THE MARTINGALE CLT
LECTURE NOTES STK4090/9090 SPRING 2025

EMIL A. STOLTENBERG

AssTrACT. These notes were written for the course STK4090,/9090 Statistical
large sample theory given at the University of Oslo in the spring of 2025. The
martingale central limit theorem for discrete time martingales is proved by
way of the Lindeberg swapping technique, assuming the conditional Lindeberg
condition and convergence in probability of the predictable quadratic variation.
To get the basic ideas of the proof, the clt for independent random variables
is proved first. In preparing these notes I have, to various extents, drawn
on Hall and Heyde (1980), Helland (1982), Pollard (1984) (for Theorem 4),
Shiryaev (1996) (for Lemma 7), Lalley (2014) (for Theorem 9), and Hiusler
and Luschgy (2015) (for Lemma 8).

1. PRELIMINARIES

In this section we collect a few results that are used in the central limit theorems
below. Most of these results have been proven in class, so some or most details in
the proofs are left to the reader.

Lemma 1. On (Q, F,Pr) with G C F, the random element X : Q — (X, A) is G-
measurable, while Y : Q — (Y, B) is independent of G. For any measurable function
g: X x ¥ — R such that E|g(X,Y)| < oo,

E((X.Y)19) = [9(X.0)dPr(), s,
where Py = PrY 1 is the distribution of Y.

Proof. Sketch of proof from class: Start with g(z,y) = Iaxp(z,y) for A € A
and B € B. For any G € G, EIgE (IAXB(X; Y) | g) = EIGIAxB(X, Y)., and
EIG f IAxB(X-,y) dPy(y) = EI(;IA(X) EIB(Y) = EIGIAxB(X, Y) bythe assumed
independence. This shows that the lemma is true for all sets of the form A x B, with
A e Aand B € B. Next, apply Dynkin’s lemma in order to lift this to indicator
functions g(z,y) = Ic(z,y) for the potentially more complicated sets C' € A® B.
Then proceed to simple functions, nonnegative function via monotone convergence,
and finally any integrable function. This proof recipe is sometimes referred to as
bootstrapping. O

Lemma 2. If X;, -3 X and Y, — X, =, 0, thenY,, =4 Y.

Proof. Proved in class: Let F be a closed set, and define F* = {z: d(z, F) < £},
which is closed. Use the Portmanteau theorem to argue that limsup,, Pr(Y,, < F) <
Pr(X € F) + 4, for any é§ > 0. O

Lemma 3. X,, 4 X if and only if X,, + 0Z,, -4 X + 0Z for each o > 0, where
Zn, Z ~ N(0,1) are independent of X,,, X, respectively.
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Proof. Use the same Portmanteau strategy as in the proof of Lemma 2. O

Theorem 4. Let (X,,) be a sequence of random variables. Then X,, —4 X if and
only if Eg(X,) = Eg(X) for all g € C;°(R), i.e., for all bounded and continuous
functions g: R — R with bounded and continuous derivatives of all orders.

Proof. Sketch: Since Cy°(R) C Cy(R) = {bounded and continuous functions}, one
way is obvious. For the converse, let Z,, ~ N(0,1) independent of X,,, and f €
Cy(R), then for o > 0, Ef(Xn +0Z,) =Eg,(X,), where

9o(z (=3(z - u)*)du,

and g, € Cp°(R). In proving that go is bounded and smooth, the dominated
convergence theorem is used for two purposes: To prove continuity of the pth
derivative g’ (z) of g5, and to prove that we can pass the derivative under the
integral sign. For both purposes we need du-integrable functions K),(u) such that
|z — ulP exp(—%(z — u)?) < Kp(u) for all z € S, where S is an open interval. If
S = (—¢,¢) for a given £ > 0, for example, then

utePexp(-3u+e)?),  u<—p-
Kp(u) = pp/Q exp(—%p), _plfl2 —esu< p1/2 + &,
u—elfexp(—s5lu—¢g)°), P+ e < u,
P ; 2 1/2 <

does the job. Assuming that Eg(X,) — Eg(X) for all g € C;°(R), we have
that for any f € C4(R) E f(X,, +0Z,) =Eg,(X,) = Ego(X) =E f(X +02), for
Z ~ N(0,1) independent of X, and ¢ > 0, and X,, —4 X follows from Lemma 3. [

