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Introduction

Lattice processes

{Y(s) : s € D}, Ds finite (or countable) » [ »
and s (typically) corresponds to an area :

Let

__ |1 ifsjands; are neighbors
7710 otherwise

Aim: Construct model based on {W;}

We call these Markov models
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Markov models in two dimensions | Gaussian CAR models in space

Define N(s;) = {j; Wj = 1}, the neighbor set of site i with s; € Ds.
The conditional autoregressive (CAR) process is given by

E[Y(s)IY-1= D c¥(s)
JeN(si)
var[Y(s)|Y-i] =a7

1

If this yields a legal simultaneous distribution:

Y ~ Gau(0,Q ")

with Q; = 072, Qj = —a; c; for j # i and Q; = Qj;.
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Markov models in two dimensions | Markov random fields: Requirements

Some basics for defining these models

" y=(y(s1),...¥(sn)) €R"

= Q={y:P(y) >0}, @ = {y(si) : P(y(s;)) > 0}

= Positivity condition: Q = Q1 X - - - X Q (not essential, but simplifies results)
® Besag's Lemma (Brook's Lemma): Fory,w € Q it holds that

n

Pry) _ [ Pry(si)1y(s1), ...,y (Si=1), W(Sis1), ..., W(Sn)
Pr(w) Pr(w(s)ly(s1), ..y (si-1), W(Sis1), ., W(sp)

i=1
Gives relationship between conditional and simultaneous distributions
(if simultaneous distribution exist)
= Typically w fixed (e.g w = 0), gives
ﬁ Pr(y(S)1y(51), oy (Si-1), W(Sis1), ooy W(Sn)
Pr(w(si)1y(s1), ...y (8i-1), W(Si+1), ..., w(sn)

Pr(y) o«
i=1

= (lique: A set of locations that consists either of a single site or a set of sites that are all neighbors to
each other
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Markov models in two dimensions | Negpotential function

Assume P(0) > 0. Then the negpotential function is defined by
Q(y) = log{Pr(y)/Pr(0)}.

For example, if Y ~ Gau(0,Q~ "), then Q(y) = —(1/2)y"Qy fory € R".
We also define so-called G-functions where it holds that

Q) = > ¥iGiy) + > yyiGi(visy) + > yiyykGiis Yo Yi)
i fj

ijk
+-- +y1_y2 o '}/mG1,..,,m(y1, ,}/m)
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Markov models in two dimensions | MRF requirements

Hammersley-Clifford theorem

The negpotantial function Q given by

Q(y) = ZM‘G/O’;) + ZYI)/jGij(yi:yj)"'
i ij

ijk

satisfies the property: If {i, i2, ..., i} is not a clique, then G;, ;,.. ;i (-) = 0.
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Markov models in two dimensions | MRF requirements

Proof of the Hammersley-Clifford theorem

“Not a clique” means there exist two variables that are not neighbors. Assume
these are iy =iand iy = /. Definey; = (y1, .., Vi1, 0, Yi+15 - ¥m). Then

Pr(y) Pr(yily-i)
= do not depend on
Pr(y)  Pr(Oly_)) g 4

Pry) _ . P
Priy) p(Q(y) — Q(y)

It follows that Q(y) — Q(y;) does not depend on ;.
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Markov models in two dimensions | MRF requirements

Proof of the Hammersley-Clifford theorem, part II

Q(y) = QUY) =YiGiy) + Y yiGij WY + O YiyGiju Vi Yjp Vi) + -+

Jj#i Jok#i

Setting y; = 0 forj # i,/ implies yy,G;;(yi,y1) = 0
o For y; = 0t holds that y;y,G;,(yi, ;) = 0 for any y;
o This implies y;y/G; (v, y;) = 0 for y; # 0 and any y;
o This again implies G;;(y;,y;)) =0

Similarly: Putting y; = 0,/ # i, k, | implies G (¥i, Yk y1) =0
= etc.
Implies all G's containing /,/ are zero.

UNIVERSITY
OF OSLO 7



Markov models in two dimensions | MRF requirements

Existence of simultaneous distribution

Besag's lemma and Hammersley-Clifford theorem give results assuming
simultaneous distribution exist.

