithm for achieving
this, and discuss how well it works.

(c) Let £&(A) = E\U(X) = Ey Z;il(Xj — X)2, the mean of the random variance, as a
function of the underlying A. Set up simulations in a loop across A values from —3 to 3,
to find numerical approximations for £(\), and plot the resulting curve. Check directly
that £(0) = 90.75.

(d) We've got hold of n = 200 telephone numbers from the country in question, and
computed U(z) = Zjlil(xj — Z)? for each of these. Their average value turns out to
be U = 11.111. Estimate the A parameter. Show that maximum likelihood estimation
is equivalent to solving £(A) = 11.111, and use simulation to show that its solution is
X = 0.488. For this trick, simulating a curve to see when it crosses a certain point, in
various cases therefore computing the ML estimate of complicated models, see Story #90

for an illustration.

(e) How can you supplement the p) parameter estimate you found above with a confidence
interval, or a standard deviation estimate?

Ex. 13.21 MCMC for continuous state spaces. Crucially, the MCMC apparatus devel-
oped in Ex. 13.19 for discrete sample spaces can be modified and properly lifted from the
discrete to the continuous case, as already spelt out an exemplified in our Bayesian Ch. 7,
see Ex. 7.16-7.17 for relevant statements. This is also used in Stories (xx fill in xx). Our
book is largely fully self-contained, in that all methods and statements can be worked
through and proven on its basis alone. This is one of very few instances where it is most
practical for us, in view of pages and their volume, to push you to other bookshelves, if
you need to sift through full detailed proofs of the general-level statements. (xx we point
perhaps in N & P to the MCMC book, to Robert Casella 2011, to Harris recurrence,
conditions, ergodic averages m ! 27:1 h(z;) will converge to E; h(X) = [ h(z)n(x) dz.
XX)

(a) Nevertheless, work through the following simple illustration. Suppose it is desired
to simulate from the Cauchy density f(z) = (1/7)/(1 + 2?) via MCMC Metropolis. Do
this, in two related ways. (i) Follow the general scheme, as per Ex. 7.16, with proposals
PP = 2°Md 4 ¢ where € ~ N(0,0.123%). (ii) Discretise and follow Ex. 13.19, creating
a Markov chain on the gridded state space [—100, 100] with grid-fineness 0.001; Here do
PP = 204 4 ¢ with e the N(0,0.1232) but rounded off to 3rd decimal. For both setups,
simulate say 10° realisations, and compare histograms of density estimates. Make precise

check Robert
and Casella
(2011), ...
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statements of what is achieved. The moral of the story is that the human eye barely
sees any difference; path (ii) has a solid established apparatus behind it, via the exercises
above, whereas path (i) requires more pages, theorems, and proofs.

(b) The key statements, to have such on board, are these. Let 7(x) be a target density
on X, a subset of R¥ w.r.t. Lebesgue measure, and with the 7(z) being positive and
continuous over a connected support (the support cannot be split into two disjoint open
sets). With the chain having reached z,, at step n, let ¢(x,-) be a proposal distribution,
often symmetric in its two arguments, from which we draw a proposal P™P. Then accept
the proposal with probability

m(aP"P) q(xP™P, x) } ,

— mi 1
pracccm mln{’ ﬂ(l‘n) q(xn,mprop)

if not accepted, then z,41 = x,. Assume the chain, with its proposals, can reach any
subset of X with positive m measure. Then the chain is so-called Harris recurrent, and
there is ergodic convergence; for any bounded g, the average n™' """ | g(x;) tends a.s. to
the limit [ g(z)m(x)dz. (xx still missing: light tail condition for the proposal. xx)

Autocorrelation and Gaussian processes

Ex. 13.22 When is a Gaussian process Markovian? Consider a Gaussian zero-mean
process Y = {Y(¢): t > 0}, with covariance function K (s,t) = cov{Y(s), Y (t)}. We have
seen various such processes in Ch. 10.

(a) For time points s < t < u, write down the conditional distributions (i) for Y'(u) given
Y (t) and (ii) for Y (u) given both Y(s) and Y (¢). Show from this that the Y process is
Markovian if and only if K (s,t)K (t,u) = K(s,u)K(t,t) for all s <t < u.

(b) Consider the Brownian motion and Brownian bridge processes worked with in Ch. 10,
see e.g. Ex.10.3. Show that both are Markovian. Explain that the same goes for the
Ornstein—Uhlenbeck process, worked with in Ex. 10.5.

(c) Then inspect the correlation function exp{—als — t|7}, with v € (0,2). Show that a
Gaussian process having this correlation function is Markovian only for the case of v =1,
which is the Ornstein—Uhlenbeck process.

Ex. 13.23 An autocorrelation model. Consider a simple Gaussian time series Y7,...,Y,
with mean zero, variance one, and autocorrelations corr(Y;, Y;) = p'j —il for some p €
(=1,1).

(a) Show that the full observation vector Y has distribution N, (0, A), where A is the
matrix with elements pl/ =%/, Show also that Y7, Y5, ... forms a Markov process.

(b) Write down the joint distribution for Y1, ..., Y, in two ways: First as (27)~"/2|A|~1/2
exp(—3y°*A~'y), and then as f(y1) [T;_, f(vi | yi—1). Deduce from equating these expres-
sions (i) that the determinant is |[A] = (1 — p?)"~1, and (ii) that the inverse is a band
matrix, with elements

1
I—-p

1+ p?

Ai-Li 14
1—p2?

1—p

A = for2<i<mn-1, AL =A™ =

2

(c) Give an expression for the log-likelihood function ¢, (p). Show that it is a function
of the two statistics Sy = Z?;ll Y? and S = Z;le Y;Y; .1, along with the end point Y;,,
even though the model has merely one parameter.
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Ex. 13.24 Gaussian models with correlation functions. Suppose in general terms that
Y1,...,Y, is a series of observations, with mean function EY; = m;(f), constant variance
o2, and correlations p; ; = corr(Y;,Y;). There would often be further assumptions,
concerning the form of the trend function m;(5), how p; ; depends on the interdistance
from position ¢ to position j, etc. If the observations form an ordinary time series, the
times are equidistant, but in this generic setup they do not have to be. We also postulate

that the joint distribution is multinormal.

(a) Show that the full observation vector Y ~ N, (m(f3),0%A), where A is the matrix of
pi.; and m(fB) the vector of m;(). Show that the log-likelihood function can be written

U(B,0) = —nlogo — 5log|A| — 5{y — m(B8)}' A" {y — m(B)}/o® — gnlog(2m).

(b) Assume first that the correlations are known, making A a fixed known matrix (a
special case is that of independence, for which A = I,, the identity matrix). Show
that the ML estimator for 3 is the minimiser of Q(8) = {y — m(B)}* A~ {y — m(B)},
i.e. corresponding to least weighted squares. For the linear mean case of m;(8) = 2{8,
with a covariate vector z;, of dimension say p, show that

B\: (ZtA—lz)—l ZtA_ly,

where Z is the n x p matrix with z{ as its ith row. Show also that 3 is multinormal,
unbiased, with variance matrix 02(Z*A=1Z)~1. This generalises a classic linear regression
result, see Ex. 3.33, from independence to a general correlation structure.

(c) Show next that the ML estimator for o2 is 6% = Qo/n, with Qo = minay 5 Q(8).
Show, extending the classic result for the case of independence, that % ~ azxi_p,
assuming that Z'A~'Z has full rank p. Show also that the maximised log-likelihood is
Umax = —nlogd — Llog|A| — 3n — Inlog(2r).

(d) More realistically, and interestingly, the correlations will not be known, and need
to me modelled and in its turn estimated. Assume corr(Y;,Y;) = p; ;(A), say, in terms
of a parameter A of perhaps low dimension. This leads to correlation matrix A = A(\).
Show that the log-likelihood function for this extended model becomes

U(B,0,A) = —nloga — 3 log|AN)| — 3{y — m(B)} AN~y —m(B)}/o® — 3nlog(2n),
and that the methods above lead to the profiled log-likelihood function

lprot(A) = —nlogG(A) — $1log |A(N)| — 3n — nlog(2m),
where one of each A\ computes first B(/\) = (Z'AN)1Z2)"1 Z*A(\) "'y and then 6% =
Qo(N)/n. Here Qo(N) = Q(B(N),A) with Q(B, ) = (y — ZB)* AN~ (y — ZB).
(e) (xx can then find ML for A, via the profiling, and then for 8 and o. give an example
to work through, perhaps the NewHaven dataset, for some correlations. xx)

(f) Consider the three-parameter stationary normal model for Y7,...,Y,,, with mean u,
standard deviation o, and autocorrelations pl*=7I, for some correlation p € (—1,1). The
A(p) matrix then has 1 on the diagonal and p!*~! outside, as in Ex. 13.23. Give the log-
likelihood function #(u, o, p), using the expressions from the exercise pointed to for the
inverse and determinant of A(p). Also give an expression for the profiled log-likelihood
function £pror(p)-

you may check
with Story #37
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(g) This particular stationary case with autocorrelations pli=7l is a classic time series
model, where formulae above may be used to give simplified expressions for the log-
likelihood £(y, o, p) and the profied £pror(p). Using this will simplify and speed up com-
putations considerably, for high n, but is not strictly necessary. Note however that the
general model formulation, with Y ~ N, (u1,02A(p)), and the more general formulae
above, can be used also in cases with gaps in the time series, or irregular sampling. (xx
perhaps enough for now. we point to Story #37. it has a four-parameter model, with
linear mean, a variance, and an autocorrelation. xx)

Ex. 13.25 AR(1) series, I. A classical and crucial result from traditional statistics is
that if Y7,...,Y,, are independent with the same distribution, then VarY;, = o2 /n for the
data average Y;,, where ¢ is the variance of a single observation. This is rather different
for models with dependence. Suppose now that Yj,...,Y, is a stationary sequence,
with cov(Y;, Yiin) = o2p(|h]), for some correlation function p(h) = corr(Y;, Yiyz); in
particular, each Y; has variance o2.

(a) Show that

n
0.2

Var¥, = {1423 (1= h/m)p(h) } = = 37 (1= [hl/n)p(i).
h=1

(b) For the special case of p(h) = p", called autocorrelation of order 1, typically written
AR(1), show that

B _02 n—1 - _lnfl N _0_72 ij
VarYn—n{l+2h§_:1p n hzz:lhp }— n{l_p—i—O(l/n)}.

With a positive autocorrelation, therefore, the variance of Y;, becomes clearly bigger than
under independence.

(c) Suppose you observe such a stationary time series yi, ..., y,, with autocorrelation
function p(h) = p" for h =1,2,3,..., and with unknown mean &, variance o2, and auto-
correlation parameter p € (—1,1). If you do the traditional g, + 1.965/+/n interval for
£, recommended in a hundred statistics books, with & the empirical standard deviation,
what will be its confidence coverage level? How should it be repaired? (xx to answer
this point well one should know that #, is becoming normal, which is becoming clearer
in the following exercise. pointer to Story #38. xx)

(d) (xx take care, checking other parts of kiosk, to avoid repetition. but make the
connection to the Ex. 13.23. xx)

Ex. 13.26 AR(1) series, II. (xx nils rant at the moment. will be combined with the
above if sufficiently simple. but we will also connect to log-likelihoods under normal-
ity. seeing y, in terms of innovations; normality via Lindeberg; t tests with corrected
denominators. xx) Here we present a somewhat different view of AR(1) series, comple-
menting what we have seen in Ex. 13.25 and 13.23. For simplicity of presentation we
take the zero-mean case first. Instead of simply postulating the autocorrelation function
corr(Y;, Yirn) = o2pl?!| we build the model in terms of i.i.d. error variables e;, zero mean
and variance 0(2), and then write Yo =0 and Y; = pY;_1 +¢; for i = 2,3,.... We assume
here that p € (—1,1), which will be seen to imply that the series grows to its stationary
stage, with variances and covariances stabilising.
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(a) Show that E(Y;|Y;_1) = pY; and Var (Y;|Y;_1) = 02, and deduce from this that
EY; = 0 and that VarY; = 02 + p? Var Y;_;. When the process has reached stationarity,
show that VarY; = 0% = 02 /(1 — p?).