For the applications in the clts below, Theorem 4 is redundant. All we need for
the clts of the next two sections is that g is a bounded and continuous function with
at least three bounded and continuous derivatives, infinitely many are not needed.
Let CF(R) be the space of bounded and continuous function g: R — R with &
bounded and continuous derivatives. We may prove that X,, —4 X if and only if
Eg(X,) = Eg(X) for all g € CF(R), using the exact same methods as in the proof
of Theorem 4, but only caring about the k first derivatives this time.

2. THE LINDEBERG CLT

The proof of the martingale clt presented in Section 3 mimics the proof of the
clt for independent square integrable random variables (‘the Lindeberg clt’). To
easier appreciate the basic ideas of the proof, we prove this latter theorem first.
By (Xn.i)1<i<k, n>1 being row-wise independent is meant that X, 1,..., X, &, are
independent for each n. Here k,, is a sequence of integers increasing with n, and
quite often k,, = n.

Theorem 5. Let (X, i)1<i<k, n>1 be a triangular array of row-wise independent
mean zero square integrable random variables. If

(a) Zk” EX?, — d® for o® > 0;
(b) Zf’,:l EXn,iI|Xn,;'|2E‘ — 0 for each & > 0,
then 221 Xni —a N(0,07%).

Proof. Write G’YZH: =EX g ;> andlet g: R — R be a bounded and continuous function
with at least three bounded and continuous derivatives. We are going to show that
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Eg(X%", X)) = Eg(o€), with € ~ N(0, 1), which is the same as 5", X,, ; —4 0.
As shown in class, for any £ > 0 there are § > 0 and K such that
l9(r +z) — g(r) — g'(r)z — 39" (r)2?| < e2® + Ka?1jy)55, (1)

uniformly in r and z. For each n, let &, 1,...,&, %, be i.i.d. N(0,1) and set Z,, ; =
Jn i€n,i for 1 <i < k,, and each n, so that 221 Zni ~ & with £ ~ N(0,1). Define
R, = Zk ! X Zﬁ es1Zn,i- By the Lindeberg swapping trick

kn

kﬂ,
|E9(2Xn,1 Eg Zzﬂ.t | < Z|E {g( ‘n,k +Xnk) (Rn_.k"i_zn_.k)”' (2)
i=1

k=1
Since R,,  is independent of X,, ;. and of Z,, j, and EX,, , =EZ, ;, =0,
Eg' (R, 1) Xnix =Eg' (Rnk)Zni =0,
and, again using the independence R, , 1 X,, ; and R, ;, 1 Z,, ; and that E X g =
EZi,k it holds that
E Q”(Rn‘.k)Xi,k = EQI!(er,k)Zg,_k = Ui,_k Eg¢"(Rnk),

These equalities allow us to add g(Rn.) —|— 9 (Rnx)Xnk + ég”(Rn k) X2 k and
subtract g(Rn k) +9'(Rnk)Znr+ 2g”(Rn k)  k inside the expectation on the right
in (2). Thus, using the triangle inequality followed by the bound from (1)

E{g(Rnxr + Xnk) — 9(Rnk + Zn i)}
= |E{g(Rnr + Xn k) — 9(Bnk) — ¢ (Rn k) Xnk — ggﬂ(Rn k) n,k
~9(Bn + Zn i) = 9(Bnk) = 9'(Ru k) Zn i — 39" (Rn k) Z2 1]}
<20+ KEX I\x, 25 + KEZ] (17, 425

n.k'!

