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Problem 1

Let {xt}∞t=−∞ be a stationary time series with E[xt] = 0 and cov(xt+h, xt) =
γx(h) <∞ for h = 0,±1, . . ..

a) When does the spectral density, fx(ω), of the time series {xt} exist
and how is it defined?

b) Let {aj}∞j=−∞ be a sequence of real numbers such that Σ∞j=−∞|aj | <∞.
Define a new time series {yt}∞t=−∞ by yt = Σ∞j=−∞ajxt−j . Explain how
the spectral density, fy(ω), of {yt} can be expressed by the spectral
density fx(ω).

c) Let yt = xt − xt−4 where {xt} is a moving average time series of order
1, i.e. a MA(1) time series. What is the spectral density, fy(ω), of
{yt}?

Problem 2

Consider the linear process

xt = Σ∞j=−∞ψjwt−j (1)

where wt is white noise wt ∼ wn(0, σ2w) and Σ∞j=−∞|ψj | <∞.

a) Show that the covariance of xt is given by cov(xt+h, xt) = γx(h) =
σ2wΣ∞j=−∞ψj+hψj .

b) Explain what an ARMA(p,q) time series is and what it means that
the time series is causal and invertible. What are the conditions
an ARMA(p,q) time series must satisfy in order to be causal and
invertible?

c) Express a causal and invertible ARMA(1,1) time series on the form
(1).

(Continued on page 2.)
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d) Use the results from part a) and c) to find an expression for the
covariance of a causal and invertible ARMA(1,1) time series.

Problem 3

Let {wt} and {vt} be to sequences of independent normally distributed
random variables where wt ∼ N(0, σ2w) and vt ∼ N(0, σ2v).

a) Show that the two recursive equations

52µt = wt and yt = µt + vt (2)

and
µt = µt−1 + ηt, ηt = ηt−1 + wt and yt = µt + vt (3)

both can be expressed as state space models by defining the states
as xt = (µt, µt−1)

′ and xt = (µt, ηt)
′. Explain what the state and

measurement equations are.

b) Show that the normal initial distributions x00 = (0, 0)′ and P 0
0 =(

σ2w 0
0 σ2w

)
for (2) and x00 = (0, 0)′ and p00 =

(
σ2w σ2w
σ2w 2σ2w

)
for (3)

will imply the same distributions for observations from the recursions
in (2) and (3) .

c) Using the initial distributions from part b) find the Kalman gain at
time t=1, i.e. K1, for the two models.
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