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Univariate Problems: Newton’s method

Newton’s method is based on the first-order Taylor series
expansion. Suppose g1pxq continuously differentiable and
g2px˚q ‰ 0 in a suitable interval around x˚. Then

0 “ g1px˚q « g1pxptqq ` px˚ ´ xptqqg2pxptqq

Solving for x˚,

x˚ “ xptq
loomoon

current guess

´
g1pxptqq

g2pxptqq
looomooon

refiniment

.

This leads to the updating equation for Newton’s method,

xpt`1q “ xptq ´
g1pxptqq

g2pxptqq
.
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Univariate Problems: Newton’s method

(Givens & Hoeting, 2013, figure 2.3)
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Univariate Problems: Newton’s method

The step for this function (gpxq “ logpxq{p1 ` xq) is

xpt`1q “ xptq ´
pxptq ` 1qp1 ` 1{xptq ´ log xptqq

´3 ´ 4{xptq ´ 1{pxptqq2 ` 2 log xptqq
.

Starting from xp0q “ 3.0:

‚ we get xp4q « 3.59112;

‚ the bisection methods takes 19 iterations to correctly
determine the first 5 decimal;

‚ when converging, the order of convergence is quadratic:
§ when does it convergence?
§ how to compute the order of convergence?
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Univariate Problems: Newton’s method

(Givens & Hoeting, 2013, figure 2.4)
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Univariate Problems: Newton’s method

(Gentle, 2009, figure 6.4)
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Univariate Problems: Newton’s method

Theorem: If g1 has two continuous derivatives at x˚ and
g2px˚q ‰ 0, x˚ being a simple root of g1, then D a neighbourhood
of x˚ for which Newton’s method converges to x˚ when started
from any x in that neighbourhood.

Proof: g2px˚q ‰ 0 and g2 is continuous at x˚, D a neighbourhood
of x˚ within which g2pxq ‰ 0 @x. Let us confine interest to this
neighborhood, and define ϵptq “ xptq ´ x˚.

A Taylor expansion yields

0 “ g1px˚q “ g1pxptqq ` px˚ ´ xptqqg2pxptqq ` px˚ ´ xptqq2
g3pqq

2

for some q between xptq and x˚.
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Univariate Problems: Newton’s method

Rearranging terms,

xptq ´
g1pxptqq

g2pxptqq
looooooomooooooon

xpt`1q

´x˚ “ px˚ ´ xptqq2
looooomooooon

pϵptqq
2

g3pqq

2g2pxptqq
,

and since xptq ´ x˚ “ ϵpt`1q,

ϵpt`1q “

´

ϵptq
¯2 g3pqq

2g2pxptqq
.
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Univariate Problems: Newton’s method

Define the neighbourhood of x˚, Nδpx˚q “ rx˚ ´ δ, x˚ ` δs, δ ą 0.
Let

cpδq “ max
x1,x2PNδpx˚q

ˇ

ˇ

ˇ

ˇ

g3px1q

2g2px2q

ˇ

ˇ

ˇ

ˇ

Since cpδq Ñ

ˇ

ˇ

ˇ

g3px˚q

2g2px˚q

ˇ

ˇ

ˇ
as δ Ñ 0, then δcpδq Ñ 0 as δ Ñ 0. If one

chooses δ such that δcpδq ă 1 and if xptq P Nδpx˚q, then

ˇ

ˇ

ˇ
cpδqϵpt`1q

ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ

ˇ

´

ϵptq
¯2 g3pqq

2g2pxptqq
cpδq

ˇ

ˇ

ˇ

ˇ

ď

´

ϵptq
¯2

cpδq2.
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Univariate Problems: Newton’s method

Suppose that the starting value is not too bad, in the sense that
|xp0q ´ x˚| ď δ (i.e., ϵp0q ď δ), then

ˇ

ˇ

ˇ
ϵptq

ˇ

ˇ

ˇ
“

pcpδqδq
2t

cpδq
,

which converges to zero as t Ñ 8. Hence xptq Ñ x˚.

STK4051: Introduction & Review 11/ 36

STK4051/STK9051 - Computational Statistics

Univariate Problems: Newton’s method

Alternative check:
When g1 is twice continuously differentiable, is convex, and has a
root, then Newton’s method converges from any starting point.