(3)

Summing up and using Conditions (a) and (b), we then get

n n kn
|E§(an,t’) - EQ(Z Zn,i)| < 20% + ZEZE,,kI|ZnIR‘|26 +0o(1),
i i=1 k=1

as n — 0o, where the o(1) term comprises the convergence in (a) and the Lindeberg
condition in (b). Since Z, ; ~ 0, i€n s and &, 1,. .., &k, are iid. N(0,1), we get
that for £ ~ N(0,1)

Ky kn
Y EZ Lz, 25 = Y 0n kEE€ e 135/0,4 < TP EE g5/, +0(1),
k=1 k=1

where 72 = maxg<n 02, and the o(1) term comes from Condition (a). But by
Condition (b),

— mdeXm <n?+ ZEXYL?,Ian (=n = n®, for any n >0,
i=1

and therefore 7, — 0, which implies that E £2I¢/>5/,, — 0 since £? is integrable.
We conclude that

kﬂ kn
lim sup |E g( Z Xni) Eg(z Zn )| <207,
i=1 i=1

but since £ > 0 was arbitrary, the theorem is proved. O



3. THE MARTINGALE CLT

For each n, (X, i)1<i<k, is a sequence of random variables, and (F,, ;)o<i<k, 1S
a filtration. The triangular array (X, i, Fn i)1<i<k,n>1 is then a square integrable
martingale difference array if forall 1 <i <k, andn>1.
(i) Xn, is Fp i-measurable;
(i) EXZ; < oo;
(iii) E(Xpni|Fni 1) =0, almost surely.

Given such an array we can construct a sequence of square integrable martingales

k
M= Xni, 1<k<ky, (4)
i=1
where these are martingales with respect to (F, i)o<k<k, for each n. Define also
the predictable quadratic variation

k
(Mvn Mn)k = ZE (Xi,t- | -Fn',g:_l)-, for 1 <k <k,,
i=1
and (M, M, )o = 0, and notice that (M,,, M,,)x is F, r—1-measurable. Any process
with this peek-ahead property is said be predictable.
In Theorem 9 we prove that Zf:l Xn,i — N(0,0?) provided
(i) (My, M)k, —, o? for a constant o2 > 0;
(i) S5 B(X2, Ix, e | Faiz1) = 0, for each & > 0,
The second of these conditions is referred to as the conditional Lindeberg condition,
or simply the Lindeberg condition. Many of the equalities in the following only hold
almost surely, without that being explicitly stated each time.

Lemma 6. If (ii) holds, then max;<k, E (X2 ;| Fpnj-1) — 0.
Proof. For € > 0, maxj<k, E(X2; | Fujo1) < €2+ S0 B(X2 dix, 3¢ | Fric1),

n,j
and the lemma follows since £ > 0 is arbitrary. O
The next lemma is Lenglart’s inequality in discrete time. The continuous time
version can be found in Jacod and Shiryaev (2003, p. 35).

Lemma 7. Let (X, ;, Fni)i<i<k, n>1 be a square integrable martingale difference
array, and let M,, ; be as defined in (4). For anye,d >0,

é
Pr{;réiaf M, | >€) < = + Pr({My, M)k, = 6).

Proof. Let 1, be a stopping time with respect to (F, j)o<i<k,, i.e., T, has range
{0,1,...,kn}. ThenE M;?;,T“ = (M,, M), essentially by Doob’s optional stopping
theorem (see, e.g. Shiryaev (1996, pp. 484-486) for a proof). Note that the equality
EM?, = (M,, M,,)} is straightforward to derive, so the difficulty lies in k — M2
being evaluated in a stopping time. For some £ > 0, set

rn =min{k € {0,1,...,7}: Mg_.k. > el
Then r,, is a stopping time w.r.t. (F,, j)o<j<k, (since {r, = j} = {Mﬁ,j > e} € Fn,
for each j7), and
E(M,, M,),, >E(M,,M,),, =EM?,
>EM?, I

2
o mas, ., [Maj|2e = € Pr({nax|Mn_.j| >e).