Assume conditional distributions exist and
1. Q=Q1 Xy X ---XQp
2. The G-functions are invariant under permutation

3. Dteoexp{Q(t)} < o
Then simultaneous distribution exist.

Condition 1 can be relaxed, see eq (4.116) in the book.
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Markov models in two dimensions | Auto-spatial models

Auto-spatial models

Auto-spatial models: Only second order G-function terms
Qy) = D ¥iGiy) + > yyGiiny))
i i

This class of models includes
= the CAR model
= |atent Gaussian processes
= the auto Poisson model
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Markov models in two dimensions | Auto-spatial models

CAR model with u =0

m 1 1 _ m 1 1
log Pr(y) == = log(27) = 5 log|Z| = Sy' 27"y = == log(27) + S log 1| - Sy'Qy

2
m 1 1 m 1 1 > 1
=~ log(2m) + > log |Q| - 5 Izjyfof,y, =~ log(2m) + 5 log |Q| - 5 Zy, Qi 5 Zj;v}y,-of,y,-

yields

1
log Pr(0) = — g log(27) + 5 log |Q|
1 1
Qly) =-— 5 ZY/ZQH -5 Z Z,V/'Qijyf
i i JEN;
1 1
Gi(yi) =— EYIQII Gi(yiy)) = _zQij, G (Vi Yj» k) =0
Note: {/,j, k} might be a clique but still G (y;, ), yx) = 0.
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Markov models in two dimensions | Auto-spatial models

CAR model with u =0

Pr(y) =Pr(0)e?W)
1 1
Qy) =-3 ZJ’,-ZQ/‘/ ~3 ZYiQijyj

i#f

=—%ZY;ZQH—%Z ZYIQijyj
i

i jeN;

Assume Q; = 0. Then
| ] le = 0
=g Njandj¢ N,
» If N are small for all j, then Q is sparse
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Markov models in two dimensions | Auto-spatial models

Latent Gaussian processes
Assumey ~ MVN(u, Q") (Q sparse ) and zily ~ f(zily;) (cond. independent). Then

p(ylz) «p(y)p(zly) = p(y) ﬂ p(zilyi)
log p(y12) =Const - 7/ 1og(2m) + 5 log |Ql - 5 Dy + Y josfely)

Q(y) = logp(ylz) — logp(0]z) = - Zy,o,,y, + Z logf (zilyi) — Z logf (210)

=-= Zy, Qi + Z logf (zilyi) - Z logf(210) - Zy,o,,y,

6i(y) = = Qi+ Y, lowf (aly) ~ log (z110)

1

Gjj(yi) = - Eoij
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Markov models in two dimensions | Auto-spatial models

Finding G functions and simultaneous distribution
Assume simultaneous distribution exist. Then, for MRFs

PUIIY-1) = s  P(Y) s xp(Q(Y))

oc exp{yiGi(Vi) +Yi ZJ/jGij(Yth) +---}
J

Now assume conditional distributions are specified. Then
® sety; = 0,j # i for finding G;(y;)
» setyy =0,k # i,j for finding Gji(y;,y))
m etc.

We then get that P(y) o exp(Q(Y))
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Markov models in two dimensions | Auto-spatial models

Auto logistic models with y; € {0, 1}

exp{aiyi + 2 Oyyiy;}
1+ eXp{O(,'y,' + Zj 9,']}/,')//'}
Gi(yi) =«
Gj(yi,yj) =65
Qy) =awi+ ) yyb;
if

P(y) o exp { Z aiyi + Zyiyjeij}
7 7

On a regular lattice we have the Ising model:
i=(uv), Nj={(u,v=1),(u,v+1),(u-"1,v),(u+1,v)} and 6; = 0 for non-neighbors

Pr(yily-i) = o exp {a,yi + Z 9ijiyj}

J
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Markov models in two dimensions | Auto-spatial models

AutO POiSSOﬂ mOde|S (misprintin eq (4.114) in the book)
With 6; = 0, j ¢ N; we have

Plyily-i) = POISSOﬂ(exp {a, + Z GUyJ}) = P0|sson( exp {a, Z 9,,)/,})

JEN;
= exp { ,'((X,' + Z 9,1}/]) — logyi! — 60("-'—2151 ZfeNiyj}
JeN;

o exp {y/ai — logyi! +yi Z 9/]'}/1'}
JEN;

Gi(y)) =ai —y; " logy;!
Gij(vi.yj) =0j

Qy) =auyi —logyi + ) yy6;
i
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Markov models in two dimensions | Auto-spatial models

Auto models for exponential families

fr(v16) = exp{(y0 — a(6))/¢ +log c(y: §)}
Auto models for these families are (a bit more general in the book)
[VilY_i] =exp(Ai(Y_i)(Yi = B;) + Gi(Y;) + Di(Y_}))
6 =A(Y)) = a;+ Y 0;(Y - B)
J#i
Qy) = Z[Ofi(y/' - Bj) + Gi(y)] + Z 0;(vi — Bj)(y; — Bjc)
i i<j

The class includes auto Gaussian (CAR) models, auto gamma models, the

Winsorized auto Poisson model, the auto beta model
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Markov models in two dimensions | CAR models vs geostatistical models

In summary

" Y ~ Gau(u, (I- C)~'M), Diag(C) = 0, often u = X' B
Building block for more complex models

Geostatistical model: Y ~ Gau(uy, Zy)
Cy(sj—si)) = 0(=0), forlls;—s|| “large” = Zy “sparse”

MRF: ¢; = 0(= 0) for |[s; — s;|| “large” = 2;1 “sparse”

MRF to geostat: Zy = (I-C)"'M

geostat to MRF: M = Diag(Z;'),C =I—- MZ;’

Differ in “sparsity”

Differ in how to define dependence, distance versus neighborhood
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Markov models in two dimensions | Well defined MRFs

We still need to talk about

» requirements for a positive definite and symmetric (legal)
covariance/precision matrix

® how to estimate these models
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Markov models in two dimensions | Well defined MRFs

Parameterizations of CAR models with Zy = (I- C)"'M

= M =diag{z?}, 7, >0 Vi
= Often

o C = ¢H, H known and/or
o M = 72A, A known diagonal matrix.