Another set of conditions is:
If

‚ g2pxq ‰ 0 on ra, bs,

‚ g3pxq does not change sign on ra, bs,

‚ g1paqg1pbq ă 0,

‚ g1paq{g2paq ă b ´ a and g1pbq{g2pbq ă b ´ a,

then Newton’s method will converge from any xp0q in ra, bs.
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Univariate Problems: Convergence order

The speed of a root-finding approach is typically measured by its
order of convergence. A method has convergence of order β if
limtÑ8 ϵptq “ 0 and

lim
tÑ8

|ϵpt ` 1q|

|ϵptq|β
“ c

for some constants c ‰ 0 and β ą 0. Note:

‚ higher orders of convergence means faster approximation to
the true solution;

‚ faster algorithms are sometimes more prone to not converge
to the right solution: trade-off between speed and robustness.
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Univariate Problems: Convergence order

For Newton’s method,

lim
tÑ8

|ϵpt ` 1q|

|ϵptq|2
“

g3px˚q

2g2px˚q
.

Therefore, if Newton’s method converges,

‚ c “ g3px˚q{r2g2px˚qs;

‚ β “ 2.

The bisection method does not satisfy the condition for
determining order of convergence:

‚ there may be iteration in which xptq ´ x˚ does not shrink;

‚ it is consider having a linear convergence (β “ 1) because:
§ the interval length is halved at each iteration;
§ limtÑ8 |ϵptq| “ 0 if D a root in the starting interval.
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Univariate Problems: Newton’s method

Newton’s method in algorithmic form:

0. Set t “ 0, and find an approximate solution xp0q.

1. Set xpt`1q “ xptq ´
g1pxptqq

g2pxptqq

2. if
ˇ

ˇxpt`1q ´ xptq
ˇ

ˇ ă ϵ, return xpt`1q,
otherwise, set t “ t ` 1 and go back to step 1.

Note:

‚ whether Newton’s method converges depends on the shape of
g and the initial value xp0q.
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Univariate Problems: Fisher scoring

When we deal with maximum likelihood estimation,

θpt`1q “ θptq ´
ℓθpθptqq

ℓθθpθptqq

Since Ipθq is an alternative of ´ℓθθpθptqq, it is reasonable to use

θpt`1q “ θptq `
ℓθpθptqq

Ipθptqq
.

This approach is called Fisher scoring.

‚ Fisher scoring and Newton’s method have the same
asymptotic properties;

‚ for individual problems one may be computationally or
analytically easier than the other.
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Univariate Problems: Secant method

The refining term of the Newton’s method involves g2pxptqq:

‚ it may be difficult to compute;

‚ it can be approximated by
rg1pxptqq ´ g1pxpt´1qqs{rxptq ´ xpt´1qs.

.
The result is the secant method, which has updating equation

xpt`1q “ xptq ´ g1pxptqq
xptq ´ xpt´1q

g1pxptqq ´ g1pxpt´1qq
, t ě 1.

Note:

‚ two starting points are needed (xp0q and xp1q);

‚ local approximation of g1 using the secant line between xp0q

and xp1q;

‚ the next estimation, xp2q, is used together with xp1q to find
the following approximation, and so on. . .
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Univariate Problems: Secant method

(Givens & Hoeting, 2013, figure 2.5)
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Univariate Problems: Secant method

The secant method:

‚ converges under similar assumptions to Newton’s method;
‚ has order of convergence: p1 `

?
5q{2 « 1.62.

To prove it, consider an interval ra, bs : xp0q, xp1q, x˚ P ra, bs
suitably small, with g2pxq ‰ 0 and g3pxq ‰ 0. Let ϵptq “ xptq ´ x˚.
Then, from

xpt`1q “ xptq ´ g1pxptqq
xptq ´ xpt´1q

g1pxptqq ´ g1pxpt´1qq
,

one can find in a few steps

ϵpt`1q “

”

ϵptqϵpt´1q
ı

«

xptq ´ xpt´1q

g1pxptqq ´ g1pxpt´1qq

ff

looooooooooooomooooooooooooon

Aptq

»

–

g1pxptqq

ϵptq ´
g1pxpt´1q

ϵpt´1q

xptq ´ xpt´1q

fi

fl

loooooooooooomoooooooooooon

Bptq

.
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Univariate Problems: Secant method

Then:

‚ Aptq Ñ 1{g2px˚q as xptq Ñ x˚ (g2 is continuous);

‚ Bptq « g3px˚q ϵptq´ϵpt´1q

2pxptq´xpt´1qq
Ñ g3px˚q{2 as xptq Ñ x˚.