JSTn



This gives the inequality

E (Mn: Mn)f,,

Pr(max | My, 5| 2 €) < %

J

b

valid for all stopping times 7,,. For any e >0 and 6 > 0

Pr(max My ; > &) < Pr(max My ; > &%, (Mp, M)k, < 8) +Pr((Mp, My)x, > 9).
J_ T ! j_ !

n

The second probability on the right is fine, so we concentrate on the first one.
Define

Spn = IIli.Il{k € {01 1? ey kn, - 1}‘ (Mn: Mn)k+1 e 6}:
and take s, = k, if there is no such k& Then s, is a stopping time because
(M,,, M) is predictable. Since k — (M,,, M)\ is increasing and s, < ki,

. 2 2
max MYI,jI(Mn;Mn}kn <4 S Iléa:)( Mﬂ,jI(n'fﬂsn'va
=fn

< max M?,
i<kn i<k <= ™

an jikﬂ,f\sn o7

which combined with the inequality just derived gives

Pr(;r_%::g M2 ;> (M, M)k, <96)= Pr(i;gl-,f: M2 I, oy, <8 = €2)

1
< Pr(_ max M; ;> €%) < ZE(Mp, My)ins,.,

and since (M,,, M,,)kns, < & by the definiton of s,,, the inequality is proved. O
The following lemma provides a reduction that simplifies the proof of the clt.

Lemma 8. Let (X, ;, Fp i)i<i<k.n>1 be a square integrable martingale difference
array satisfying (i) and (ii). Then there exists a square integrable martingale
difference array (Y i, Gn i)1<i<k,.+nn>1 Satisfying (ii), such that

kn kp+n
(Wa, W)k, 4n = o?, a.s., for alln, and ZX”": — Z Yoi—p 0, asn — oo,
i=1 i=1

where Wi, = Zle Yoifork=1,... .k, +n.

Proof. Define o2, = E(Xfl?i | Friz1) for 1 <4 < k,, n > 1. For each n, let
(an,_k)kn-i-lgkgkﬂ-i-.n be ii.d. random variables with distribution Pr(a,; = 1) =
Pr(a,; = —1) =1/2, and define A,, x = 0(an k,+15- -5 nk) for kn+1 < k < k,+n,
and for each n take the (a, ,41,.-.,an 2,) to be independent of F,, ; . Define

7, =max{k € {0,1,...,k,}: (M,, M) < arz}?

and notice that {r, > k} = {{(M,,, M,,)r. < %} since k — (M, M) is increasing
for each n, and that {r,, > k} € F,, x_1 since (M,,, M, ) is predictable. Define also

Ui =02 — (M, Mp)., n>1,
and

Yok =

?

X’n,_kfk'gf“; 1 S k S kn;
'Unan,k/\/ﬁ: kn+1<k<k,+ mn,
as well as
g _ fn,k: 0 S k S kﬂ:
T Fagn VA, ka+1<k <k, +n.



Then G, x—1 C G for all 1 < k < k,, +n, 80 (Gnk)o<k<k, +n 18 a filtration for
each n, and Y,, ;. is clearly adapted to this filtration, i.e., ¥, » is G, r-measurable
for each n and k. Importantly, for 1 <k <k,

E (Ka,k | gﬂ.,k) =E (Xn,k-[kg'rn |F'n,_k) = IkSTﬂ,E (Xn,k |Jrn,k) = 0;

and since vy, is F,, i, —1-measurable, we see that for k, +1 <k <k, +n
. v
E (Kz,k |gn,k'—1) = \/_% E (an,k |J:n_.k—l vV Aﬂ.,k—]) = ﬁ Ean,k = 0:
using that a,; is independent of F, ,_; V A, x_1. By square integrability of
Xnk and ay ., we also have EY?E_k <ooforalll <k < k,+nandn > 1.
This shows that (Y}, i, Gn i)1<i<k,+n,n>1 IS a square integrable martingale difference
array. Moreover,

kn 2 kn+n
- 2 T . Un 2
S - T =Tn s N K= S
(Wn:Wn)k “+n ZE(X 1,1',11,(1‘ |Jrn1 1) + n Z E(an_k |}-n.k 1 V-Ank 1)
i=1 i=knp+1