(b) More carefully, without assuming that the process has reached stationarity, show
that Y,, = p"ley + p"2eq+ -+ pep_1+€n, and that Vary,, = o2(1—p?" 1) /(1 - p?).
For growing n we indeed discover the 02 = o2 /(1 — p?) relation. Find also a formula for
cov(Yy,_1,Y,), and show that it tends to o2p. Generalise.

(c) Writing ap = 1 and a,, = 1+ p+ -+ p™ = (1 — p*t) /(1 — p) for m > 1, show
that

E Y = an_161 + Gn_2g2 + -+ + a2ep_2 + a16p—1 + agen

=(1=p) HA=per+ (A =p" ez + -+ (1= p*)en—1 + (1= p)en}.

Use this to demonstrate that the distribution becomes normal in the limit, regardless
of the distribution of the ¢;; specifically that (xx check all this and make it clearer xx)
n~YV23" Y —4 N(0,72), with

2 =05/(1=p)* =a*(1+p)/(1 - p).

Explain how this connects with Ex. 13.25.

(d) Then consider the case where the Y; have mean &; write Yo = £ and then Y; — £ =
p(Yi_1 —&)+e;, with the ¢; i.i.d. with zero mean and variance 0(2). Explain from the above
that v/n(Y, — &) —a N(0,a?0?), with the extra factor a®> = (1+ p)/(1 — p). Comment
on these aspects: (i) that this amounts to a CLT for autocorrelated observations, with a
correction factor compared to the ordinary case of independence; and (ii) that we are able
to prove the CLT by representing y .-, ¥; via the i.i.d. variables ¢;. Then explain how we
may construct confidence intervals for £ from autocorrelated observations Y7, ...,Y,,, and
that the usual t test for say ¢ = 0 needs a correction factor, like t = \/n(Y,, — &)/(ca).
How can one construct such an estimator @ for a?

Ex. 13.27 Running t tests for an AR(1) proccess. (xx to be done. needed for Kola
and Hjort index story. xx) Suppose Yi,...,Y, are observed, with Y; = £ + o¢; and a
zero-mean unit-variance AR(1) process for the ¢;. How can we monitor the constancy of
the mean, with running t tests, comparing left to right?

(a) Before coming to the running t tests, consider a setup with two samples X7, ..., X,,
and Y7,...,Y,,, each following AR(1) processes as formulated above, with their separate
(&1,01,p1) and (§2,09, p2). Argue that a natural test ratio, for assessing the hypothesis
& = & of equal means, is

Gil+p G147,

t=(Y - X)/R, with®?=RrR2+Rr2= = .
( )/ R T I T s

Show indeed that for growing n, and ng, this becomes a standard normal under & = &s.
(xx more care needed here; need to properly define & and p. xx)

(b) As in Ex. 10.46, for each potential changepoint 7, divide data into left and right,
and compute averages g5, and yg, over respectively y1,...,y, and y,41,...,yn. Then
construct M, (1) = (yr — 91)/(R2 +£%)'/2, with the appropriate denominator, from the
above. Show both that M, (1) —4 N(0, 1), for 7 = j/n with j/n — s, and also that there
is full process convergence to W0(s)/{s(1 — s)}'/2. (xx polish and round off. xx)
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(c)

Ex. 13.28 CLT with autocorrelation, and consequences for estimators. (xx nils ranting
at the moment. might be needed to round off Story #38. might beed a few details to
carry this out nicely just by representing > 1 ; Y; via the i.i.d. &;, i.e. without needing a
CLT for dependent data per se. xx)

(a) Consider a stationary AR(1) sequence Yi,...,Y,, with mean & and covariances
cov(Yi, Yign) = o?p"l. We have seen in Ex. 13.26 that \/n(Y;, — &) —4 N(0, a?0?), with
the extra scaling factor a® = (1 + p)/(1 — p) caused by the autorcorrelation. Generalise
to the multivariate case, where Y; with mean £ is of dimension p, and the same autocor-
relation parameter is at work for the full vector, i.e. E(Y; — &)(Yiyn — &)t = p/" S for
h=0,£1,+2,.... Show that \/n(Y, — &) —a N,(0,a?%). Explain how the delta method
yields a similar result, for each smooth function ¢ = g(&), with estimator (En = g(Yy,).
In detail, \/ﬁ(g@n — @) —a N(0,a%72), where 72 = ¢'Yec and ¢ = 9g(£)/0¢. So the au-
tocorrelation aspect of the Y; follows through for smooth functions, and for estimators

constructed based on such vector series.

(b) (xx hm, this is slightly messy, if there are different AR(1) parameters for the different
components. if Y7,...,Y,, are autocorrelated from Gam(a, b), then things happen for the
autocorrelations for (Y;,log Y;), which is what we need to have on board for the (@, b). xx)
(xx not easy to write down in simple fashion what happens to the empirical correlation

coefficient ¢, for an AR(1) series (X1, Y1), (X2,Y2),.... xx)

Other stuff & leftovers
Notes and pointers

must point to clear references for MCMC for continuous lemmas.

mention Markov (1906, 1913) with Evgenij Onegin 1913. a bit in Hjort and Varin
(2008). point to Billingsley (1961).

mention Cox and Miller (1965), with sentence on simulations.

point to Gibbs Sampler and reversible jumps.

mention Stoltenberg and Hjort (2021) for uses in health inspection processes.

mention Geman and Geman (1984), Casella and George (1992), Cox and Miller
(1965), Shumway and Stoffer (2016), ...

mention Tatyana and Paul Ehrenfest 1907 and point to OU and Story Pedro.
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Bayesian nonparametrics

In Ch. 7 we went through the Bayesian basics, but there essentially limited to finite-
parametric models. Conceptually speaking, the same ideas should carry over to big-
ger and infinite-dimensional models. This needs to involve probability models over
distributions, regression functions, etc., which implies heavier lifting, both math-
ematically and algorithmically. Fuller analysis needs perhaps book-length treat-
ments, but in the present chapter we go through Dirichlet processes for random
distributions, Beta processes for random cumulative hazard functions, Gaussian
processes for random curves and surfaces, illustrating their uses. These fat priors
with large supports also lend themselves to showing nonparametric minimaxity and
admissibility.

Key words: Bayesian kriging, Bayesian extensions of Nelson—Aalen and Kaplan—
Meier, Beta processes, Dirichlet processes, gamma processes, infinite-dimensional

parameters, nonparametric updating, Poisson processes, time-discrete survival anal-
ysis

A perhaps simplistic but nevertheless intriguing and informative two-by-two table is the
following, meant to comprise the essence of most of statistical inference methodology:

parametric | nonparametric

frequentist | I 1I
Bayesian III IV=(TUIlulIlI)*

The idea is that once one to a moderate extent has pinned down that is contained
in boxes I, II, III, ‘everything else’ should be in box IV, tentatively defining Bayesian
nonparametrics.

(I) ‘Frequentist parametrics’ encompasses the core of classical statistics, involving
methods associated primarily with maximum likelihood, developed in the 1920ies and
onwards; cf. our chapters 2, 3, 4, 5. Such methods relate to various optimum tests, with
calculation of p-values, optimal estimators, confidence intervals, multiple comparisons,
etc. Some of the procedures stem from exact probability calculations for models that
are sufficiently amenable to mathematical derivations, while others relate to the appli-
cation of large-sample techniques (central limit theorems, delta methods, higher-order
corrections involving expansions or saddle-point approximations, etc.).

(IT) ‘Bayesian parametrics’ correspondingly comprises classic methodology for prior
and posterior distributions in models with a finite (and often low) number of parame-
ters, as in our Ch. 7. Such methods, starting from the premise that uncertainty about

433
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model parameters somehow may be represented in terms of probability distributions,
have arguably been in existence for more than a hundred years (since the basic theo-
rem that drives the machinery simply says that the posterior density is proportional to
the product of the prior density with the likelihood function, which again relates to the
Bayes theorem of ca. 1763), but were naturally quite limited to a short list of sufficiently
simple statistical models and priors. The applicability of Bayesian parametrics widened
significantly with the advent and availability of modern computers, say from ca. 1975
and onwards, and then with the development of further numerical methods and software
packages pertaining to numerical integration and Markov chain Monte Carlo (MCMC)
simulations, say from ca. 1990 and onwards.

(III) ‘Frequentist nonparametrics’ is a somewhat mixed bag, covering various dif-
ferent areas of statistics. The term has historically been associated with various test
procedures that are or asymptotically become ‘distribution free’, leading also to non-
parametric confidence intervals and bands, etc.; for methodology related to statistics
based on ranks (cf. Lehmann, 1975); then progressively with estimation of probability
densities, regression functions, link functions etc., without parametric assumptions; and
also with specific computational techniques such as the bootstrap. Again, asymptotics
plays an important role, both for developing fruitful approximations and for understand-
ing and comparing properties of performance.

(IV) What ostensibly appears to remain for our fourth category, then, to be handled
in the present chapter, are models and methods characterised by (a) big parameter
spaces (unknown density and regression functions, link and response functions, etc.) and
(b) construction of probability measures over these spaces. Typical examples include
Bayesian set-ups for density estimation (in any dimension), nonparametric regression
with a fixed error distribution, hazard rate and survival function estimation for survival
analysis, without or with covariates, etc. The division between ‘small’ and ‘moderate’
and ‘big’ for parameter spaces is not meant to be very sharp, and the scale is interpreted
flexibly.

Crucially, the Bayesian principles laid out and developed in Ch. 7 continue to hold,
regarding loss functions, decision rules, risk functions, the Master Recipe; the Bayes
solution remains that of miminising the posterior expected risk E {L(P, a) | data}. What
is different in Bayesian nonparametrics, and more demanding, is that the space of models
P is bigger; the construction of both the loss function and of adequate priors for such
P is harder; and finding the posterior P |data sometimes much harder. We do manage,
though, in a series of cases, and the MCMC machinery of Ch. 7 is again helpful, when it
comes to posterior simulation of §(P) for vital parameters.

(xx a sentence here or below saying that we partly use P and F interchangeably,
working nonparametrically with a distribution. xx)

Methods of Ch. 10 are useful when it comes to defining and working with full pro-
cesses here, as opposed to the finite-parameter models of Ch. 7. Material covered below
include gamma processes, often used as prior processes for Poisson data; Dirichlet pro-
cesses, priors for unknown c.d.f.s; Beta processes, as priors for unknown cumulative
hazard functions in survival and event history settings; and Gaussian processes, priors
for trend functions. (xx point to various stories where BNP is used. xx)

Gamma processes and Poisson processes

Ex. 14.1 Gamma and Poisson: from a fine grid to processes. We have seen the basic
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machinery of gamma priors for Poisson data in Ex. 7.2; so we can deal with a sequence
(01,y1),- -+, (O, Ym). In various settings there is a need to extend this to full processes.
(a) Suppose first that Y7,...,Y,, are independent Poissons, with parameters w;6, ...,
Wmbm,. With independent 6; ~ Gam(a;,b;) as priors for these, show that 6;|data ~
Gam(a; +y;,b; + w;). For G;(t) = >, 0, show that

ai + Ui
‘b + w;
J

ai + Ui

E{G,(t)|data} = ,  Var{G,(t)|data} = Z

i< i<j

(b) The idea now is to construct ‘fine limits’ of the gamma and Poisson above. We start
properly with the gamma part. We have seen how gamma processes can be constructed
in Ex. 10.21, obtained as limits Z in D[0, 1] of well-defined fine-grid processes Z,,. This
is now generalised. First, if V ~ Gam(A,b), show that its Laplace transform becomes

E exp(—uV) = b?/(b+u)?* = exp{—Alog(1 + u/b)}.

