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Problem 1

a) A stationary AR(p) time series is a stationary time series satisfying
the recursion xt = ϕ1xt−1 + · · · + ϕpxt−p + wt where ϕ1, . . . , ϕp are
constants ϕp ̸= 0 and wt is a white noise sequence. In operator notation
ϕ(B)xt = wt where ϕ(z) = 1−ϕ1z−· · ·ϕpzp. If all the roots of ϕ(z) = 0
are outside the unit circle, 1/ϕ(z) can be represented as a power series
1/ϕ(z) =

∑∞
j=−∞ ψjz

j , |z| < 1. Then xt can be represented by the one
sided series

∑∞
j=−∞ ψjwt−j , i.e. in terms of past shocks. Such a time

series is called causal.

b) The characteristic polynomial 1 − z/3 − 2z2/9 has roots equal to −3
and 3/2 which are both larger than 1 in absolute value. Therefore the
time series is causal.

c) Noting that E(xt) = 0 so by multiplying xt+h+xt+h−1/3+2xt+h−2/9 =
wt+h with xt and taking expectations it follows that the auto covariance
γ(h) must satisfy the difference equation γ(h) − γ(h − 1)/3 − 2γ(h −
2)/9 = 0. The expectation E(wt+hxt) = 0, h = 1, 2, . . . because
xt is causal and therefore can be expressed by wt, wt−1, . . . which
are uncorrelated with wt+h. The autocorrelations ρ(h) = γ(h)/γ(0)
must satisfy the same recursion which has the general form a(2/3)h +
b(−1/3)h. The first initial condition is ρ(0) = a + b = 1. The second
follows by multiplying xt − xt−1/3 − 2xt−2/9 = wt with xt−1 and
taking expectation. Then ρ(1) − 1/3 − 2ρ(−1)/9 = 0 which equals
ρ(1) − 1/3 − 2ρ(1)/9 = 0, since ρ(1) = ρ(−1), or 7ρ(1)/9 = 1/3.
Inserting ρ(1) = a(2/3)+ b(−1/3) = (1− b)(2/3)− b(−1/3) = 2/3− b.
Thus (7/9)ρ(1) = (7/9)(2/3− b) = 1/3 or b = 2/3− (9/7)(1/3) = 5/21
and a = 16/21. Thus ρ(h) = (16/21)(2/3)|h| + (5/21)(−1/3)|h|, h =
0,±1,±2, . . ..

d) The partial auto correlation is found by solving the Yule-Walker
equations Γhϕh = γh for successive dimensions. For dimension

(Continued on page 2.)
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1: γ(0)ϕ11 = γ(1) or ϕ11 = γ(1)/γ(0) = ρ(1) = (16/21)(2/3) +
5(21)(−1/3) = 3/7. For dimension 2 we know the solution is ϕ22 =
ϕ2 = 2/9 and for higher dimensions ϕhh = 0.

Problem 2

a) A state space model is defined by the state and measurement equation.
State equation: xt = µ+ axt−1 + wt, initial value x0
Measurement equation: yt = bxt + vt.

b) Since the observations yt are a function of the states plus stationary
uncorrelated noise, stationarity of the variable describing the state is
sufficient for the bivariate variable (xt, yt) to be stationary, i.e the
expectations and variances must be time independent.

Since E(x0) = 0, E(xt) = 0 for all t so µ = 0 is a condition
for stationarity of xt and therefore yt. Then also E(yt) = 0 which
also do not depend on t. By taking the variance of both sides of
xt = axt−1 + wt, and using that the a stationary distribution must
be independent of t, var(xt) = a2var(xt−1) = var(wt) or var(xt) =
σ2w/(1 − a2). Hence σ20 must be satisfy σ20 = σ2w/(1 − a2). Then
var(yt) = b2σ2w/(1 − a2) + σ2v and cov(xt, yt) = bσ2w/(1 − a2). The
argument is valid for all finite values of b.

Also cov(xt+h, xt) = E(xt+hxt) = a|h|σ2w/(1 − a2), cov(yt+h, yt) =
E[(bxt+h + vt+h)(bxt + vt)] = b2a|h|σ2w/(1 − a2) and cov(xt+h, yt) =
E[xt+h(bxt + vt)] = ba|h|σ2w/(1− a2) for h = ±1,±2, . . ..

c) Since the variables wt and vt are assumed to be independent Gaussian
distributed the variables xt and yt are also Gaussian provided the
initial value is constant or Gaussian? But Gaussian variables
are characterized by the first and second moment. Therefore the
stationary distribution of (xt, yt)

′ is the Gaussian distribution with
the expectation and covariance matrix described in part c)

Problem 3

a) fX(ω) =
∑∞

h=−∞ γ(h)e−2πiωh. It follows that

fX(−ω) =
∞∑

h=−∞
γ(h)e2πiωh =

∞∑
h=−∞

γ(−h)e−2πiωh =

∞∑
h=−∞

γ(h)e−2πiωh = fX(ω)

since γ(h) = γ(−h) and

fX(1− ω) =
∞∑

h=−∞
γ(h)e−2πi(1−ω)h =

∞∑
h=−∞

γ(−h)e−2πihe2πiωh

=
∞∑

h=−∞
γ(h)e−2πiωh = fX(ω)

since e−2πih = 1 for all integer h.

(Continued on page 3.)
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b) This is explained in Shumway and Stoffer page 222. We know

γY (h) =

∫ 1/2

−1/2
e2πiωhfY (ω)dω.

On the other hand

γY (h) = cov(yt+h, yt) = cov(

∞∑
j=−∞

ajxt+h−j ,

∞∑
k=−∞

akxt−k)

=

∞∑
j=−∞

∞∑
k=−∞

ajγX(h− j + k)ak

=

∞∑
j=−∞

∞∑
k=−∞

aj(

∫ 1/2

−1/2
e2πiω(h−j+k)fX(ω)dω)ak

=

∫ 1/2

−1/2
(

∞∑
j=−∞

aje
−2πiωj)(

∞∑
k=−∞

ake
2πiω(k)e2πiωhfX(ω)dω

=

∫ 1/2

−1/2
e2πiωhA(ω)A(ω)fX(ω)dω

Equating the two representations for γY (h) and using the uniqueness
of the Fourier transform

fY (ω) = |A(ω)|2fX(ω).

c) When the roots of ϕ(z) = 0 and θ(z) = 0 are outside the unit circle the
rational function θ(z)/ϕ(z), |z| < 1 has a power series representation
θ(z)/ϕ(z) =

∑∞
j=0 ψjz

j = Ψ(z). Then yt =
∑∞

j=0 ψjwt−j so fY (ω) =

|Ψ(e−2πiω)|2fW (ω) = σ2w
|θ(e−2πiω)|2
|ϕ(e−2πiω)|2 .
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