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Temporal processes

Data collected over time

= Past, present, future, change
» [s the temporal aspect important?
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Temporal processes

Data collected over time

= Past, present, future, change
» [s the temporal aspect important?

We focus on a statistical approach to modelling

= Variability through randomness
» Learning dynamical structure from data
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Introduction

Characterization of temporal processes

Denoted Y(:) or {Y(r) : r € D¢}

= rtime index
= Y(r) multivariate, deterministic or stochastic (Y(r) if univariate)
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Introduction

Characterization of temporal processes

Denoted Y(:) or {Y(r) : r € D¢}

= rtime index
= Y(r) multivariate, deterministic or stochastic (Y(r) if univariate)

D; specifies type of process

= Continuous time process, Y(t): D; C (—o0, 00) or [0, o)
= Discrete time process, Y Dy € N or N*
= Point process: Random times with the value at each time called mark

Continuous time may be measured or modeled discrete
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Introduction

Examples of temporal processes
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Process model formulation

Process model as a hierarchical model
OnetimeseriesY={Y;:t=1,...,T}

[Y] = [V1, .. Yr] = ] [YalYal[YalY2, Val -+ - [YrlYroa, .o V1]
Does the past influence the present? A first order Markov assumption is

[YelYez1, oo Yol = [YelYe-1]
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Process model formulation

Process model as a hierarchical model
OnetimeseriesY={Y;:t=1,...,T}

[Y] = [V1, .. Yr] = ] [YalYal[YalY2, Val -+ - [YrlYroa, .o V1]
Does the past influence the present? A first order Markov assumption is

[YelYez1, oo Yol = [YelYe-1]

Two processes X, Y with

T T
X] = H[Xt|xt—1], [YIX] = l_[ YelYe—1, X, Xe-]

t=1 t=1

Does X; and/or X;_1 influence Y;? Easier to answer than: Does X influence Y?
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Model components

Time series model components

Assume {Y; : t =1, 2,...}, time series

= Mean function u: = E(Y;), deterministic
= Autocovariance function

Cy(t,r) = Cov(Yy, V) = B{(Ye —ue)(Yr —pr)}, tr €Dy

= Variance function otz = Var(Yy) = Cy(t, 1)
» Autocorrelation function (ACF)

Cy(t, f')

VCy (t, t)Cy(r,r)

py(t,r) = e [-1,1]
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Model components

Guess the ACF (Hyndman and Athanasopoulos, 2018)

1. Daily temperature of cow 2. Monthly accidental deaths 3. Monthly air passengers 4, Annual mink trappings
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Model components

Covariance functions are nonnegative definite functions

Consider V = 3V, a;¥,, = a’Yy for I = {t;}/Y, any finite subset of D;

= We have
N
var[V] = Z a?Var(Vy) +2 Z aajcov(Vy, Vy)
P 1<ig<N
=a'Cy,a

where Cy, is the covariance matrix of Yi
= Need a’Cy,a > 0 for all a (since var(V) > 0)
= Cy, specified through Cy(-)
= A function satisfying this requirement is a nonnegative definite function
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Stationarity

» Weak/second order stationarity requires
1. E(Yy) = u, forallt € D;
2. Cov(Ys,Y,) =Cy(t—r) forallt,r € D;

» Strong stationarity requires
1. Forany (t,....tm) and any ©

[Yl'p ey Yi’m] = [Yf1+T:
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Model components

Which series is stationary? (Hyndman and Athanasopoulos, 2018)
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Model components

Which series is stationary? (Hyndman and Athanasopoulos, 2018)

@ ®) © = (d), (h) and (i) have seasonality
J m = (a), (¢), (e), (f) and (i) have trends
] ; and changing levels, (i) also has
o an increasing variance
Sh e i o s e s s e = Thus, only (b) and (g) are
(d) (e) . .
stationary (the cycles in the lynx
- M W series are aperiodic)
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Modelling temporal dependence

Assume Yq, ..., Y, time series
Simple model

Vi ~Gau(u, 0%/ (1 - a%))

Ve =i +a(ye1 — ) + 8, & ~ Gau(0,0%),
This is an autoregressive model of order 1, AR(1)

" Y, ~ N(u,0%/(1 —a?) forall t
» Independenceifa=0
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AR(1)

AR(1) - alternative formulation
The simple model formulation implies Y = (Y1, ..., Y5) is multivariate Gaussian
with
E[Y] = u
Var[Y¢] = 0%/(1 — a?)
Cor[Ys, Yerel = a" = Cy(7)

Can write

Y ~Gau(u1,X)

Yt :Var[Yt]
It ter =CoV[Ye, Yerr] = ZuCor|[ Vs, Yeue]
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AR(1) - extensions

The alternative formulation

Y ~Gau(u1,X)
L =0°/(1 - @)
Lt t+r =Lq0" = Lt Cy (7)
allows for extensions:

= Including covariates: Y ~ Gau(Xp, £)
= Other correlation structures: Xt ¢ = Z#Cy(T)
= Higher dimensional processes
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Basic time series models