Consider A(t) = fg a(s)ds, for some nonnegative function a(s), and define G,,(t) =
>_i<[m¢ %i> with independent small Gamma contributions 6; ~ Gam(a(i/m)(1/m),b).
Show first that E G,,(t) — A(t)/b and Var G, (t) — A(t)/b?, and then that the Laplace

transform converges,

E exp{—uG,.(t)} = H exp{—a(i/m)(1/m)log(l 4+ u/b)} — exp{—A(t)log(1 + u/b)}.

i/m<t

Show as for the simpler case of a(s) =1 and b = 1, dealt with in Ex. 10.21, that there is
finite-dimensional convergence for G,,, that it is tight, implying convergence G,, —4 G
to a Gamma process with independent increments G(t) — G(s) ~ Gam(A(t) — A(s), b).
Ex. 14.2 FExtended Gamma processes. The construction used in Ex. 14.1 led to well-
defined Gamma processes, of the type Z(t) ~ Gam(A(¢),b), with A(t) = f(f a(s)ds. This
may be extended further to the case of non-constant shape parameter b.

(a) Start with independent 6; ~ Gam(a(i/m)(1/m),b(i/m)), for continuous positive
functions a(s), b(s), and define G,,(t) = >, ,,<, 0; for t > 0. Show that the mean and
variance converge,

_ a(i/m)(1/m) "a(s)
EG,.(t) = i/;tb(i/m_)/o @ds,

a(t/m)(1/m ta(s
)« 5 ) [l

(b) Then show that there is convergence of the Laplace transform,

E exp{—uG,.(t)} = H E exp(—uV;) — CXp{—/ a(s)log(l 4 u/b(s)) ds}.

i/m<t 0

Use this to argue that there is finite-dimensional convergence in distribution for G,,.

(c) Demonstrate tightness of G,,, via Ex. 10.21. This leads to the clear existence of such
an extended Gamma process, with mean and variance found above. Note however that
increments Z(t) — Z(s) are not Gamma distributed; show that this would require b to be
constant over that interval.



436 Bayesian nonparametrics

Ex. 14.3 Poisson process observations of a Gamma process. As in Ex. 14.2, consider
an extended gamma process G (t) = 3, /<, 0, with independent summands 6; ~
Gam(a(i/m)(1/m),b(i/m)). Given the Gy, let now Hy,(t) = 3=, /<, Yi, where the Y;
are mostly small Poissons, with means 6;.

(a) We have seen that G,, —4 G, a well-defined extended gamma. Explain also that
given G,,, H,, is tending to a Poisson process H, with marginal mean function tending
to f(f a(s)/b(s)ds. Show that G, | H,, is a sum of updated gammas, with 6; | H,, ~
Gam(a(i/m)(1/m) + y;,b(i/m) + 1). In particular, show

a(i/m)(1/m) + y; . /t a(s)ds+ dH(s)

Gunlt) = EAGn(t) [data} = 3 =4 o b(s) + 1

i/m<t

(b) Via conditional mean and variance for the H,,, show next that

_ a(i/m)(1/m) " afs)
EHm(t)_i/mz;t oi/m) —>/0 o) &

Var H,,(t) = l/mz;t{ a(ié@z}g;m) n a(ig(zﬁl/)g)/zm)} _)/0 {@ N a(s) }ds.

For v > 0, show also first that

E [exp{—vHu(t)} |Gm] = [] exp[-0:i{1 - exp(-v)}],

i/m<t

and from this that

E exp{—vHn(t)} = [] exp[—a(i/m)(1/m)log(1 + {1 - exp(~v)}/b(i/m))]

ijm<t
— exp [— /Ot a(s)log(l 4+ {1 — exp(—v)}/b(s)) ds}.

(c) Show that the process (G, Hy,) in D([0, 1]?) has independent increments, and iden-
tify the limit of E exp{—uG,,(t) — vH,(t)} for nonnegative u,v. Using details from
Ex. 10.21, show that there is a well-defined limit process (G, H) to which (G, Hy)
converges.

(d) Using infinitesimal intuition and notation, the idea is to model an intensity G with
Poisson counting H on top, via small independent increments

dG(s) ~ Gam(c(s)a(s)ds,c(s)) and dH(s)|dG(s) ~ Pois(dG(s)),
Argue that this may be made precise, and that
dG(s) | H ~ Gam(c(s)a(s)ds +dH(s),c(s) + 1).

(xx can put in a point on the Emil-Nils Police Twitter model, with covariates and 8
parameters. xx)

Ex. 14.4 A Gamma process of a Poisson process. Let X = {X(t): t > 0} be a Poisson
process with rate A\, and let Y = {Y'(¢): ¢t > 0} be a Gamma process with Y (t) ~
Gam(at,b). From these define the combined process Z(t) = Y (X (¢)). Find its mean and
variance. [xx a bit more. show that it can be reached as a limit of Y, (X, (¢)), with small
things placed at i/m for i = 0,1,2,.... also its distribution. do some simulations. xx]
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Ex. 14.5 Gamma processes: their jumps. The paths of Gamma processes are increasing
but not continuous; one may indeed show that there are infinitely many random jumps
on each interval.
(a) To work with the size of the biggest jump, consider X, ~ Gam(e, 1), with ¢ small.
Writing I, for its c.d.f., i.e. I'.(v) = G(v,€,1) in terms of the Gamma c.d.f. with param-
eters (g, 1), show that

I.(v)=1- /Oo L:vefl exp(—z)dz =1— 5/00 #xemfl exp(—z)dz

. L(e) » I'(l+e¢) ’

and that this may be written 1 —eE;(v){1+ O(e)}, in terms of the exponential integral
function Fy(v) = [ 27! exp(—x) da.
(b) Let now J,,(t) be the biggest jump for Z,,, in the construction above, over the
window [0,¢]. Show that Pr(Jy,(t) < v) = [[;/<; a/m(v), and that this converges to
exp{—aFE;(v)} for v > 0. Show that the median vy 5¢ in this biggest jump distribution
is the solution to E1(vo.50) = (log2)/a.

The Dirichlet process

Ex. 14.6 Dirichlet and multinomial: from a fine grid to processes. In Ex. 14.1 we saw
natural limit processes coming out of a sequence of gamma-Poisson pairs, seen on an
increasingly fine grid. Here we attempt the same with Dirichlet-multinomial modelling.
For distributions on [0, 1], form a fine grid of cells C; = ((i —1)/m, i/m], and consider the
probability vector p = (p1,...,Pm), with these being seen as p; = F(C;) for an unknown
c.d.f. F.

(a) Give the probability vector p a Dir(apg) prior, with po = (po,1,-..,apo,m), where
po,; = Fo(C;) for some prior guess type Fy. With first a single Y observed from this distri-
bution, landing in cell ¢ with probability p;, explain that p|yobs ~ Dir(apo 1, .. .,apo; +
1,...,apo,m), where ¢ is the cell landed in.

(b) With more data, continue updating: with Y7,...,Y,, iid. for given p, landing in
cells 1,...,m, with these probabilities, and using the Dir(apg) prior, explain that

p | data ~ Dir(apOJ + Nl, <o, APo,m + Nm),

with N; the number of datapoints falling in cell 4. This is classic Dirichlet-multinomial
updating, as per Ex. 7.11.

(c) Tt then ought to be possible to ‘go to a fine limit’. (i) Argue heuristically that this
would mean a random c.d.f. F', with the property that (p1,...,pm) ~ Dir(apo1,- -, apo,m),
for p; = F(C;), where po; = Fy(C;) for some prior guess c.d.f. Fy. We need this to hold
for every selection of cells. (ii) Argue boldly further that with (i) properly constructed,
one should have F'|data another random c.d.f. of the same type, but with p|data as
above, with an extra N; for cell i. If all cells are small, and data are continuous, there
will be an extra ‘1’ for the perhaps few cells being visited by the data. — We have now
seen heuristic motivation for the Dirichlet process, and tend to (i) below, with (ii) worked
with in Ex. 14.10.

(d) To be used in a minute: if (U, V, W) ~ Dir(ap, aq, ar), with p+ ¢+r = 1, show that
EUV ={a/(a+1)}pg; see Ex. 14.7. Regarding (i) in the previous point, consider for given
a and Fy the random c.d.f. F,, in D[0, 1] with value p;+---+p; at i/m, and p1+- - -+p;_1
just to the left, i.e. on ((¢ — 1)/m,i/m]. where p = (p1,...,Pm) is Dir(apo1,...,apo k),
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as above. Show that for ¢t; < --- < t; = 1, there is convergence in distribution of
(Fim(t1),..., Fmn(ty)) to that of (D1,D1+ D1,...,D1+ -+ Dy), where (D1,...,Dy) ~
Dir(aFo(t1),aFp(t1,ta]), -+, aFo(tk—1,tx]). Also show via (10.3) that the F,, sequence

is tight. Conclude that yes, there is proper convergence F,, —4 F in D[0,1], a random a Dirichlet
c.d.f. with the Dirichlet property that (F(I1),..., F(Ix)) ~ Dir(aFo(L1),...,aFy(Ix)) for 5;?5’31;1;’\‘/;11‘6
cells I; = (t;—1,t;]. We say that F is a Dirichlet process, and write F' ~ Dir(aFp).

(e) Another and more direct construction is as follows. Let G be a gamma process

on [0,1], with G(t) ~ Gam(aFy(t),1). Show that FF = G/G(1) has the Dirichlet prop-

erty, essentially due to Ex. 1.20. Since a c.d.f. H determines not only interval prob-

abilities H(t) — H(s), but all probabilities P(A) = [, dH(s), argue that a Dirichlet

process F' ~ Dir(aFp) similarly determines the joint probability distribution of any
(P(Ay),...,P(Ayg)), writing P for the probability measure associated with F'.

Ex. 14.7 The Dirichlet process. Let in general terms Py be a probability measure on
some measurable space (X, A), and with a a positive number. Then there exists a random
P, on the space of all probability measures on (X, .4), with the remarkable property that

for any partition Ay, ..., Ag, i.e. sets whose disjoint union is X', we have the aPy is the
base measure
for the Dirichlet
process

(D1,...,Dy) = (P(A1),..., P(Ay)) ~ Dir(aPy(Ar), .. ., aPy(Ap)). (14.1)

We denote such a random P a Dirichlet process, with base measure aFP, and write
P ~ Dir(aFp). Arguments from Ex. 14.6 can be extended from the unit interval to prove
the existence of such a Dir(aP,) for the full real line, and to Euclidean space; existence see Notes and

is guaranteed also for fully general spaces. Pointers

(a) From the definition above, show that it is logically consistent, in the sense that with
sums over small cells, the Dirichlet structure remains. In symbols, with By, ..., B, being
formed as unions over disjoint subsets of the A, with m < k, we have the property above,
for (P(B1),...,P(By)). Explain also that this summing over smaller cells property is
required for any construction of a random P.