= (Mm Mn}fn + "Ui = (Mn: Mn)m + (02 - <Mm Mﬂ)m) = 02:

since E{aﬁ‘_k | Fak—1V Ank—1) = Eanp = 1. Thus (W, Wy, )k, 4n = 02 as. for
all n. That it also satisfies the conditional Lindeberg condition follows from its
construction and Conditions (i) and (ii): Given & > 0

kn+n kn
Y EXZidy, 56| Gnio1) = > E(X] idk<r x5 | Faic1)
i=1 i=1
1 kn4n
+ - > E@iad Ia, .z | Foka V Anio1)
i=k,+1
1 kn4n
= ; Z E (viai,iﬂvnan,ﬂzf |‘Fnkﬂ, v Avl,f,—l) + OP(]')
i=kp+1

= Uif|"-‘n|25 + OP(U?
where the o0,(1) is due to by Condition (ii) by which

kﬂ k""'
2 2
Y B(X2 dk<r ix, e | Fric1) <D B(X2 I x, e | Fric1) = 0p(1),
i=1 i=1
and
1 kn+n
2. 2 a2 a2
- Y B djuanize | Fuk V Anic1) = 02, 5 = 211, 56
i=k,+1

since a,,; € {—1,1} and F,, i, -measurability of v,, (the equality can also be obtained
by Lemma 1). We now show that v2 = 0,(1). To see that it is, introduce the events

A, ={(M,, M), <o’}, n=12,....
Notice that 7, = k, on A,, while on A
(Mp, Mp)r, + 05 1 1 = (M, Mp)r, 1 > 0°
This entails that on A¢

) 2 2 2 _ .2
max o, >0, 11 >0 — (M, Myp)r, = v, > 0.
1<i<kn



Thus for any 1 > 0,

Pr(vj > n) = Pr({v} > 7}, An) + Pr({v; > n}, A5,)
< Pr({|o? — (M, M), | =0} Ay) + Pr{{ mdx or i n}, AS)

Pr(jo* — (M, Mu)i, ) + Pr( max o?; > .

where the first term on the right tends to zero by Condition (i) and the second term
tends to zero by Lemma 6. We conclude that

kn4n

Z E (Yfii‘{lYn,ilZE |Gn,i-1) —=p 0,

i=1

which is to say that (Y, Gni)i<i<k,+nn>1 satisfies the conditional Lindeberg
condition. Finally,

k,+n k,+n
Z Ynz ZXn,n = ZX'n tff,{f,, ZXnt+ n Z Qn i
i= i= 1 kn+1
kn kn+n
= Z X’n,_?'.I?'.>1‘“ Z Qp -
i=1 1 kn+1

The second term on the right tends to zero in probability because v, —, 0 and
n-1/2 > “‘:'Y:_l an; —+q N(0,1) by the clt for i.i.d. random variables. For the first
term on the right, notice that (X, ;I;~,,)1<i<k, are square integrable martingale
differences with respect to (F, ;)o<i<k, for each n > 1. By Lemma 7, to show that
Zk“ X ili>r, —p 0, it therefore suffices to show that Zk“ E (X7 iLisr, | Fn,iz1)
tends to zero in probablhty. But

ko kv
ZE rH. Ii>r, |"rﬂ,i 1 ZJn disr, = Mﬂ=M ) <M'mMﬂ>1‘n

= (Mn; M’n)kn —a -I-’Uf“

where (M, M)k, — 0* —, 0 by (i), and v2 —, 0 as shown above. This entails
that 77 kntn y Yii— k“ 1 Xn,i =p 0, and the lemma is proven. a

Theorem 9. (MARTINGALE CLT). Let (X, ;, Fn,i)1<i<k,n>1 be a square integrable
martingale difference array, and let M, ; be as defined in (4). If

(i) (Mn, Myp)k, —p 02 for a constant a2 > 0;

(i) S E(X2.0ix, e | Faio1) = 0, for each e >0,
then M, , —q N(0, 02).