Therefore
ϵpt`1q « dptqϵptqϵpt´1q

with

dptq Ñ
g3px˚q

2g2px˚q
“ d as t Ñ 8.
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Univariate Problems: Secant method

Remember that finding the order of convergence means to find β
such that

lim
tÑ8

ϵpt`1q

|ϵptq|β
“ c

where c is a constant.
If this holds (ϵpt`1q « c|ϵptq|β), the equation ϵpt`1q « dptqϵptqϵpt´1q

becomes
c|ϵptq|β « dptq|ϵptq||ϵptq|1{βcp´1{βq

i.e.,

lim
tÑ8

|ϵptq|1´β`1{β “
cp1`1{βq

d

As cp1`1{βq{d is a positive constant, we need 1 ´ β ` 1{β “ 0, i.e.
β “ p1 `

?
5q{2 « 1.62.
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Univariate Problems: Secant method

The secant method in algorithmic form:

0. Set t “ 1, and find two approximate solution xp0q and xp1q;

1. Set xpt`1q “ xptq ´ g1pxptqq xptq´xpt´1q

g1pxptqq´g1pxpt´1qq

2. if
ˇ

ˇxpt`1q ´ xptq
ˇ

ˇ ă ϵ, return xpt`1q,
otherwise, set t “ t ` 1 and go back to step 1.

Note:

‚ similar to the Newton’s method, including conditions for
convergence;

‚ it may be robustified by forcing the solution within an interval
(“regula falsi method” or “Illinois method”), at the cost of
reduced convergence rate.
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Univariate Problems: Fixed-point method

The fixed-point method: instead of finding a root of g1, find a
fixed point of a function G such that g1pxq “ 0 ô Gpxq “ x

‚ a fixed point is a point where fpxq “ x;

‚ then xpt`1q “ Gpxptqq;

‚ e.g., the obvious choice Gpxq “ g1pxq ` x leads to

xpt`1q “ xptq ` g1pxptqq.
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Univariate Problems: Fixed-point method

The convergence depends on G. In particular if G satisfies

‚ Gpxq P ra, bs if x P ra, bs;

‚ |Gpx1q ´ Gpx2q| ď λ|x1 ´ x2|, @x1, x2 P ra, bs, λ P r0, 1q;
§ the function is Lipschitz continuous;
§ λ is called the Lipschitz constant.

Then:

‚ D! fixed point x˚ in ra, bs;

‚ the algorithm converges to x˚ from any xp0q P ra, bs;

‚ |xptq ´ x˚| ď λt

1´λ |xp1q ´ xp0q|.

The (order of) convergence depends on λ:

‚ the Lipschitz condition holds if |G1pxq| ď λ ă 1, @x P ra, bs;

‚ for Gpxq “ g1pxq ` x it means |g2pxq ` 1| ă 1 on ra, bs.
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Univariate Problems: Fixed-point method

Rescaling:

‚ if g2 is bounded and does not change sign on ra, bs, we can
rescale, Gpxq “ αg1pxq ` x, for α ‰ 0:

§ αg1pxq “ 0 ô g1pxq “ 0;
§ α : |αg2pxq ` 1| ă 1 on an interval including xp0q;

‚ one can calculate a suitable α;

‚ the book suggest a “try and fail” approach;

‚ the effectiveness of method depends on the choice of G;

‚ For example, for g1pxq “ x ` log x:
§ with Gpxq “ px ` e´xq{2 converges quickly;
§ with Gpxq “ e´x converges more slowly;
§ with Gpxq “ ´ log x fails to converge.
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Univariate Problems: Fixed-point method

Note:

‚ both Newton’s method and the secant method are special
cases of fixed-point iteration;

‚ in general, all Newton-type methods.

Example:

‚ gpxq “ log x{p1 ` xq;

‚ Gpxq “ g1pxq ` x;

‚ scaling with α “ 4.
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Univariate Problems: Fixed-point method

(Givens & Hoeting, 2013, figure 2.6)
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Multivariate Problems: Introduction

Multivariate optimization means to find the minimum (maximum)
of a function g of a p-dimensional vector x “ px1, . . . , xpqT :

‚ nothing different from the univariate case, just extensions;

‚ still iterative methods;

‚ corresponds to find the solution of a system of equations;

