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Markov Chains: Definitions

Remember that:

‚ a discrete-time, discrete-space Markov chain is Xp0q, Xp1q, . . .
where Xptq obeys the Markov property that

P
”

Xptq
ˇ

ˇ

ˇ
xp0q, . . . , xpt´1q

ı

“ P
”

Xptq
ˇ

ˇ

ˇ
xpt´1q

ı

;

‚ a Markov chain is governed by a transition probability
matrix, P, with the ij-th element being

P
ptq
ij “ P

”

Xpt`1q “ j
ˇ

ˇ

ˇ
Xptq “ i

ı

;

‚ Let π denote a vector of probabilities with the i-th element πi
denoting the marginal probability that Xptq “ i. Then the
marginal distribution of Xpt`1q must be πTP;

‚ if πTP “ πT then π is a stationary distribution for P.
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Markov Chains: Definitions

Moreover:

‚ a Markov chain is irreducible if any state j can be reached
from any state i in a finite number of steps for all i and j,

@i, j, Dm ą 0 : P rXpm`nq “ i|Xpnq “ js ą 0;

‚ a Markov chain is periodic if it can visit certain portions of
the state space only at regularly spaced intervals;

‚ state j has period d if the probability of going from state j to
state j in n steps is 0 for all n not divisible by d;

‚ if every state in a Markov chain has period 1, then the chain
is aperiodic.
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Markov Chains: Stationary distribution

If Xp1q, Xp2q, . . . are realizations from an irreducible and aperiodic
Markov chain with stationary distribution π, then:

‚ Xpnq converges in distribution to the distribution given by π;

‚ for any function h,

1

n

n
ÿ

t“1

hpXptqq Ñ EπthpXqu

almost surely as n Ñ 8, provided Eπt|hpXq|u exists.

This is one form of the ergodic theorem, which is a generalization
of the strong law of large numbers.
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Markov Chain Monte Carlo: Introduction

Markov chain Monte Carlo (MCMC) methods:

‚ can be used to generate a draw from a distribution that
approximates some target distribution f ,

§ usually f is the posterior distribution (Bayesian paradigm);

‚ more properly viewed as methods for generating a sample
from which expectations of functions of X can be estimated;

‚ the art of MCMC lies in the construction of a suitable chain:
§ the distribution of Xptq may differ substantially from f ;
§ Xptq are serially dependent.
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Markov Chain Monte Carlo: Introduction

Let
␣

Xptq
(

denote a Markov chain for t “ 0, 1, 2, . . . , where

Xptq “

´

X
ptq
1 , . . . , X

ptq
p

¯

, with state space S either continuous or

discrete:

‚ the MCMC sampling strategy is to construct an irreducible,
aperiodic Markov chain for which the stationary distribution
equals the target distribution, f ;

‚ for sufficiently large t, a realization, Xptq, from this chain will
have approximate marginal distribution f ;

‚ there are many strategies for constructing a MCMC algorithm:
§ the Metropolis-Hastings algorithm;
§ the Gibbs sampler;
§ . . .
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Metropolis–Hastings Algorithm: introduction

The method begins at t “ 0 with the selection of Xp0q “ xp0q,

‚ drawn at random from some starting distribution, g;

‚ with the requirement that f
`

xp0q
˘

ą 0.

Given Xptq “ xptq, the algorithm generates Xpt`1q as follows:

1. sample a candidate X˚ from a proposal distribution g
`

¨|xptq
˘

;

2. compute the Metropolis-Hastings ratio,

R
´

xptq,X˚
¯

“
f pX˚q g

`

xptq
ˇ

ˇX˚
˘

f
`

xptq
˘

g
`

X˚|xptq
˘ ;

3. sample a value for Xpt`1q according to:

Xpt`1q “

"

X˚ with probability min
␣

R
`

xptq,X˚
˘

, 1
(

xptq otherwise
;

4. increment t and return to step 1.
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Metropolis–Hastings Algorithm: remarks

Remarks:

‚ if the chain is irreducible and aperiodic,
§ the unique limiting stationary distribution of the chain from

the Metropolis-Hastings algorithm is the target distribution;
§ irreducibility and aperiodicity depends on the proposal

distribution;
§ they must be checked diligently for any implementation.