Proof. By Lemma 2 and Lemma 8 it is enough to prove that M, ,, —4 N(0,0?)
under the simplifying assumption that

(M,, M), =0c? as., forall n, (5)

instead of Condition (i). So in the remainder of the proof we assume that (5) holds.
Define 07 ; = E (X2 ;| Fni-1), so that (M, M,); = Zle o2 i, and notice that
under (5) we have (M,,, M,,)r < o? as. forall1 <k <nandeachn. Let g: R > R
a bounded and continuous function with at least three bounded and continuous
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derivatives. Given £ > 0, let § > 0 and K be such that the bound in (1) holds. If
we show that
k?l

Eg(z Xﬂ-,i) — Eg(o—é‘): 5 ~ N(01 1): (6)

i=1

then by Theorem 4 the job is done. For each n, let &, 1,...,&nk, be i.id. N(0,1),
independent of F,, x,, and define

Z’n;i = Jn,\ign,t': 1<:i< kn;n > 1
Then, due to (5), 31" | Z,, ; ~ N(0,0?%) (which you may check with using characteristic
functions), so proving (6) is the same as proving

kn

kn
EQ(Z X’n,_t') - EQ(Z Zn,i) -0
i=1 i=1

Now we proceed as in the proof of Theorem 5. Define

kn

rLk—ZXrL1+ Z an

i=k+4+1

Using the Lindeberg swapping trick and the tower property of conditional expectation
followed by the triangle inequality, we get

kn kn

|E{5" ZX':'H, Zznz }| < E Z|E{g »nk+Xn .k) (Rﬂ,k+zn,k)|ﬁa,k—l}|-

As in the proof of Theorem 5, the key to what follows is that

E (gf(Rn,_k)Xn,k | ‘;rn,k—l) =E (5"’ (Rﬂ‘.k)zﬂsk | ‘FYLJL‘—I): a.8., (7)
and
E(¢"(Ruk) X2 | Fak-1) = E(¢"(Ruk)Z2 1| Fk—1), as.. (8)

Because if these equalities hold, we can add and subtract just as in (3), only inside
the conditional expectation E {g(R, x + Xnx) — 9(Rnx + Zn k)| Fnk—1} this time,
and obtain

kﬂ kn kﬂ
|E{g( ZX?H g(zznt H< 20’ +K ZEXnJIXMI“H'}'K ZEZ:«HIIZMIM
i=1 i=1 i=1 i=1

For the time being, let us assume that (7) and (8) hold, so that the above display
is true. By (ii) and
kr

Z E(Xn 1I|Xn i|=4 |Jrn k— 1) (Mﬂ:‘ Mn).k,, = 0—2: a.s., for all n
i=1

by (5), the dominated convergence theorem yields

kn kn

Y EX2 x> =EY E(X2 Ix, 5| Far-1) = 0.
i=1 i=1
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Set 72 = maxi<, 05, and let ¢(z) = exp(—32°)/v2m be the standard normal
density. Then

kn kn

ZE22,€I|Zn,é|Z§ =E ZE(Z?;.,?:IlZn,élZa | Fk—1)
i=1 i=1

k'l

_ 2 2 .