(b) Consider any subset A with pg = Py(A). Show that
P(A) ~ Beta(apo, a(l — po)) with E P(A) = po, Var P(A) = po(1 —po)/(a+1).
(c) For any partition A,..., A, and writing po ; = Py(A;), show that

I['(a) I'(apo,1 + j1) -+ T'(apo,k + jk)
I'(apo,1) - - Tlapok) Pla+j14+ -+ Jjk)

BP(A1)" - P4y =

Via this general formula, suppose (U, V, W) ~ Dir(ap, ag, ar). Show first that

B I'(a) I'(ap+1)(ag+1)I'(ar)  apaq  pq
EUV = I'(ap)T(aq)T (ar) I'(a+2) Cala+1)  a+1’

and from this that cov(U,V) =pq(1/(a+1) — (a+1)/(a+ 1)) = —pg/(a + 1).

Ex. 14.8 Support of the Dirichlet process. For D,p, the probability measure for P ~
Dir(aFy), the support of the distribution is the smallest closed set M* such that D, p, (M*) =
1. We learn here that the support of the Dirichlet process is big.

(a) The support notion, with the closed sets, depends on the topology being used. Let
that topology being defined via weak convergence, so (), — () means convergence in

distribution. Explain that a basis for neighbourhoods under this topology is the set of  check the
Portmanteau
theorem of
Ch. 2
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U= U(Q7A1, A 7Ak751, A ,Ek) = {Q/Z |Q/(AJ) — Q(Aj)l < gj for j)l, . ,k‘},
with k£ any integer, the A; measurable subsets, and the ¢; positive, and the crucial

condition that the A; are Q-continuous, i.e. Q(0A;) = 0, with dA; = A; — A} the
boundary set. Show

supp(Dap,) = {Q: supp(Q) C supp(Fp)}.

(b) Then shift the topological perspective to strong convergence, where @,, — @ means
Qn(A) = Q(A) for all measurable A. Show supp(D,p,) = {Q: Q < Py}.

Ex. 14.9 Sampling from a Dirichlet process. Consider a sample space X, taken to be a
metric space with d the metric, and A the sigma-algebra of all measurable subsets of X',
generated by the open sets. With P ~ Dir(aP;) on this (X, .A), it is drawn from a rather
complex probability distribution D,p, on the big set M of all probability distributions
on (X, A). Now suppose X is drawn from that P drawn from the Dirichlet distribution.
(a) Show via double expectation that the marginal distribution of X is simply Fy. In
particular, its mean and variance are £y = f zdPy and 08 = f(x - 50)2 dF,.

(b) Consider next X,Y an independent pair from a random P drawn from the Dir(aF)
prior, and write Q5 for the marginal distribution of the pair. Show hat

Q2(Ax B)=Pr(X € A,Y € B) = / P(A)P(B) Dup, (dP) = E P(A)P(B),

with expectation operator that of the Dir(aPy). This becomes an exercise in Dirichlet
moments; write A U B as the disjoint union CUDUFE, with C =A—- B, D = ANB,
E =B — A, and show hat

Q2(Ax B)=E{P(C)+ P(D)}{P(D)+ P(E)} =EU+V)(V+W),

say. Here (U, V,W,T) ~ Dir(ap, aq,ar,a —ap —aq — ar), with U+ V + W +T =1, and
p=Py(C), ¢ = Po(D), r = Py(E). Do the algebra to find

_ apaq apar aq ar aq (aqg + 1)
Q2(Ax B) = ala+1) ala+1) ala+1) ala+1)
a 1
= 1PO(A)PO(B) + . 1PO(A N B).

Use this to show that
Qg :a/(a+1)P0 X Po—i-l/(a—‘rl)PLQ7

in which P; 5 is the probability measure concentrated on the diagonal, with X ~ Fy
and then X = Y. The first part, with P} = Py x P, corresponds to X,Y being
independent from Py. Explain that this means that with probability a/(a+ 1), the X,V
are independent from Py, but that with probability 1/(a + 1), X =Y, from Py. Discuss
the implications for large a and small a.

(c) Let @, be the marginal distribution of a Dirichlet sample X7, ..., X,. Show that
Qn(A1 x -+ x A,) =EP(A1)---P(4,),
with the expectation being under P ~ Dir(aFp). Show

a? a 3
GiDe it arnary Pt Pt Pt ey

Qs =

Pio3.
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Explain that this can be translated to the following, for the marginal distribution of
(X,Y, Z), when these are independently sampled from the random P: with probability
a?/(a+1)(a+2), they are independent from Py; with probability a/(a+1)(a+2), we have
either X =Y then Z, or X = Z then Y, or X then Y = Z, with the two independent
from Pp; and with probability 3/(a + 1)(a + 2), we have X =Y = Z, from Fy.

(d) (xx to come. xx) @Qn+1(A X B) etc.

(e) Assume here that the prior mean distribution P, is free of atoms, i.e. Py({z}) = 0 for
all z. For n = 2, show that X =Y with probability 1/(a + 1). For n = 3, show that the
number of distinct values is 3, 2, 1, with probabilities a?/(a+1)(a+2), 3a/(a+1)(a+2),
1/(a+1)(a+2). Let D,, be the number of distinct values in the sample X,..., X,,. We
have Pr(D,, =n) =a"/(a+1)---(a+n —1). More: D,, = Ry + -+ + R, independent
Bernoullis, with decreasing probability Pr(R; = 1) =a/(a+i—1). @ = D,,/logn tends
to a, with normality, via Lindeberg, etc.

Ex. 14.10 The updating scheme for Dirichlet processes. Consider the setup of Ex. 14.9,
with X1,..., X, sampled from a random P, where P ~ Dir(aP,). Here we learn that
P | data is another Dirichlet process, with updated base measure aPy+6(x1)+- - -+6(xy,),
adding a unit point mass at each new data point. As anticipated in Ex. 14.6, this
is an infinite-dimensional generalisation of the basic updating result for the Dirichlet-
multinomial setup.

(a) Starting with a single X, we are indeed to prove that when X | P has distribution
P, and P ~ Dir(aF,), then P | (X = z) ~ Dir(aPy + §(z)), where d(x) is unit point mass
at x. Consider a measurable partition Ay, ..., Ag, and suppose without losing generality
that z € A;. Write p; = P(A;) for j = 1,...,k. Via the defining property (14.1), explain
that it suffices to prove that

(p1,---.pk) | (X =) ~ Dir(aPo(A1) + 1,aPy(A2), ..., aPy(A)).

View this as the probability vector for a multinomial (Iy,..., 1), say. Argue that the
information xz € A; is the same as I; = 1, and complete the updating argument. We are
essentially learning about the general case via the finite-dimensional Dirichlet updating
theorem.

(b) Then suppose that given P, the sample X1, ..., X, are i.i.d. from P. Use induction
to show that P|(x1,...,2,) ~ Dir(aPy+(z1) + - -+ 6(x,)). Explain in particular that
P(A)|x1,...,z, is a Beta, with parameters (aPy(A)+nF,(A4),aPy(A)+nF,(A°)), with
F,, the empirical c.d.f. for the data. From this again, show

FO + LFna

a+n a-+n

~ ~

Var (F'|data) = F,(1— F,)/(n+a+1).

F, = E(F|data) =

Ex. 14.11 Dirichlet process inference via simulation. It is useful and almost necessary
to be able to simulate Dirichlet processes, e.g. for carrying out Bayesian nonparametric
inference for a given dataset. For an illustration we are using the simple dataset worked
with in Story #18, with alpha waves EEG measurements for two groups of inmates
in a Canadian prison, one with normal confinement, the other after a five-day solitary
confinement. For the present exercise we use the data Xi,..., X, from the first group;
see the story pointed to for more information and analysis.

X from F: nonconfined 10.7 10.7 10.4 10.9 10.5 10.3 9.6 11.1 11.2 10.4
Y from G: solitary confinement 9.6 10.4 9.7 10.3 9.2 9.3 9.9 9.5 9.0 10.9

so d(x) means
the measure
having unit
point mass at
position x
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1.0
L

0.6

F from Dir(aF0)

F from Dir(aF0 + nFn)
0.4

0.0

Figure 14.1: Dirichlet process simulations: 50 simulated c.d.f.s F', from the prior Dir(aFy) (left panel)
and the posterior Dir(aFp + nFy,) (right panel), for the data x1,...,zy, with n = 10. Here
a = 3 with prior guess Fy ~ N(10.0, 0.72). The fat smooth curves in the middle of the two
plots are the mean functions, i.e. Fy for the prior and (aFy+nFy)/(a+n) for the posterior.

(a) For the purposes of a clean illustration, avoiding some consequences of ties, we
slightly arbitrarily give the two X; values of 10.7 new values 10.67 and 10.73, and two
two values of 10.4 new values 10.37 and 10.43. Now for the random F' ~ Dir(aFp) on
the real line, split the interval in question into m small boxes, say z; & %(5 for a suitably
small §. Then represent the F' approximation as the cumulative sums of (py,...,pm) ~
Dir(apo.1, .- -, apo,m), with po j = Fo(z; + %5) — Fo(z; — %5) Carry out this for the prior
Dir(aFjp), with tiny boxes covering the interval [8.90,11.30], from the Dirichlet prior,
using prior sample size a = 3 and Fy = N(10.0,0.7%), a reasonably informative prior with
prior guess parameters suitable for a representative sample for the broader population.
Construct a version of Figure 14.1, left panel, with 50 simulated prior F.

(b) Then, with the same tiny boxes and their midpoints, and perhaps partly using the
same computer code, simulate 50 realisations of F'|data, where the Dirichlet process
parameter is aFy + nF,, as per Ex. 14.10, with F,, the empirical c.d.f. for the n = 10
datapoints. Construct a version of Figure 14.1, right panel. Comment on the learning
jump from the left to the right panel, i.e. from the prior to the posterior. Play a bit with
your computer code, to see what happens if the prior used is ‘more wrong’ than in this
example.

(c) Check with Story #18 to see how this simulation apparatus may be used to compute
and plot the posterior distributions for relevant functionals of F' and G, for the two
groups, like the median for X minus the median for G. Invent some parameter of interest,
read off the posterior from the simulations, and plot.

Ex. 14.12 The discrete charm of the Dirichlet process. Consider P ~ Dir(aFP,) on some
space. Even when Py is smooth, P itself will be discrete, with probability 1.

(a) With P drawn from the Dir(aPy) and then X | P drawn from P, explain via the
updating theorem that for any measurable f(P,xz), we have

Bf(PX) = [ [ 5Py P D @P) = [ [ f(P)Durssio@P) P,
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(b) Introduce Ap = {x: P{x} > 0}, the set of atoms for a given P, and define
H,(P) = Ep P((X})" = [ P{a}?dP(@) = 3 P(a)"",
T€EApP

and its limit Ho(P). So P is fully discrete if and only if Ho(P) = 1.

'l+~) T(a+1)

BH,(P) =EP{X} = (1) Tla+1+7)

Deduce Hy(P) =1 a.s., i.e. P from a Dirichlet process is discrete with probability 1.

Ex. 14.13 The Dirichlet process as a symmetric limit. Consider a probability measure
P, on a sample space X.

