
Assignment in STK4060/STK9060-sp18

Posted: Thursday May 3rd at 9 am.

Deadline: Monday May 7th at 9 am.

This is text for the final assignments in STK4060/STK9060-sp18. It
consists of five problems. Both handwritten reports and answers using a word
processing system are acceptable. Each student must deliver a separate and
individually formulated report. That means that you should not compare
your answers, and discussion of the problems should only involve general
viewpoints on how the problems can be solved.

There are two ways to deliver the reports. You can choose what is most
convenient.

1. You can deliver two paper copies with your candidate number at the
Math department’s expedition at Ullev̊al. Remember to indicate whether
you attend STK4060 or STK9060.

2. Use the electronic filing system, inspera, for uploading exam papers.
https://www.uio.no/studier/eksamen/inspera/
Remark that you can only upload one file.

Problem 1

On the webpage of the course you find a series {intt} which are the marginal
after-tax interest rate for Norwegian household from 1984, quarter 1 when
regulation of interest rates where abolished in Norway, until the financial
crisis in 2008, quarter 2.

In this problem you shall model the series using autoregressive models.

a) The R-package ar is a procedure for determining the order of the
autoregressive process and estimating the identified model. Use the
information from help(ar) to give an explanation of how the default
version works. What is the result for the series {intt}?

b) Use the procedure sarima from the R-package astsa to inspect how
well the suggested model from part a) fits. Suggest an AR(p) model
which gives a better fitting model.

c) Consider the coefficients in the AR(p) model you suggested in part b).
Eliminate the terms with non-significant coefficients and estimate this
model using ordinary least squares.

d) Use autocorrelations and partial autocorrelations to inspect the resid-
uals in the model you found in part c). Comment on the result.

e) Plot the spectral density of the model from parts c) and d).
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f) Find the roots of the characteristic polynomial of the model from part
c). Is the model causal? Here you can use the procedure polyroot in
R.

Problem 2

In this problem we will consider some alternative formulations of some com-
mon time series models.

a) Consider a stationary AR(p) model of the form

xt = φ1xt−1 + · · ·+ φpxt−p + wt

where wt, t = 0,±1,±2, . . . is white noise, wt ∼ wn(0, σ2
w). An alter-

native formulation is

Oxt = πxt−1 + γ1Oxt−1 + · · ·+ γp−1Oxt−p+1 + wt (1)

where Oxt = xt − xt−1. Express π, γ1, · · · , γp−1 by φ1, · · · , φp.

b) Referring to part a), express φ1, · · · , φp by π, γ1, · · · , γp−1.

The correspondence from part a) and b) is also valid for vector processes,
so called vector autoregressive, VAR, models, see p. 273 in Shumway and
Stoffer. Then π, γ1, · · · , γp−1 and φ1, · · · , φp are square matrices.

c) In the multidimensional case explain why the matrix π cannot be in-
vertible if the process xt is not stationary, but Oxt is.

Now consider a linear process of the form xt = Σ∞j=0ψjwt−j where wt, t =
0,±1,±2, . . . is white noise, wt ∼ wn(0, σ2

w) and where ψj is exponentially
decreasing, i.e |ψj| < cδj for some c > 0 and 0 < δ < 1. Define the power
series Ψ(z) = Σ∞j=0ψjz

j.

d) Show that Ψ(z) may be written Ψ(z) = Ψ(1) − (1 − z)Ψ∗(z) where
Ψ∗(z) = Σ∞j=0ψ

∗
j z

j and ψ∗j is exponentially decreasing. Express ψ∗j by
ψj, j = 1, 2, . . ..

e) Let xt be a MA(1) process xt = wt + θwt−1, |θ| < 1. How is Ψ∗(z) in
this case? Verify the identity from part d) for the MA(1) time series.

f) Let xt be a AR(1) process xt = φxt−1 + wt, |φ| < 1. How is Ψ∗(z) in
this case? Also, verify the identity from part d) for the AR(1) time
series.

Problem 3

Consider the MA(1) process xt = wt + θwt−1, |θ| < 1 . Let xnn+1 be the best
linear predictor of xt+1 based on x1, . . . , xn, i.e. xnn+1 = Σn

j=1φjxn+1−j.
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a) Show that the prediction equations imply that the coefficients φ1, . . . , φn
satisfy the difference equation

θφj−1 + (1 + θ2)φj + θφj+1 = 0, j = 2, . . . , n− 1

with conditions

(1 + θ2)φn + θφn−1 = 0 and (1 + θ2)φ1 + θφ2 = θ

b) Explain why the prediction equations can be written on matrix form
as

Γnφn = γn.

What are Γn, φn and γn.

c) Solve the difference equation from part a).

d) Let θ = 0.3. Find an expression for the partial autocorrelation function
of {xt}.

e) Compute the partial autocorrelation function for n=1,2 and 3. Verify
that you get the same result from the R-command ARMAacf.

Problem 4

Consider a state space model of the form

xt = φxt−1 + wt

yt = xt + vt

where wt and vt are independent Gaussian variables with expectation zero
and variance q and r respectively. The initial condition is x00 = 0 and P 0

0 = 1.

a) Show that the expected mean square errors P t−1
t satisfy the recursion

P t−1
t = φ2(

rP t−2
t−1

P t−2
t−1 + r

) + q

b) Show that if P t−1
t → P , P satisfies the equation P = (φ2r+q)P+rq

P+r
.

Assume in the following that q = r = 1.

c) Show that under the condition in part b) P t
t → P

1+P

d) Also find an expresssion for the limit of the expected mean square error
of the smoothed value xt+1

t , i.e. limt→∞ P
t+1
t under the condition in part

b).
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e) Verify that P = limt→∞ P
t−1
t ≥ limt→∞ P

t
t ≥ limt→∞ P

t+1
t and explain

why this result is reasonable.

Problem 5

Suppose that {xt} is a stationary process with autocovariance function γ(h)
satisfying Σ∞h=−∞|γ(h)| <∞ so that the spectral density fx(ω) exist.

a) Let Γn be the covariance of n observations from {xt}. Show that Γn is
non-negative definite, i.e. a′Γna ≥ 0 for all a ∈ Rn.

b) Show also that a′Γna
∗ ≥ 0 for all a ∈ Cn where a∗ is the vector where

the elements are the conjugates of the elements in a.

c) Use the result from part b) to show that fx(ω) ≥ 0.

d) Problem 4.12 on the convolution property of the discrete Fourier trans-
form from the textbook by Shumway and Stoffer.
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