=B Y 0} B s, jen.>s | Fri—1)
i=1
k'l

—EZGYH/ 221(0, ;|| > 8)¢(z) dz

kn

<EZG,H/ 221 (yn|z| > 8)¢(z) dx

=o’E fzgf(y,L|m| > 8)¢(x) dz
=o* [ 2 Pr(alel 2 8)6(e)dz 0,

where the third equality comes from Lemma 1, and the last equality from Fubini—
Tonelli. To see that fa:2 Pr(yn|z| > 0)¢(z)dz — 0, notice that since vy, —, 0
by Lemma 6, we have 22 Pr(y,|z| > §) — 0 for each x; and since z2 Pr(v,|z| >
§) < 2? for all n, and [ 2?¢(z) dz = 1, the convergence follows from the dominated
convergence theorem. We have now shown that limsup,, |E g{Zk“ Xni)—Eg(c€)| <
2e0? for £ ~ N(0,1), provided (7) and (8) are true. Since £ > 0 was arbitrary, this
means that the theorem is proven, provided (7) and (8) are true.

Finally, we show that (5) implies (7)&(8). Let g/ = ¢’ and ¢‘® = ¢”. Since
Fok—1 C Fnp, forall 1 <k < k,, we get from the tower property of conditional
expectation and F,, ,-measurability of X, ; that for p=1,2

E(g(p)( ‘1 k) i,k |Jt;1.,k—1) =E (E (g(p)(Rn,k) | ‘;rn,kﬂ )Xf:,k |fn,k—1)' (9)

To compute the inner conditional expectd,tion on the right, we need to find the
conditional distribution of R,, » = E Xn i+ El ki1 Zn,i given Fy, g, and this
is where the assumption in (5) comes in. Define

Ui,k =o? - (Mn: Mn)k: 1<k<nmnz1,

and note that v2 x> 0and ZJ 2 et 02 i,k almost surely by (5), and that vi,k

is Fok—1- medsurdble foreach1 <k < kn By the tower property and Lemma 1,

kn kﬂ
Eexp(it Y Zn;)=EE{exp(it Y o ;n;) | Fur.}
J=k+1 j=k+1

o
:Ejexp(it Y onjzi)b(The) - S(a,) dopg - day,

j=k+1
kv kr
=E H ‘/exp(iton,ja:)qﬁ(m) dz=E exp(—%t2 Z G’i,j)
j=k+1 j=k+1

=E exp(— lt2 ik) E exp(itv, x£),
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where £ ~ N(0, 1) is independent of F,, j,. But this shows that under (5),
k-1
Rn,k | ‘;rn,k“ ~ Z Xﬂ.,j + U’n,_k&:
j=1
for £ ~ N(0,1) independent of F,, x_1. In other words, conditionally on F, x,, the
random variable R, ; is equal in distribution to a random variable consisting solely
of F k,-measurable components and a component independent of 7, j,. But this
means that we can apply Lemma 1 to the inner conditional expectation on the right
in (9),
k—1
E (g(p) (Rn,k) | E}.,k“) = /g(p) (Z Xn,j + Un,km)‘i’(m) CL’L‘, a.s.,
j=1
where we see that the right hand side in F,, ;_;-measurable (since g() is measurable,
but the implication we use here is not completely trivial), and therefore
k—1
E (g(p) (R'n,_k) | Jrn,_k—l) = fg(p)(z X’n,_j + Un,kz)‘:ﬁ(x) d$1 a.8.,
j=1
by the tower property of conditional expectation. Combining this with (9), we get

E (S’I(Rn,k)Xn,k |-7:n_.k'—1) =E (S’I(Rn,k) |‘Rz,k—1) E (Xn,k |‘Rz,k—1) =0,
and
E (9" (Rui) X7 i | Fak—1) = E("(Rui) | Frk—1) oo -
Since Zp x = Onilnk Where oy, x is Fp k—1-measurable and &, x is independent of
Ry, i and of Fp, k—1, we get

E (9" (Rn k)22 4, | Fak-1) = E (g (Rnk) | Fag—-1) ob LE (€0 ),

and since E (£, 1) =0 and E ( i,k) =1, the equalities in (7) and (8) hold, and the
theorem is proved. O
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