‚ the sequence xp0q,xp1q, . . . will likely include multiple copies
of some points in the state space,

§ occurs when Xpt`1q retains the previous value xptq rather than
jumping to the proposed value x˚;

§ it is important to keep these copies;
§ the frequencies of sampled points are used to correct for the

fact that the proposal density differs from the target density.
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Metropolis–Hastings Algorithm: remarks

Remarks:

‚ persistent dependence of the chain on its starting value can
seriously degrade its performance

§ omit some of the initial realizations of the chain;
§ it is called the burn-in period;
§ it is an essential component of MCMC applications;

‚ it is also a good idea to run MCMC procedures like the
Metropolis–Hastings algorithm from multiple starting points,

§ to check for consistent results;
§ as seen for optimization algorithms;

‚ more on these issues in two weeks (§7.3).

STK4051: lecture 13 10/ 27



STK4051/STK9051 - Computational Statistics

Metropolis–Hastings Algorithm: choosing a proposal distribution

A well chosen proposal distribution produces:

‚ candidates that cover the support of the stationary
distribution in a reasonable number of iterations;

‚ candidates that are not accepted or rejected too frequently.

Both points are related to the spread of the proposal distribution,

‚ if too diffuse:
§ candidates are rejected frequently;
§ the chain requires many iterations to adequately explore the

space of the target distribution;

‚ if too focused:
§ the chain remains in one small region for many iterations;
§ other regions of the target distribution are not adequately

explored.
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Metropolis–Hastings Algorithm: expectations of functions

The distribution of realizations from the Metropolis-Hastings chain
approximates the stationary distribution of the chain as t Ñ 8, so

E thpXqu «
1

n

n
ÿ

i“1

h
´

xpiq
¯

.

Some useful quantities that can be estimated include:

‚ means, E thpXqu;

‚ variances, E
␣

phpXq ´ EthpXquq
2(;

‚ tail probabilities, E
␣

1thpXqďqu

(

for a constant q;

‚ virtually any other statistic that may be of interest!

It can also estimate f itself using density estimation methods.
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Metropolis–Hastings Algorithm: Independence chains

Suppose that the proposal distribution for the Metropolis-Hastings
algorithm is chosen such that g

`

x˚|xptq
˘

“ gpx˚q:

‚ this yields an independence chain, where each candidate is
drawn independently of the past;

‚ the Metropolis-Hastings ratio is then

R
`

xptq,X˚
˘

“
f pX˚q g

`

xptq
˘

f
`

xptq
˘

g pX˚
q
;

‚ the resulting Markov chain is irreducible and aperiodic if
gpxq ą 0 whenever fpxq ą 0;

‚
fpx˚qgpxptqq

fpxptqqgpx˚q
“

fpx˚q{gpx˚q

fpxptqq{gpxptqq
is a ratio of importance weights,

§ the algorithm behaves like importance sampling and SIR;
§ if fpxptqq{gpxptqq ąą fpx˚q{gpx˚q, the chain tends to get

stuck for long periods at the current value.
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Metropolis–Hastings Algorithm: Bayesian inference and MCMC

The Bayesian paradigm is based on the Bayes theorem,

ppθ|yq “
ppθqppy|θq

ş

ppθqppy|θq dθ
“

ppθqppy|θq

ppyq
9 ppθqppy|θq,

where

‚ ppθ|yq is the posterior density of θ;

‚ ppy|θq is the likelihood;

‚ ppθq is the prior density.

In Bayesian applications one uses MCMC to simulate from the
posterior distribution ppθ|yq,

‚ i.e., the target distribution is the posterior distribution.
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Metropolis–Hastings Algorithm: Bayesian inference and MCMC

Simple strategy: use the prior as a proposal distribution in an
independence chain.

In our Metropolis-Hastings notation,

fpθq “ ppθ|yq and gpθ˚q “ ppθ˚q.

Then the Metropolis-Hastings ratio is given by

R
`

θptq,θ˚
˘

“
ppy|θ˚q

p
`

y
ˇ

ˇθptq
˘ .

Remarks:
‚ if the proposal distribution is equal to the prior distribution,

§ the Metropolis-Hastings ratio equals the likelihood ratio;

‚ the support of the prior covers the support of the posterior,
§ the stationary distribution of this chain is the desired posterior;

‚ more sophisticated algorithms often have better performance.
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Metropolis–Hastings Algorithm: Mixture Distribution Example

Suppose we have observed data y1, y2, . . . , y100,

‚ sampled independently from the mixture distribution,

δNp7, 0.52q ` p1 ´ δqNp10, 0.52q;

‚ histogram in the next slides, generated with δ “ 0.7.