(a) For &1,...,&y, drawn iid. from Py, give them random weights (51, ..., 8m), from
the symmetric Dir(a/m,...,a/m). This yields the random probability measure P, =
Z;”:l B;6(&;). Conditional on the &1, ..., &y, explain that for any subset A, the P, (A4) =
Yoe ea By is a Beta(aPp(A),aPn(A%)), where Pp(A) = (1/m) Y7L, I(&; € A) is the
empirical distribution. Show from this that

P, (A) =4 Beta(aPy(A),aPy(A°)) a.s., as m — oo.
xtend the argument to show that for any partition 1,...,Ar), we have
(b) Extend the arg how that for any partition (A, ..., Ay), we b
(P(A1), ..., Po(Ay)) =4 (Dy,..., D) ~ Dir(aPy(A1), ..., aPy(Ay)) as.,

i.e. the correct finite-dimensional distributions of the Dir(aPy) process.

(c) Toillustrate how this can be useful, consider a random Dirichlet mean = Ep g(X) = various other

JgdP. Show that its distribution is the limit of §,, = m~" 37", g(¢;)B;, Dirichlet- ;’Ez?;p;ffdi“
symmetric means of the g(§;). This may be used to identify the 6 distribution. For a par- Ongaro (2005)
ticular case of interest, let Py be the standard Cauchy, where we have E {exp(it5;¢;) | 5} =

exp(—|t|83;). Show that the random mean # = [z dP is Cauchy.

Nonparametric Bayesian estimators via the Dirichlet process

Ex. 14.14 Bayesian estimation via the Dirichlet process. With a sample Xy,..., X,
from P, how should we estimate the different (P) of interest, with P having a Dirichlet
process prior?

(a) With squared error loss (§—0)?2, verify that the Bayes solution is § = E {0(P) | data}.
In view of Ex. 14.10, explain that as long as we have a formula for or a recipe for
computing E 6(P) for the prior situation, we also have a formula or recipe for 0.

(b) Show that the mean of the random mean §(P) = [ 2 dP(z)is g = [ 2 dPy(x). Then

via the updating derive the Bayes estimator w,,0y+(1—w,) X, with weight w,, = a/(a+n)
for the prior mean.

(c) Then work with the variance o?(P) = Ep X2 — §(P)2. From Ex. 14.9, show

BO(P) = [aydPle)dPly) = 1 [aydPoie) dPo(w) + — [aydPute.y)

a 1
= — P+ 24P,
a+10+a+1/x 0(x),
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and derive from this the formula Eo(P)? = {a/(a + 1)}03, where 02 = [2?dPy — 63 is
the prior variance. Then, via updating, find the Bayes estimator,

n

n+a 1 —

52 =E{o(P?) |data}l = —— — X, — X)2.
7 = Blo(P?) |date} = Tomg 03 (XK= X)

(d) For a distribution F on the positive half-line, define (F) = [z dF/F~'(3), the
mean-to-median ratio. Here there is no explicit formula for EA(F). Explain how
we nevertheless can compute the Bayes estimate, for a given dataset, via simulation,
cf. Ex. 14.11.

Ex. 14.15 Bayesian nonparametric minimaz estimation of a c.d.f. Consider i.i.d. data
X1,..., X, from some c.d.f. F. The task is to estimate this F, with the loss function
L(F,F) = [(F — F)?dw, for a suitable nonnegative weight function w.

(a) Show first that with F' being given any nonparametric prior, in the space of c.d.f.s on
the line, then the Bayes estimator is F'(t) = E{F(¢) | data}. With F' having the Dir(aFj)
prior, for some prior guess Fy and a positive, show that

F(t) = {a/(a+n)} Fo(t) + {n/(a+n)} Fu(1),

a convex combination of the prior mean and the empirical c.d.f. F,,.

(b) Then show that the risk function for this Bayes estimator can be written

Ry(F,F) = Ep L(F, F) = ﬁ /F(l ~ F)dw + (n%ra)z /(F — Fy)?dw.

(c) Taking the mean of the risk function, with respect to the prior, show that the Bayes
risk becomes

MBR(Dir(aFO))z{( P )2 ! }/Fo(l—Fo)dw

n+a)?a+1 n+a/ a+1

a

= —(a+1)(a+n) /F()(l—F()) dw.

Show, as for associated exercises Ex. 7.8 and 7.15 for finite-dimensional situations, that
this Bayes risk is maximised for a = y/n. Show furthermore that

1/2
Py = L2 Vg
Jn+l  Jn+l
has supp R(F, F*) = r, = %/(\/ﬁJr 1)2. Using the general results of Ex. 9.14, exhibit

a sequence of Dirichlet priors Dir(y/nFp ) such that the minimum Bayes risks converge
towards r,. Explain that this proves that F'* is minimax.

Ex. 14.16 Nonparametric admissibility for the minimax estimator for the mean. Con-
sider X1, ..., X, i.i.d. from an unknown distribution P on the unit interval, i.e. we only
know P comes from the big space P of all distributions on [0,1]. The task is to estimate
the mean 6 = fol x dP(x), with squared error loss function.

(a) First, for the estimator X, show R(X, P) = o(P)?/n, with max risk }/n.

(b) Then consider

~ N - 1 1 ~ 1 2 1
0= X 5 d show R(0,P)= ——= (Ep X* —Ep X + 7).

\/ﬁﬁ»l +\/ﬁ+12’ and show (a ) (\/54»1)2(13 P +4)
Show that its max risk is $/(v/n+ 1)2. Prove that it is minimax, via a simple Beta prior
for p = Pr(X; = 1), on the very tiny subset Py of P, those concentrated on {0,1}.
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(c¢) The minimaxity proof above is essentially as in Lehmann (1950). He also claims
there that the 0 is admissible; his argument, op. cit. p. 28, is contained in the passage,
“The unique, and hence admissible estimate of 6, is [the estimator ) above]”. Explain
that this is not sufficient, however; the support of the marginal distribution for the prior
he uses, on the tiny Py, is {0,1}", so replacing Y with n=2 37" | XF for any k, gives the
same estimator for 0-1 data, but not otherwise.

(d) Here, however, we shall give a correct admissibility proof, indeed using Bayesian
nonparametrics. We need the @),, marginal distribution for a Dirichlet sample. Suppose
6 is not admissible, so there is a clever competitor §* with risk R(6*, P) never above

Tmax but in some places lower. Explain that there must be points 20 = (z9,...,2%) at
which 6(2°) # 6*(2°). For one such 2°, show that there is a Py, with positive masses at
positions 29, ..., 2%, and with fol xdPy = % They are both minimisers of

BR(.D ) = [ [ [1002) = 0P 4D apy o, ()] Qi)

writing for emphasis P, (z) for the empirical distribution for the z = (x1,...,2,). Ex-
plain that Q,,({z°}) must be positive. So for this 2° there can only be one minimiser,

") = E{0(P) 14} = [ 6(P)AD gy ooy (P) = =g+ A Sl

Explain that this means there can be no competitor to 5, after all, with better risk, and
that this implies the admissibility of 0.

Ex. 14.17 Inference for quantiles via Dirichlet processes. For a c.d.f. F' on the real line,
its quantile function inverse is defined as Q(y) = inf{t: F(t) > y}.

(a) For simple illustrations, give the Q(y) functions for the two parametric cses (i)
F ~ N(&0?), (ii) F is Weibull (a,b), i.e. with F(t) = 1 — exp{—(t/a)’}. Show that
Q(y) is always left-continuous, also in cases where F' does have discontinuities. Show
furthermore that Q(y) < z if and only if y < F(x).

(b) We use Be(y,a,b) and be(y,a,b) to denote the c.d.f. and density of a Beta(a,b).
With partial integration, derive the useful identity

b 1,b be(l —¢,b 1
Be(e,a,b) — Be(c,a+1,b—1) = e(C;la_Jb ’ ): ef ac_”_;)a+ ), valid for b > 1.

(c) Let now F ~ Dir(aky), for suitable prior mean c.d.f. Fy and positive strength pa-
rameter a. Show that

Ho () = Pr{Q(y) <} =1 - Be(y, aFy(z), aFp(x)) = Be(l — y,aFy(z), aFp(x)),

where we use H(z) = 1 — H(x) for any c.d.f. H. Show that Be(y,a,b) = 3 demands

a=0b,50 Hy.(29) = & means zy being the prior median.

2
(d) With zq,...,x, iid. from the random F we know F'|data ~ Dir(aFy + nFy).
Explain that

H,..(z) =Pr{Q(y) < z|data} = 1 — Be(y, aFy(x) + nF,(x), aFo(z) + nF,(z)).

Assume that the data are continuous, with x(;)y < --- < 2(,). From this, show that Q(y)
has the density

hna(z) = (8/0x)Be(1l — y,aFo(x) +n —i,aFy(z) + i) inside (z(;), (i+1)),

oops



‘objective’ in
the sense of
pushing prior
information to
zero
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and with posterior point mass

AH, o(2@:)) = Be(y, aFo(z(;)) +i—1,aFp(z@y) +n—i+1)
—Be(y, aFo(X(i)) + i, aFy (@) +n — 1)
— (n + a)_lbe(y7 aFo(J}(i)) + 1, GFO(x(i)) +n—1i+ 1)

at data point z(;). Show for fixed a that the sum of the probabilities at the data points
tends to 1, for growing n.

(e) Let now a — 0, corresponding to a Dirichlet process with essentially no prior infor-
mation taken on board, so may view the posterior Dirichlet process, close to Dir(d(z )+
-+ +68(x(n))), as being the essential information in the data, from an objective Bayesian
nonparametric viewpoint. Show that the probabilities between data points go to zero,
and that what is left are the probabilities

—1 . )
pn(x(l)) = Be(yal - 17” —1 + 1) - Be(y7 ian - Z) = (n 1)91_1(1 - y)n_z'
7 —

Explain that these binomial weights concentrate around y for growing n.

(f) Consider the mean Q,(y) and variance V,(y) of Q(y) given the data. With a — 0,
corresponding to no real information in the prior, show that we reach the following
objective Bayesian nonparametrics quantities:

Q) @) = 3 (121 )y -0 e

- 1—1
=1

Taly) = Toly) = 3 (” - 1)yi-1<1 ) e — Gow))

‘ 1—1
i=1

Rather splendidly, quantile confidence bands based on these, of the tyupe éo(y) +
1.96 170(3/)1/ 2 can be trusted, in terms of frequentist coverage; this is a consequence of
BvM theorems of Ex. 14.19-14.20. (xx so there is no need to estimate the density in
the process, as for other such bands. explain: can make valid confidence bands, without
needing the Ch10 results of v/n(Qn(y)—Q(y)) =4 ¢(y) N(0, y(1—y)) and the cumbersome
estimation of q(y) = 1/f(F~!(y)). For an application of this, see Story #23. xx)

(g) (xx briefly: the Doksum shift function, the Parzen quantile comparison function, the
Gini index, the Lorenz curve, all using Dir quantiles. point to these methods being used
in Story #23. cc)

Ex. 14.18 An automatic density estimator. Suppose z1,...,Z, are ii.d. from some
continuous positive density f on the real line, with c.d.f. F. Here we construct an
automatic density estimator f, via the noninformative Dirichlet process prior for F,
positive precisely on the range of data and without needing any bandwidth or other
fine-tuning parameters.

(a) From the noninformative Dirichlet prior, with @ — 0, we have reached in Ex. 14.17
the intriguing smooth quantile function estimator Qo (y), with binomial type weights for
the ordered data w1y < -+ < (). This may be used to construct a density estimator
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Figure 14.2: Automatic birthweight density estimates, for the boys (left panel) and girls (right panel),
along with fine-gridded histograms. The densities are precisely supported on the data range,
[1.275,5.140] for the boys and [0.601,5.420] for the girls. There is more on both the boys
and the girls and on quantile methodologies in Stories #22 and #23.

fo, the density associated with Q'(y) = 1/f(Q(y)). Start by showing

(o) = Q) = 3 Ly -y (EL - ) g

pcil Y =y
:E(/'L) . n_l . .
= / be(y, nF,(z),nF,(x))dz = Z(m(i+1) — x(;)) be(y,i,n — ).
@) i=1

Note that there is no extra smoothing task here, as with a bandwidth; the inherent
smoothing comes for free, via the Qo (y).