{W,, t € N} iid zero-mean random variables with var(W;) = o2

» White noise Yy = W;

2
Oy

=0
0, +

T
T 1,+2,---

C(7) = {
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Common models

Basic time series models
{W,, t € N} iid zero-mean random variables with var(W;) = o2

» White noise Yy = W;

2
Oy

=0
0, +

T
T 1,+2,---

C(7) = {

» Random-walk: Y; = Y;_1 + W;. Not stationary
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Common models

Basic time series models
{W,, t € N} iid zero-mean random variables with var(W;) = o2

» White noise Yy = W;

2
Oy

=0
0, +

T
C(7) =
@={

» Random-walk: Y; = Y;_1 + W;. Not stationary

» Autoregressive AR(p): Ye = 1Yo + -+ - + 0pVe—p + Wt
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Common models

Basic time series models
{W;, t € N} iid zero-mean random variables with var(W;) = o2

» White noise Yy = W;

2
a.,

0
0, +

T=
T 1,+2,---

C(7) = {

» Random-walk: Y; = Y;_1 + W;. Not stationary

» Autoregressive AR(p): Ye = 1Yo + -+ - + 0pVe—p + Wt

= Moving average MA(q): Yy = Wy + B1Wi_q + -+ -+ BgW;_q

= ARMA(P,Q): Ye = oq1Yeq + -+ 0pYep + We + BiWeq + -+ - + BgWi_g
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Common models

Basic time series models
{W;, t € N} iid zero-mean random variables with var(W;) = o2

» White noise Yy = W;

2
a.,

0
0, +

T=
T 1,+2,---

C(7) = {

» Random-walk: Y; = Y;_1 + W;. Not stationary

» Autoregressive AR(p): Ye = 1Yo + -+ - + 0pVe—p + Wt

= Moving average MA(q): Yy = Wy + B1Wi_q + -+ -+ BgW;_q

= ARMA(P,Q): Ye = oq1Yeq + -+ 0pYep + We + BiWeq + -+ - + BgWi_g

= ARIMA(p,d,q): Y{ = aq Yt_1 +--o 4 ath’_p + We + BiWeq +- - - + BgWi_g, Where
Y{ is the d times differences series (“I" for “integrated")
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Covariance functions for AR/MA processes

» AR(1): Cy(7) = &]
= MA(1): Cy(7) given by

1, 7=0
Cy(t) =05 B1, T=1
0, 7>1

In general
= AR processes: Decay exponentially

= MA processes: Zero outside lag
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Parameter estimation

Simple parameter estimation

Assume second-order stationarity

.
a=1 Z Y, Sample mean
=1

T-7
C(7) :17 Z(Y”T -(Ye=0) Empirical autocovariance function
t=1

Can divided by T — 7 for unbiased estimate

Dividing by T gives a nonnegative definite function
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Parameter estimation

General parameter estimation

= Method-of-moments
o Set of linear equations for AR models
= Maximum likelihood
o Usually need numerical optimization for maximizing the likelihood
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Parameter estimation

Example (Hyndman and Athanasopoulos, 2018)

library(forecast)
library(ggplot2)
library (fpp)
autoplot (elecequip)

120-

elecequip
N
o
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60- T T i
2000 2005 2010
Time

Figure 1: Electrical equipment orders index in the Euro area
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Parameter estimation

Example cont. (Hyndman and Athanasopoulos, 2018)

elecequip %>% stl(s.window='periodic') %>’ seasadj() -> eeadj
autoplot (eeadj)

2000 2005 2010
Time

Figure 2: Seasonally adjusted electrical equipment orders index in the Euro area
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Parameter estimation

Example cont. (Hyndman and Athanasopoulos, 2018)
eeadj %>% diff() %>% ggtsdisplay(main="")
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Figure 3: Time plot, ACF and PACF plots for the differenced seasonally adjusted data.
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Example cont. (Hyndman and Athanasopoulos, 2018)

(fit <- Arima(eeadj, order=c(3,1,1)))

Series: eead]
ARIMA(3,1,1)

Coefficients:
arl ar?2 ar3 mal
0.0519 0.1191 0.3730 -0.4542
s.e. 0.1840 0.08883 0.0679 0.1993

sigma®2 = 9.737: 1log likelihood = -484.08
AIC=978.17 AICc=978.49 BIC=994.4
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Parameter estimation

Example cont. (Hyndman and Athanasopoulos, 2018)
checkresiduals(fit)

Residuals from ARIMA(3,1,1)
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UNIVERSITETET Figure 4: Residual plots for the ARIMA(3,1,1) model.
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Parameter estimation

Example cont. (Hyndman and Athanasopoulos, 2018)
autoplot (forecast(fit))

Forecasts from ARIMA(3,1,1)
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Figure 5: Forecasts for the seasonally adjusted electrical orders index.
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R Markdown

R Markdown

https://vimeo.com/178485416
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