
Additional exercise 2 to STK4080/9080

Assume that we have counting processes Ni(t); i = 1, 2, . . . , n; registering the occur-

rence of an event of interest for n individuals. We assume that the intensity processes

are of the Cox regression form, i.e.

λi(t) = Yi(t)α0(t) exp(β0xi), (1)

where the Yi(t)’s are at risk indicators and the xi’s are fixed covariates. Note that we

use β0 to denote the true value of the regression coefficient, while β will be used to

denote the argument of the partial likelihood L(β) [cf. (4.7) in the ABG-book] and

other quantities depending on β.

In this exercise we will indicate the main steps in the derivation of the large sample

properties of the maximum partial likelihood estimator β̂ for β0. The exercise is a

supplement to section 4.1.5 in the ABG-book (where the situation with p covariates is

considered both for Cox’s model and for models with general relative risk function).

We introduce the notation:

Sk(β, t) =
n∑

l=1

Yl(t)x
k
l exp{βxl} for k = 0, 1, 2

E(β, t) =
S1(β, t)

S0(β, t)

V (β, t) =
S2(β, t)

S0(β, t)
−
(
S1(β, t)

S0(β, t)

)2

a) Show that the logarithm of the partial likelihood may be written

l(β) = logL(β) =
n∑

i=1

∫ τ

0

{βxi − logS0(β, u)} dNi(u),

where τ is the upper time limit for the study.

b) Show that the score function becomes

U(β) = l ′(β) =
n∑

i=1

∫ τ

0

{xi − E(β, u)} dNi(u), (2)

and that the observed information takes the form

I(β) = −l ′′(β) = −U ′(β) =

∫ τ

0

V (β, u)dN�(u), (3)

where N�(u) =
∑n

l=1Ni(u) is the aggregated counting process.



c) Use (1), (2), and the decomposition dNi(t) = λi(t)dt + dMi(t) to show that the

score function becomes

U(β0) =
n∑

i=1

∫ τ

0

{xi − E(β0, u)} dMi(u) (4)

when evaluated at the true value β0 of the regression coefficient.

d) Note that (4) may be written as U(β0) = U(τ, β0), where

U(t, β0) =
n∑

i=1

∫ t

0

{xi − E(β0, u)} dMi(u). (5)

Explain that (5) is a mean zero martingale. Use (2.48) in the ABG-book to show

that the predictable variation process of this martingale may be written

⟨U(·, β0)⟩ (t) =
∫ t

0

V (β0, u)S0(β0, u)α0(u)du.

e) Explain that the aggregated counting process N�(t) has intensity process λ�(t) =

S0(β0, t)α0(t) and use this to show that the observed information (3) evaluated

at β0 may be decomposed as

I(β0) = ⟨U(·, β0)⟩ (τ) +
∫ τ

0

V (β0, u) dM�(u),

where M�(t) is the martingale corresponding to the aggregated counting pro-

cess N�(t).

f) Use the results of questions d and e to show that E{I(β0)} = Var{U(β0)}.

By the martingale central limit theorem and the results of questions c-f one may show

that U(β0) is approximately normally distributed with mean zero and a variance that

may be estimated by I(β0). [Since β0 is not known, we in practice use I(β̂) to estimate

the variance.]

We will indicate how we from this result may obtain the approximate distribution of β̂.

g) Explain why U(β̂) = 0 and use a first order Taylor expansion of U(β̂) around β0

to show that

U(β0)− I(β0)(β̂ − β0) ≈ 0 (6)

h) From (6) we obtain

β̂ − β0 ≈
U(β0)

I(β0)

Use this to explain (details are not needed) that β̂ is approximately normally

distributed around β0 with a variance that may be estimated by 1/I(β0). [Since

β0 is not known, we in practice use 1/I(β̂) to estimate the variance.]