(b) From f(z) = (Q1)'(z), valid for smooth densities, argue that the density implied
by the Qo(y) is

n—1

Jolw) = [ (@asny = o be(Fo(a), ivn = )| -

i=1

For each z, the equation @o(y) = z is numerically solved for y to get ﬁo(x). At the
endpoints: supply details to get to

folz)) = 1/@0(0) = {(n — 1)(z@2) —zq))}
Folzmy) = 1/G0(1) = {(n — 1)(2() — T(n-1))} "

(c) Access the birthweights for Oslo newborns, 548 boys and 480 girls, born in the 2001
2008 period, see Story #22. Compute this automatic density estimate, for the boys and
the girls, and construct a version of Figure 14.2. The densities are seen to follow the
histograms rather closely, but is by construction smoother. That boys are somewhat

bigger than girls at birth, further illustrating methods of this exercise, is examined in
Stories #22 and #23.
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Nonparametric Bernshtein—von Mises theorems, bootstrapping

Ex. 14.19 Bernshtein—von Mises theorems for the Dirichlet process prior. We have
learned in Ch. 7 that Bayesian methods tend to match those associated with likeli-
hood procedures, for growing sample sizes. Specifically, recall from Ex. 7.39 the re-
markable Bernshtein—von Mises theorem, for which we now find an equally remark-
able nonparametric extension. Suppose Xi,...,X, are i.i.d. from some positive den-
Sity firue, with c.d.f. Firue, which we for simplicity first take to be supported on the
unit interval [0,1]. For the empirical c.d.f. F,, we then know from Ex. 10.26 that
Zn(t) = Vn{Fa(t) = Fuue(t)} —a Z(t) = WO(Ftrue(t))-

(a) Let F' be given the Dirichlet process prior aFy. Using the updating theorem of
Ex. 14.10, we know the posterior mean ﬁB = w, Fy + (1 — wy)F,, with w, = a/(a+n)
tending quickly to zero. Explain that ﬁB(t) —pr Firue(t), actually uniformly in ¢, via
the Glivenko—Cantelli theorem of Ex. 2.60. Show that the process Z, p(t) = n{F(t) —
Fi(t)} has

n

— " _Fp(s){1-F for s < t.
o ri el - Fp(t)} fors <t

cov[{Z,.5(s), Zn 5(t)} | data] =
(b) Show first that the conditional covariance function converges to Firue($){1— Firue(t)}
for s < t, and this is the covariance function for Z(t). Use the Dirichlet-normal-
approximation lemma of Ex. 7.14. Via this, show the appropriate finite-dimensional
convergence,

(Zn,B(tl)w . .,Zn,B(tk))|data —d (Z(tl),.. ,Z(tk)) for < -0 <t

(c) To demonstrate tightness, we use (10.3) of Ex. 10.19. For this purpose, suppose
(U, V,W) ~ Dir(kp, kq, kr), with p+ ¢ + r = 1. Verify, via patient algebra, that

pq
(k+ D) (k+2)(k+3)

E(U-p)*(V-0q)?= {k — (k= 6)(p+q—3pg)},
where the simple upper bound 3pq suffices for our needs. From this show indeed that
Zn, B is tight, and this implies the desired BvM mirror result:

Zn = Vn(Fy — Firue) —d Z = WO (Fiue(-)) (frequentist), (14.2)
Znp = V/n(F —F,)|data =4 Z = WO(Firue(-)) (Bayes, given data, a.s.). '
Explain that this latter large-sample result holds with both /n(F —F,,) and \/ﬁ(F—ﬁB).
Note also that this holds for any positive a, with the same limit; show indeed that the
objective Dirichlet process prior, where F' |data ~ Dir(nF;,), concentrated on the data
points with probabilities (p1,...,pn) ~ Dir(1,...,1), leads to v/n(F — F,) |data —4 Z.

Ex. 14.20 Bernshtein—von Mises theorems for inverse Dirichlet processes. Let the
framework be as in Ex. 14.19, with a Dir(aFp) prior for the c.d.f. F'; and with i.i.d. data
drawn from some smooth increasing Fi .. From the master theorem /n(F—F,,) | data —4
Z there we can half automatically derive various corollaries, via techniques already es-
tablished in Ch. 10 (xx pointers xx), i.e. we do not need to re-work those to see what
they imply in the current Bayesian nonparametrics Dirichlet context.

(a) Write Q,, = F;'! for the empirical quantiles and Qirue = Firoe for the underlying

true

quantile function, along with Qf,,..(#) = 1/ firue(Qtrue(w)). Explain that we in fact have
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the following, the quantile mirror parallel to (14.2):

R, (u) = vVn{Qn(u) — Qtrue(u)} —a Z* (1) = corue(w) W (u) (frequentist),
R, 5 = Vn{Q(u) — Qn(u)} |data —4 Z*(u) (Bayes, given data, a.s.).

The first result is already contained in 10.xxxx, and the second follows via the same
arguments from the main result of Ex. 14.19. Convergence here takes place in each
Dle, 1—¢] space; there will be difficulties near the endpoints due to cyrye (1) often becoming
too big there.

(b) Just as we learned in 10.xxxx, the BvM theorems imply large-sample control and
indeed equivalence for large classes of smooth functionals:

VI{T(F,) ~T(F)} and Va{T(F) - T(F,)}| data

have the same large-sample behaviour. This in particular includes all smooth functions
of a finite numnber of F(¢;) and Q(uy). Write out the details for three particular cases:
(i) Tv(F) = Ep X = [xdF(z) the mean; (ii) T>(F) = F_l(%) the median; and (iii)
T3(T) = Ep X/F~'(3) the mean-to-median ratio.
Ex. 14.21 Bayesian bootstrapping. Consider i.i.d. data X1,..., X, from some P, and
with some parameter § = T(P) in focus. We saw in Ex. 10.35 that as long as we
can invent a machinery, producing say F,’ given data, with the property that Z); =
Vn(F¥ — F,) | data has the same large-sample behaviour as does the direct bridge Z,, =
Vn(F, — F), then we're in business. The invention discussed there was that of Efron’s
nonparametric bootstrapping, with F¥ the empirical c.d.f. for X7,..., X} drawn from
F,,, with empirically speaking monumental consequences for statistics and data science.
(a) But now we're Bayesian. For the objective Dirichlet prior construction, where
P |data ~ Dir(nF,), explain that this corresponds to probabilities (p1,...,pn) ~ Dir(1,
.., 1) at the datapoints z1,...,2,. Via Dirichlet sampling, therefore, you may sim-
ulate B = 10* posterior realisations of § = #(P). This is essentially the Bayesian
bootstrap, yielding upon the simulation work the c.d.f. B(v) = Pr(6(P) < v|data) as say
B! Zle I(0f < v), with 8% = (P*). For the particular case of §(P) = Ep h(X) =
[ h(z)dP(z), explain that 8(P) = Y7 | p;h(x;), and show that

E{0(P)|data} =h=n"" Z h(z;), Var{0(P)|data} =352/(n+ 1),

=1

a mild modification away from the customary frequentist 52 /n, where 2 is the sample
variance n= ' 3" {h(z;) — h}>.

(b) But does it work? In one direct sense it does, as it’s merely a matter of Bayesian
computing via simulation for a well-defined posterior. The mean and variance for the
random mean above are also promising, by essentially matching the frequentist counter-
parts. Using arguments as in Ex. 10.35, show in fact that /n{6(P) — 8} has precisely
the same large-sample behaviour as does \/ﬁ(g — Otrue). Show further that the Bayesian
posterior §(P), created via this Bayesian bootstrap, for large n yields the same inference
as for the frequentist.

Beta processes

Ex. 14.22 Time discrete Bayesian survival via hazards and Beta products. We work here
with the time discrete survival analysis framework of Ex. 11.1, where time is recorded in
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{0,1,2,---}. A time to event variable 7" has probabilities f; = (1 —ap)--- (1 —aj_1)e;
for 5 =0,1,..., in terms of the hazard rates a; = Pr(T” = j|T" > j); also, the survival
function is S; = Pr(7” > j) = (1 —ap) - -- (1 — ;). Consider now independent survival
data (T;,0;) for i« = 1,...,n, with T; the possibly censored survival time and J; the
indicator for non-censoring.

(a) Via efforts in the exercises pointed to, the likelihood function can be expressed
as L = [[}2, a?Nj(l — a;)Yi74Ni in terms of at-risk numbers Y; = Y1 I(T; > j)
and counting numbers dN; = Y>."  I(T; = j,6; = 1). Give now the a; independent
Beta priors, with o ~ Beta(c;jao,;,¢j(1 — ag,;)), with prior means o ; and strength
parameters c;. Show that the posterior distribution is of the same type, with

aj | data ~ Beta(cjao,; + dNj, ¢j(1 — ag ;) +Y; — dN;),

and these being independent.
(b) For the cumulative hazard Ay = Zf:o o, write &; = (¢, ; +dN;)/(c; +Y;), and
show that

S

k

o~ A' 1_/\.
Ay = E (Ag | data) :Z Var (A, | data) = Z%-
= oG T

Explain how this becomes a Bayesian extension of the Nelson—Aalen estimator of Ex. 11.2,
and that the frequentist estimator corresponds to the c¢; — 0 case.

(c) Kaplan—Meier extension:

(d) (xx product integrals defined as fine limits, Riemann style. notes and pointers: point
to Johansen, Gill, Andersen et al. (1993), Hjort (1990b), Gill and Johansen (1990),
xx) this to be generalised to time-continuous scale below. Check that Chll briefly has
the time-discrete Cox model: individual i has 1 — a;; = (1 — ag,;)®P@A). with the aq,,
and 8 unknown parameters.

Ex. 14.23 Beta priors for survival: from a fine grid to processes. (xx to be done
and polished xx) Let ap(t) be some positive continuous function with integral Ag(t) =
fo ap(s) ds, and a positive constant ¢. Consider the random process A,, (t) = Zi/mgt Dm.is
with small independent Beta terms,

Pm.i ~ Beta(cag(i/m)(1/m), {1 — ag(i/m)(1/m)}),
these having moments
i\ 1 1 i\ 1 i\ 1
Epmi:ao(i)— and Varpmi: ao(i>—{lfao(i)—}.
’ m/m ’ c+1 m/m m/m

(a) Show E A,,(t) = Ao(t) and Var A,,,(t) — Ao(t)/(c+1). then convergence A,, —4 A.
For the Laplace transform, show that

E exp{—0A,, H E exp(—0pm,i) = H {1+Z 07! }

i/m<t i/m<t

Show that

T Tleaglifm)(1/m) +j)
™ Teag(i/m)(1/m))  T(etd)
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Use this to prove that this converges, to exp{—D(6,t)}, where
1
D(6,t) = / {1 —exp(—6z)}dL,(x), dLi(z)=cx ™ (1 —z)" dz Ay(t),
0

this L;(x) called the Lévy measure. (xx then tightness. use criteria from Ch10; ok.
then need to show that 4, the subset of cumulative hazard rates A in D[0,1], with
all jumps AA(t) € [0,1], is closed. xx) assume A,, —q A, and work with F,,(¢) =
1 —TIjo,4{1 — dAn(s)}. need to show that the limit is a c.d.f. F. Establish A, —q 4,
which we call a Beta process with parameters ¢ and Ag.