= What requirements are needed on (¢, 7)?
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Markov models in two dimensions | Well defined MRFs

Parameterizations of CAR models with Zy = (I- C)"'M

= M =diag{z?}, 7, >0 Vi
= Often

o C = ¢H, H known and/or
o M = 72A, A known diagonal matrix.

= What requirements are needed on (¢, 7)?
» Need M~'C symmetric:
0 Q =MT"[I-C]=M"-M""Cand M~" is automatically symmetric
o In general: 7, Cj; = 7, %Cj;
8 M=1%A,C=¢H = A7 h; = A h
= Also need Zy = (I - C)~"M positive definite, or (equivalently)
Q = M~'(I - C) positive definite
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Markov models in two dimensions | Well defined MRFs

CAR: Requirements for a positive definiteness

» When is Q = M~'(I - C) positive definite?
= Since M"/2is positive definite (z; > 0), this is equivalent to
M~ "/2(1 - C)M'/2 =1 - M"/2CM~"/2 being positive definite
® Let A be symmetric (A = M'/2CM~/?)
o spectral decomposition: A = TAT” where TT’ = I and A contains
eigenvalues.
o A is positive definite if all eigenvalues are positive.
e I-A=I-TAT =TT - TAT =T[I- A]T
= I — A contain eigenvalues of I — A.
= If A eigenvalue of M~"/2CM"'/2, then 1 — A eigenvalue of I - M~"/2CM'/?

m Positive definiteif 1 — A > 0,0or A < 1.
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Markov models in two dimensions | Well defined MRFs

CAR: Requirements for a positive definiteness (cont)

= Assume C = @H, so that A = pM'/?HM~"/2

A eigenvalue of M"/2ZHM~'/2 gives A = ¢ eigenvalue of A.
Need A < 1or ¢A < 1.

For A positive, need ¢ < A~"

For A negative, need ¢ > A~

Let A(1) < A(2) < -+ < A(n) be ordered eigenvalues

We have A1) < 0, A(n) > 0 (not obvious!)
= Requirement: /’N\(‘ﬂ) <¢< )Nx(‘,:)
If M = 72A, T just a scaling factor, same requirements
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Markov models in two dimensions | Well defined MRFs

Inhomogeneous processes

" Y=XB+8, 8~ Gau(0,(I-C)""M)

= For M = 72A, with different diagonal elements, called inhomogeneous
process.

= DefineY = A~12y, X = A~1/2X, § = A~1/28,

= ThenY =XB +8, 8 ~ Gau(0,72(I-C) ")
E — A—1/ZCA1/2

= Note: ;=0 ¢;=0

® For C = ¢H: C = pA~"/2HA'/2
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Markov models in two dimensions | Neigborhood structures

How to model C (or H)?

= Can show [cor (Y}, Yj|Yk, k # f,/)]z = CjjGji
= Need 0 < ¢jg; < 1

= In general: ¢; can depend on distance between s; and s;.

(distance between center points)
= Regular lattice: ¢; = 0 for
o ||s; = ;|| > 1 (1. order)
o ||si —sjl| > V2 (2. order)
o ||s;i = ;|| > 2 (2. order)
= Irregular lattice: ¢; = 0 for
o jandj do not share border
o ||s; = s;|| > threshold

= Size of ¢;: Depending on distance, number of neighbors
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Markov models in two dimensions | Neigborhood structures

Consider now M = 72A, C = ¢H. Define A such that a; = I(i and j neighbors).
= Homogeneous CAR (HCAR)
A=LH=A
= Cor(Yi: leyk:k * I’j) = ¢
Need (at least) ¢ € (0,1)
» Weighted CAR (WCAR)
A = diag{|IN(s)|™"}, hy = ayIN(s)|™
= cor(Y;, Yj|Ye, k # i,]) = pIN(s)| 7 /2|N(s))|7"/2
Need (at least) ¢ € (0, min; [N(s)|~"2|N(s;)|~/?)
m Autocorrelated CAR (ACAR)
A = diag{|N(s)|™"}, hj = azIN(sp)|~2|N(s)|"/2
= cor(Y;, Yj|Yi, k #1,j) = ¢
Need (at least) ¢ € (0,1)
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