Note:

‚ mixture densities are common in real-life applications,
§ e.g., the data may come from more than one population;

‚ goal: use MCMC techniques to construct a chain,
§ whose stationary distribution equals the posterior density of δ;
§ assuming a Unifp0, 1q prior distribution for δ.
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Metropolis–Hastings Algorithm: Mixture Distribution Example

(Givens & Hoeting, 2013, figure 7.1)
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Metropolis–Hastings Algorithm: Mixture Distribution Example

Try two different MCMC proposal densities:

‚ Betap1, 1q: equivalent to a Unifp0, 1q distribution;

‚ Betap2, 10q:
§ skewed right with mean of 0.167;
§ values of δ near 0.7 are unlikely to be generated from the

proposal distribution.

Results using 10000 iterations of Metropolis-Hastings algorithm for
each proposal, reported in terms of:

‚ sample paths,
§ a plot of chain realizations, δptq, vs the iteration number, t;
§ useful for investigating the behavior of the Markov chain;

‚ histogram of realizations.
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Metropolis–Hastings Algorithm: Mixture Distribution Example

(Givens & Hoeting, 2013, figure 7.2)
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Metropolis–Hastings Algorithm: Mixture Distribution Example

(Givens & Hoeting, 2013, figure 7.3)
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Metropolis–Hastings Algorithm: Random walk chains

A random walk chain is a Markov chain produced via a simple
variant of the Metropolis-Hastings algorithm:

‚ draw ϵ „ hpϵq for some density h;

‚ set X˚ “ xptq ` ϵ.

Note that the proposal is then given by

g
´

x˚|xptq
¯

“ h
´

x˚ ´ xptq
¯

.

Common choices for h:

‚ uniform distribution over a ball centred at the origin;

‚ scaled standard normal distribution;

‚ scaled Student’s t distribution.
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Metropolis–Hastings Algorithm: Random walk chains

(Givens & Hoeting, 2013, figure 7.4)

Hypothetical random walk
chain for sampling a two
dimensional target
distribution (dotted lines)
using proposed increments
sampled uniformly from a
disk centred at the current
value.
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Metropolis–Hastings Algorithm: Mixture Distribution Example

Back to the Mixture Distribution Example,

‚ consider using a random walk chain to learn about the
posterior for δ under a Unifp0, 1q prior.

We generate proposals by adding a Unifp´a, aq to the current δptq:

‚ it is likely that some proposals will be generated outside the
interval r0, 1s during the progression of the chain;

‚ inelegant approach: note that the posterior is 0 @δ R r0, 1s,
§ thereby forbidding steps to such points;

‚ better approach: re-parametrise the problem:
§ let U “ logittδu “ logtδ{p1 ´ δqu;
§ run a random walk chain on U ;
§ generate a proposal by adding a Unifp´b, bq to uptq.
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Metropolis–Hastings Algorithm: Mixture Distribution Example

There are two ways to view the reparameterization.

The first option is to run the chain in δ-space:

‚ the proposal density gp¨|uptqq is transformed into a proposal
density in δ-space, taking account of the Jacobian;

‚ the Metropolis-Hastings ratio for a proposed value δ˚ is then

fpδ˚q gplogittδptqu|logittδ˚uq |Jpδptqq|

fpδptqq gplogittδ˚u|logittδptquq |Jpδ˚q|
,

where |Jpδptqq| is the absolute value of the determinant of the
Jacobian for the transformation from δ to u, evaluated at δptq.
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Metropolis–Hastings Algorithm: Mixture Distribution Example

The second option is to run the chain in u-space:

‚ the target density for δ is transformed into a target density for
u, taking into account the Jacobian;

‚ δ “ logit´1tUu “ exptUu{p1 ` exptUuq;

‚ for U˚ “ u˚, this yields the Metropolis-Hasting ratio

fplogit´1tu˚uq |Jpu˚q| gpuptq|u˚q

fplogit´1tuptquq |Jpuptqq| gpu˚|uptqq
;

‚ |Jpu˚q| “ 1{|Jpδ˚q|, so the options produce equivalent chains.

Next slide shows sample paths for δ from two random walk chains
run in u-space, setting U˚ “ uptq ` ϵ:

‚ top panel, chain generated by drawing ϵ „ Unifp´1, 1q;

‚ bottom panel, ϵ „ Unifp´0.01, 0.01q.
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Metropolis–Hastings Algorithm: Mixture Distribution Example

(Givens & Hoeting, 2013, figure 7.5)
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