(b) (xx the basic construction. with ¢(s) too, not constant. xx)
dA(s) ~ Beta(c(s) dAo(s), e(s){1 — dAo(s)}),
with
EdA(s) = dAo(s) and VardA(s) = dAo(s){1 — dAo(s)}/{c(s) + 1}.

work out mean and variance for the integral, etc.

(c) (xx fix this. might push ut out. xx) do the skewness too. skew for Beta(cpo, c(1—pg)),
then updated. with X; having means zero: E (3", X;)® =Y | EX?. use formula

E (p — po)® = 2po(1 — po)(1 — 2po)/[(c + 1) (c + 2)].
then

2dAo(1 — dAg)(1 — 2dAg)
(c+ D(c+2) '

E{A®) ~ A0} = S E{dA(s) — ddo()}* = 3

check this:

Ex. 14.24 Updating Beta processes given survival data. For a certain survival distribu-
tion, with c.d.f. F'(t) =1 - 5(t) =1 — ][ 4{1 — dA(s)}, let that cumulative hazard A
be modelled as a Beta process (¢, Ap), with judiciously elicited prior mean function Ag
and strength function ¢. We then observe survival data from this distribution, of the
common form (73,;), see (xx Chll xx). Specifically, there are genuine i.i.d. survival
times T7, ..., T, from the F distribution, and these are partially censored, so what we
observe are (T},6;), with T; = min(T?, z;) and &; = I(T < 2;), i.e. indicator functions
for non-censoring. Here we learn hwo the distribution of A and hence S change given
the data.

(a) We work through the details for one given datapooint (7)), and then apply induc-
tion. For the § = 0 case: find the distribution of A given T' > ¢. For the § = 1 case:
work with A given T' € [t,t + €], and take the limit. (xx pointer here. xx) Verify that
this for both cases leads to an updated Beta process. Via induction, one new datapoint
at a time, your conclusion should be that

dA(s) | data ~ Beta(c(s) dAg(s) + AN (s), c(s){1 — dAp(s)} + Y (s) — dN(s)}.

(b) For illustration, consider the Gehan dataset, with two groups, 2 = 0 for placebo and
x = 1 for the new medicine in question. Time to remission is recorded, in weeks. For a
neutral analysis, we give the survival distributions the same prior, as follows. Take the
exponential prior mean with Ag(t) = apt, with o set to have prior median 10.0 weeks.
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Figure 14.3: Beta process simulations: 25 simulated survival curves S(t) = H[O,t]{l — dA(s)}, from the
common prior (left panel), and then for the posterior distributions for the two groups (right
panel). These are tighter, with a clear difference: the treated group does clearly better than
the placebo group.

Then use the Beta process with ¢(s) = kexp{—Ao(t)}, using k = 3.0 for this illustration.
Construct a version of Figure 14.3. The left panel is what we believe, for both groups,
before data come in; the right panel is what we believe and understand, after having the
seen the data, with group 1 doing considerably better than group 0. Comment on

(c) From the simulated paths Ag(-) and A;(-) given data, read off § = med(S;) —
med(S,), the difference of medians. Use e.g. 10® such simulations, give a fine histogram
for that posterior distribution, and give its 0.05, 0.50, 0.95 quantiles. How do you con-
clude?

Ex. 14.25 Beta processes, II. Using results of Ex. 14.24.
A(s) | data ~ Beta(c(s) dAo(s) + dN(s), c(s){1 —dAp(s)} + Y (s) — dN(s)).

(xx basics for posterior mean and variance. xx)

(a) Derive the Bayesian nonparametrics estimators
= E{A(t) | dat ,
At = E {0 | daia) = [ +Y()

= E ][t - dA(s)} | data] = H{l dA())(QYJF(d)N@ }
[0,t] [0,¢]

Explain that these properly generalise the classic Nelson—Aalen and Kaplan—Meier es-
timators (xx point Chl0 xx), and that these correspond to c¢(s) — 0, meaning prior
strength zero for the Beta process.

(b) Give also expressions for the posterior variances. In particular, show that
t dA(s){1 — dA(s)}
Var {A(t) | data} = .
ar {A(t) | data) /O c(s) + Y(5) + 1
(c) Two groups, consider the survival ratio
Si(t)  Iljpg{l —dAi(s)}
Sa(t)  Iljo,{l —dAa(s)}

p(t) =
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Find expressions for the prior and posterior means. Illustration: the Gehan data above.

Ex. 14.26 Bayesian semiparametric alternative to Cox regression. (xx let’s see. might
have a survival data story with this on board. xx) time-discrete setup: at time position
J, individual ¢ has hazard rate «;(j) given via 1 — a;(j) = {1 — a(j)}*', and with
zi = exp(zt3). The likelihood can be written

oo

— ﬁ“‘{ 1— ay(j))Yi - ANl-u)ai(j)ANi(j)}

L(a, 8) =

e i ’:]:

<
Il
o

[(1 — ()T ) -AN() ﬁ(1 —(1- a(j))zi)Aij)}

i=1

With prior 7(8) for 8, taken independent of a Beta process for the «(j), we should have
7(B|data) oc m(B8)L(B), with

L(B) = /L(a,ﬁ)ﬂ(a) da = HEOh(a(j) I

where Ej signals expectation taken with respect to the prior for «(j), and

h(a().B) = {1 = a()}F0PE = AN TT(1 - {1 a()} )20,

=1

featuring also R(j,8) = > i, 2;Yi(j). at time position j where there is no jump:
h(a(7), 8) = {1 — ()}, with explicit Eo h(a(j, §))-

at time position j with a single jump AN;(j) = 1 for individual 4:
h(a(j), B) = {1 = a(i)} D751 — {1~ a(j)}*],  with explicit Eq h(a(j, §))-

hence full numerical control over 7(5 |data). and over «(j) | (53, data). this to be used
for a given individual with his covariate vector zgy: he has

agx(j) = 1= {1 — a(j)}"*EP | for j=0,1,2,...,

along with survival function Sgy(j) = ?,:0{1 — a(j)}e"p(‘”ﬁixﬂ).

Ex. 14.27 The Dirichlet as a special case of the Beta process. Consider a Beta process
with prior mean Ay and strength function ¢(s) (xx point up xx). The c.d.f. associated with
Ao is Fo(t) =1 -] {1 —dAo(s)}. Here we study the associated random c.d.f. F(t) =
1= [Tjp,4y{1 = dA(s)}. (xx where to put the minimum of product integral. xx)

(a) For the random F(t), show that its mean is Fy(t), both for smooth and non-smooth
cases of the baseline cumulative hazard function Ag. When Ay(¢) is the integral of a
continuous hazard rate ag(s), i.e. dAg(s) = ag(s) ds, show that this mean function is the
simpler and familiar Fy(t) = 1 — exp{—Ao(t)}; see (xx point to hazard Chl xx).

(b) We first work out a general expression for the Laplace transform of B = —log(1—F).
Show that this is the product integral

L(c(1 —dAg)) +6)
E{1-Ft)} =]E{1-dA(s)} Hp 1—dA0)) F(c+09)

[0,4] [0,4]
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For small e, explain that T'(c — ce)/T'(¢)=1 — cy(c)e, with ¢p = T/T the log-derivative
of the gammafunction. For the case of Ay(t) = fg agp(s) ds, the integral of a continuous
function, show that this leads to

E{L - F(1)}’ = exp| - / {(cls) + 8) = ¥(c(s)) }e(s) dAo(s)]

which may be used to characterise distributions of F' for different ¢(s) and Ay functions.
(c) For the Fy = exp(—Ap) smooth case, consider the special case ¢(s) = kFp[s,00) =
kexp(—Ap(s)). Show that

Iy = _/0 [t(kexp(—Ag(s)) +0) — (kexp(—Ag(s)))]kexp(—Ap(s)) an(s) ds

- {0+ 6) — (u)} du

exp(—Ao(t))
= —log'(k +0) + log T'(k exp(—Ao(t)) + 0) + log T'(k) — log I'(k exp(—Ao(t))).

Verify that this is the same as for the Dir(kFy) case, where F'(t) has a beta distribution,
with

I'(k) L(k(1 — Fo(t)) +0)
T(k(1 — Fo(t))) I'(k+90)
(d) With c(s) = kexp{—Ao(t)}, show via generalisations of the above that indeed the
random F' =1 — H[o,.](l — dA) process is a Dir(aFp).

(e) (xx round off. we ought to mention empirical Bayes too. xx)

E{l-F@t)} =

Ex. 14.28 Beta + Bernoulli = Poisson; Beta + Two Bernoullis = Twin Poissons. A
Beta process has infinitely many jumps, of sizes ranging from very close to 0 to occasion-
ally very close to 1. Adding on Bernoullis with these probabilities, at the jump positions,
leads to a Poisson process.

0.8 1.0
L
0.8
L

0.6

beta jumps + Bernoulli
0.4
beta jumps + two Bernoulli

0.2

0.0

Figure 14.4: Beta process jumps, from Beta(0.01,0.99), along with one Bernoulli (left panel, shown as
ticks) and two Bernoullis (right panel, shown as up-ticks and down-ticks),

(a) Suppose first that a probability p is drawn from some density on the unit interval,
with Ep = pg, and that X | p ~ binom(1, p). Show that X = 1 with probability py, and
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hence variance po(1 — pp). this Y has mean pg and variance po(1 — pg). Consider then a
Beta process on a fine grid, with independent jumps py, ; ~ Beta(cao(i/m)(1/m),c{1 —
ag(i/m)(1/m)}) at positions i/m, and partial sum process Am(t) = 3=, /< Pm.i, 88
in (xx point xx). On top of this take X,,; ~ binom(1,p.,;), with sums X,,(f) =
Zi/mthm-,i' Find the mean and variance of X,,(t), and show that X,, —4 X, a full
Poisson process with mean Ag(t) = fot ap(s)ds. Construct a version of Figure 14.4, left
panel, in which we have used ¢ = 1 and ag(s) = 1, on a find grid over [0,20] with grid
steps 0.01. (xx hmm: the ¢ disappears in the limit; comment. xx)

(b) Now construct two processes, on top of the Beta jumps, with X,,,; and Y, ; in-
dependent binom(1,py, i), followed by cumulative counts X (t) = 32, /,,<; Xm,i and
Yin(t) = >2i/m<t Ym.i- Show that (X, Yr,) has a well-defined process limit (X,Y),
these being dependent Poisson processes, with correlation 1/(c+1). Construct a version
of Figure 14.4, right panel. This could be a model for births, with the occasional twin
birhts.

(c) Now consider Zy,(t) = >, /i<t Zimyi» With Zy, i | pm,i ~ Pois(pm,;). (xx do this. xx)
Then Z,,(t) —a Z(A(t)). find mean and the extra variance. model for overdispersion.
but gamma easier.