‚ similar idea for the convergence criterion. Using a distance,
e.g., Dpu, vq “

řp
i“1 |ui ´ vi| or Dpu, vq “

a

řp
i“1pui ´ viq2;

we can define the absolute

Dpxpt`1q, xptqq ă ϵ

and relative convergence criteria

Dpxpt`1q, xptqq

Dpxpt`1q, 0q
ă ϵ or

Dpxpt`1q, xptqq

Dpxpt`1q, 0q ` ϵ
ă ϵ.
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Multivariate Problems: Newton’s Method and Fisher Scoring

Newton’s method
As for the univariate case, from the first order Taylor expansion,

0 “ g1px˚q « g1pxptqq ` px˚ ´ xptqqT g2pxptqqpx˚ ´ xptqq

we obtain
xpt`1q “ xptq ´ g2pxptqq´1g1pxptqq.

Fisher scoring
Similarly, substituting the second derivative with its expected value
in a MLE problem,

θpt`1q “ θptq ` Ipxθptqq´1ℓθpθptqq,

which is asymptotically equivalent to the Newton’s method.
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Multivariate Problems: Newton’s Method and Fisher Scoring

(Givens & Hoeting, 2013, figure 2.7)
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Multivariate Problems: Iteratively Re-weighted Least Square

Consider finding the MLE of a GLM (Generalised Linear Model):

‚ density from an exponential family

fpy|θq “ exptyθ ´ bpθqu{ϕ ` cpy, ϕq,

where:
§ θ is the canonical parameter;
§ ϕ is the dispersion parameter;
§ ErY s “ b1pθq and V arrY s “ b2pθqϕ.

‚ given a vector of covariates zi for Yi, i “ 1, . . . , n,

gpErYi|zisq “ zTi β,

where:
§ g is the link function;
§ β is a vector of unknown parameters.
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Multivariate Problems: Iteratively Re-weighted Least Square

In particular, consider the logistic regression (Bernulli distribution),

‚ Yi|zi „ Bernullipπiq, i.i.d. i “ 1, . . . , n;

‚ θi “ logpπi{p1 ´ πiqq;

‚ bpθiq “ logp1 ` exptθiuq “ logp1 ` zTi βq;

‚ ϕ “ 1.

The log-likelihood function is

ℓpβq “ yTZβ ´ bT1

where: 1 “ p1 . . . 1qT , y “ py1 . . . ynqT , b “ pbpz1βq . . . bpz1βqqT ,
and Z is the n ˆ 2 matrix with i-th row p1 ziq.
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Multivariate Problems: Iteratively Re-weighted Least Square

To implement the Newton’s method, we need the score function

ℓβpβq “ ZT
`

y ´ exptZTβ{p1 ` ZTβqu
˘

“ ZT py ´ πq

and the observed Fisher information

ℓββpβq “ ´ZTWZ

where W “ pπ1p1 ´ π1q . . . πnp1 ´ πnqqI.

It result in the step

βpt`1q “ βptq ´ ℓββpβptqq´1ℓβpβptqq

“ βptq `

´

ZTWptqZ
¯´1

pZT py ´ πqq .

As Ipβq “ ErZTWZs “ ZTWZ “ ´ℓββpβq, there is no difference
between Newton’s method and Fisher scoring.
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Multivariate Problems: Iteratively Re-weighted Least Square

Defining eptq “ y ´ π, the step can be written as

βpt`1q “ βptq `

´

ZTWptqZ
¯´1

pZTeptqq

“

´

ZTWptqZ
¯´1

„

´

ZTWptqZ
¯

βptq ` ZTWptq
´

Wptq
¯´1

eptq

ȷ

“

´

ZTWptqZ
¯´1

ZTWptqxptq

with xptq “ Zβptq `
`

Wptq
˘´1

eptq being the working response.
Note:

‚ βpt`1q are coefficients computed from the weighted least
squares regression of xptq on Z;

‚ x’s are computed at each steps and used to update the β’s.
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Multivariate Problems: Human Face Recognition

Consider the example on face recognition (Zhao et al., 1998):

‚ n “ 3215 (1072 training, 2143 test);

‚ response Y P t0, 1u, with 1 meaning success;

‚ covariate z: absolute difference in eye region difference;

‚ the model is that of the previous slide.

Using Newton’s method:
(t) 0 1 2

βptq

ˆ

0.95913
0.00000

˙ ˆ

1.70694
´14.20059

˙ ˆ

1.73725
´13.56988

˙

(t) 3 4

βptq

ˆ

1.73874
´13.58839

˙ ˆ

1.73874
´13.58840

˙
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