(d) (xx then a geometric on top of the pp, ;. is there a limit? xx) so Zm (t) = 3, /1<t Zm.i
where Z,, ; has (1 — pmyi)zflpm,i for z = 0,1,.... is there a well-defined limit process?
easier with a Poisson, perhaps with the same limit as for X above. geometric, generating
function:

\ Dbis
B 4n) = [] =7 =535
i/m<t pi

let’s see:

SO

c—1 t
EZ,.(t) = Z W)(l/m)’ perhaps /0

i/m<t

(e) (xx a Bayesian spin. xx)

Gaussian processes and Bayesian Kriging

Ex. 14.29 Bayesian kriging. Suppose there is a continuous process Z () on some interval
[¢,d], which we have observed only in a finite and perhaps small number of locations.
How can we estimate Z(z) where we have not seen it, along with a measure of precision?
(a) Let Z(z) be a Gaussian process on [c, d], with constant mean function &, and covari-
ance function

cov{Z(z),Z(2')} = o’ K (|z — 2'|),

where K(r) is the correlation function. The formal requirement for such a K is that
K(0) = 1 and that the matrix A of K (|z;—z;|) should be nonnegative definite, i.e. 3, ; cic;
K(|z; —x;]) > 0 for any z1,..., 2z, and any (c1, ..., ¢y,). This means a stationary setup,
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Zhat, with band
15 20 25 3.0
L L

simulated Z(x) given datapoints

1.0

Figure 14.5: Bayesian kriging: covariance function o2 exp(—A|z — y|?) with ¢ = 0.50, A = 0.50, ¢ =
1.25, prior level £ = 2.00. Left panel: the spatial interpolator, with pointwise 90 percent
confidence band. Right panel: 25 posterior simulations.

where Z(x) and Z(z+r) have a correlation independent of position z. Suppose now that

Z(x;) = z; have been observed at positions z; < --- < z,,. For a given z, using general
results from conditioning in multinormal setups, see Ex. 1.44, find the distribution of
Z(z) given these z1,...,2,. With ¥ the variance matrix of all K(|z; — z;|), show in

particular that indeed

Z(z) = E{Z(z)|data} = £ + k(2)'S " (24 — £1),
Var {Z(z)|data} = o {1 — k(z)"'S " k(z)},
with k(z) the vector (K(|z — z1|),..., K(|x — )", and 1 the vector (1,...,1)". Ver-

ify that this conditional variance is zero at locations z1,...,x, where Z(z) is actually
observed. This way of carrying out spatial interpolation (along with variations and ex-

tensions) is called kriging, or here Bayesian kriging, particularly in context where a, o, K
have been arrived at as with eliciting of priors.

(b) Assume now that the scientific team has come back from their expedition and reports
that for n = 7 positions of z; they found Z(z;) = z;, as below. For this illustration take
& =2,0 =050, K(r) = exp(—|r|?), with ¢ = 1.25. Plot this correlation function.

Compute and plot the interpolator Z(z). Construct a version of Figure 14.5, left panel,
with the 90 percent pointwise confidence band Z(z) + 1.645%(z).

x: 0.44, 1.11, 2.34, 5.55, 6.66, 7.77, 9.87
z: 2.15, 1.08, 1.84, 2.68, 2.07, 2.17, 2.72

(c) For constructing Figure 14.5, left panel, you should also play with different values
of the smoothness parameter ¢, in the correlation function K(r) = exp(—Ar?). The
geostatistical default value, for various applications, is ¢ = 1, with bigger values leading
to more smoothness and smaller values to more ruggedness. The mathematically allowed
span of such smoothness parameter values is g € (0, 2).

(d) Above we have reached clear, understandable, implementable, plottable formulae
for the mean and standard deviation for each not-observed Z(z) given the data Z(z1) =
21y, Z(xn) = 2z, (then used for the tiny set of n = 7 data locations). To properly
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understand the full conditional process, and to be able to simulate realisations from this
Bayesian nonparametrics posterior distribution, we also need the conditional covariance
structure. Show indeed that

K*(u1,us) = cov{Z(u1), Z(us) | data} = o2 {K (Ju1 — usa|) — k(u1)* S k(uz)}.

Using the general Gaussian process scheme of Ex. 77, simulate say 25 realisations from
the distribution of Z = {Z(z): = € [0,10]} given the observed data, and plot these, as
with Figure 14.5, right panel.

(€) Add on more more datapoint, at some (g, 29). Re-do the analysis, and check both
how the spatial interpolation curve is changed and how precision is bettered. Check that
unless ¢ = 1, the interpolation curve changes also outside the interval in which the new
datapoint is located.

(f) The above analysis, for Z(-) given values at the sampled locations, needs the prior
eliciting of mean level £, uncertainty o, and the correlation function. There are various
ways of turning the machinery into empirical Bayes, letting the data inform us of compo-
nents of the full prior. Spell out one version, and carry out the modified analysis, where
¢ is estimated from the data, while keeping the o and K(-).

(g) Briefly think through how the kriging apparatus above may be extended to 2-dim
and even 3-dim.

ToDo & what remains

Details remain for Beta process, e.g. A is closed in D]0, 1], jumps inside [0, 1], briefly
Lévy measure. Details remain for updating Dirichlet and Beta. Should include the
after all nice enough (3| data) for Nils Cox 1—dA;(s) = {1 —dAg(s)}*>P@i8) Relate to
Ch10. Bayesian kriging. A bit Gaussian processes. Perhaps briefly f = exp(G)/ [ exp(G)
random density. BvM for Dirichlet and Beta processes. so Doksum-Dirichlet and Parzen—
Dirichlet, via Nils-Sonia. Stick-breaking for Beta. A bit on models with clustering via
DP. A bit on dependent DPs via Sethuraman representation. Nils generalisation to
one parameter more via stick-breaking. Nils-Emil details in place for Poisson on top of
Gamma, perhaps the Police Twitter as a story. Comparing k groups with Beta processes.

Leftovers and extra material

Ex. 14.30 A stick-breaking presentation of the Dirichlet process. (xx co be cleaned.
Tiwari and Sethuraman. xx) Consider &1, o, ... 1.i.d. from Py, along with B; i.i.d. from
Beta(1l,a). From the latter we build probability weights wy = B; and then w; =
B;- ~-Bj,1Bj for j > 2, with Bj = 1 — Bj notation. Below we establish the so-called
stick-breaking or Tiwari-Sethuraman representation of the Dirichlet process, that

P = iwjé(gj) is a Dir(aFp). (14.3)
j=1

(a) Show that the representation above leads to the stochastic equation

P(A) =4 BX + BP(A), with X = I(¢ € A), B ~ Beta(l,a), and B=1— B.
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so with § = P(A), for a given set A, must verify that § =; BX + Bf. should verify
this for 6 ~ Beta(apo, a(1 — po)), with pg = Py(A). so 6 is equal to B’ with probability
1 — po, and B + B with probability pq.

Eh(6) = po Eh(B + B8) + (1 — po) E h(B8).

there are more heavy-handed arguments leading to this statement. more direct, satisfying
but somewhat messy: show equality of all moments. for the left hand side:

['(a) T(apo+n)
C(apo) T(a+n)

must verify that we have the same result for the right hand side. we have

m, =EO" =

n—1
m), = E(BX + B0)" =E(B)"my +po Y (Z) E B"* Bk my.

here, for B ~ Beta(1,a), density a(1 — b)*~!, we find

Lir+1)T(a+s)
aF(a+r+5+1)

EB"B® =
and E B" = a/(a +n) (check). so

&\ (n—k)T(a+k)
(1—a/(a—|—n))mnp0kz_:0<k>a Tlatnt1)

recursive moment equation

an!  =T(a+k)
bo nl'(a+n) ]CE:;J

needed here, to land the moment argument:

Z a—I—k _nF(a—i—n).

n!
k=0

(b) (xx let’s see. too much, but clarifying. a bit from Hjort and Ongaro (2006). xx) For
given a > 0 and pgy € (0,1), consider G1,G,, G144 independent gammas with parameters
(1,1), (a,1),(1 + a, 1), and independent of a Bernoulli ¥ ~ binom(1, pg). The task is to
verify the interesting claim that G141, =4 YG1 + G,0. the rhs is G; + G0 and G0
with probabilities py and 1 — pg. Do this by establishing that the moment sequences are
the same for the left and right hand side. with

I'(a) I'(apo + j)T'(aqo)
I(apo)l(age)  Tla+j)
the lhs has m,I'(1 4+ a +n)/T(1 + a), and the rhs has

mj :E(gn:

E (rhs)" = i()EGﬂ (Ga)"™7 + (1 = po) E (Go)"

- 1-|—j F(a—l—n—j)m ' B F(a+n)m
;() M) " TPy

then divide with G1,, to get the Dirichlet thing with § =4 BX + Bf, with B =
Go/G14a ~ Beta(l, a).
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(c) (xx clean this. xx) For any subset A, we are to prove that

P(A)=> w;l;, with I; =I(§; € A), is a Beta(aPy(A), aPy(A°)).

j=1

First, for a tall n, such that the rest R,, above is small, we work with P, (A) = E?:l w1
as a close approximation to the full infinite-sum P(A). For a given &; sequence, use the

summing over cells property of the Dirichlet (xx point to Chl xx) to show that
(Pr(A), Pn(A%)) ~ Beta(Gn(A), Gn(A)),

where G, (A) = 377 I;/(n +a) and G,(A°) = {a + >37_ (1 — I;)}/(n + a). Then,
taking now also the randomness of the I; = I(§; € A) into account, show that G,,(A)
and G, (A°) tend to Py(A) and Py(A°).

(d) Generalise the above arguments to show that (P, (A1), ..., P,(A4x)) —a (D1,...,Dg),
a Dirichlet (aPy(A1),...,aPy(Ax)). Conclude that P of (14.3) indeed is a Dir(aFp). (xx
note: discreteness. simulation. xx)

(e) Some more. Some consequences. Easy to simulate, alternative to the fine grid
method above. Identities.

(f) (xx round off. perhaps the third moment. xx)

Notes and pointers

point to Nils Paris: () EL, (1), with the empirical likelihood, works, and gives the
same limit as for 7(u | data) from a Dirichlet aFy prior.

Bayesian bootstrap, Rubin (1981) and Hjort (1985a). classic bootstrap, Efron and
Tibshirani (1993).

well: Doksum (1974b), Hjort (1976), Phadia (1973), Ghosh and Ramamoorthi
(2003), McQueen. Hjort (2003), Hjort and Ongaro (2005), Hjort and Ongaro (2006).
Ghosal and van der Vaart (2017), Phadia (1973), Hjort (1976), Hjort (2003) in the
Green et al. (2003) book. Sethuraman (1994), Sethuraman and Tiwari (1982), ... Fer-
guson (1973, 1974), ... Hjort and Petrone (2007), Hjort and Walker (2009), ... mention
Kingman, Antoniak, Korwar Hollander, ... Ghosh et al. (2006)

footnote re Ferguson: the father Thomas invents the Dirichlet process; the son Chris
Jesus wins the World Series of Poker.

Dirichlet processes are discrete, Ex. 14.12: there are various other proofs; this is
from two pages of Hjort (1976).

rephrase: Lindley (1972) noted in his review of general Bayesian methodology that
Bayesians up to then had been ‘embarrassingly silent’ in the area of nonparametric statis-
tics. He pointed out that there were in principle no conceptual difficulties with combining
‘Bayesian’ with ‘nonparametric’, but indirectly acknowledged that the mathematical de-
tails in such constructions would have to be more complicated.

Lindley Cromwell’s Rule: ‘I beseech you, in the bowels of Christ, think it possible
that you may be mistaken’. Hence reserve an epsilon on that possibility that something
else goes on, in your priors.

product integrals: Johansen, Gill, Andersen et al. (1993), Hjort (1990b), Gill and
Johansen (1990), ... AalenJohansen, Markov processes.

quantile things: Doksum (1974a), Doksum and Stevers (2006), Doss and Gill (1992),
Newton (2002), Parzen (1979, 1982, 2004), Sheather and Marron (1990), ...
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