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Rare complex events

Examples of questions on rare complex events
How widespread are extreme convective precipitation events that occur in
the Oslo region in summer?

What are the chances of simultaneously experiencing a large flood in a
river and one of its side streams or tributaries?
What are the chances of an extreme event somewhere along the Sørlandet
railway line in a given year? (Figures from banenor.no and wikipedia)
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Spatial extremes

The spatial extreme value problem

Assume the phenomena we are interested in can be described as a spatially
indexed stochastic process

{Y (s) : s ∈ D ⊂ R2}

In order to answer the questions on the previous slide, we then need to
characterize the extremal behaviour of Y (s).
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Spatial extremes

Margins and dependence
Think of Y (s) in terms of finite dimensional distributions Y = (Y (s1), . . . , Y (sd)).
Probabilities of extreme multivariate/spatial events are determined by marginal
and dependence features.

Copula construction separates these. Let
P(Y (sj) ≤ yj) = Fj(yj), j = 1, . . . , d

P(Y (si) ≤ y1, . . . , Y (sd) ≤ yd) = F (y1, . . . , yd)
Then

F (y1, . . . , yd) = C(F1(y1), . . . , Fd (yd))
where C : [0, 1]d → [0, 1] is the copula.

The estimation of margins and dependence are both important and often
performed separately.
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Margins

Marginal modelling across space

We are often interested in Y (s) even when not extreme everywhere

For an arbitrary location sj and a high threshold
uj, a generalized Pareto distribution above uj

Y (sj) − uj |Y (sj) > uj ∼ GP(𝜎(sj), 𝜉(sj)).

Extreme value theory tells us nothing about
marginal behavior below uj
Semi-parametric solution:

GP(𝜎(sj), 𝜉(sj)) above uj
empirical distribution function below uj

Modelling marginals across space

Interested in Y(s) even when not extreme everywhere.

I For an arbitrary location sj ,

Y(sj) � uj|Y(sj) > uj
.⇠ GP(�(sj), ⇠(sj))

for high threshold uj

I Generalized Pareto distribution above uj

I EVT tells us nothing about marginal
behaviour below uj

I Semi-parametric model:

I GP(�(sj), ⇠(sj)) above uj
I empirical distribution function below
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Margins

Marginal modelling across space, part II

This is a simple easy option

no need to consider spatial nonstationarity in the margins

no need for known distributional form in the body

However,

no borrowing strength or learning important spatial covariates

no inferring behavior at unobserved locations

no capturing trends in tail/body/both
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Dependence structure

Modelling the dependence structure

For modelling the dependence structure, we assume common marginal
distributions for Y over space.

Then, we need to consider

how to define spatial extremes

how to capture extreme dependence at observed levels

how to extrapolate to higher levels

how to estimate the models
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Dependence structure

Capturing extreme dependence at observed levels, Ex. 1

Example from Great Britain: Expected
proportion of neighboring sites (within
a radius of N km) that exceed their pth
quantile (T year return level) during an
event in which cite i exceeds its pth
quantile (Keef et al., 2009).

Example for Great Britain by 
Keef et al. (2009): They look at 
the expected proportion of 
neighboring sites that exceed 
their pth quantile (T year return 
level) during an event in which 
cite i exceeds its pth quantile. 
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How these complex events play out is dictated by spatial 
dependence structures

be the same in neighbouring sets) although the lower dependences
in hilly areas are still apparent. For this value of T (equivalently p)
estimates of Niðp;90Þ and Niðp;120Þ are approximately 0 for north-
west GB, see Keef (2007).

The 95% confidence intervals for Niðp;60Þ, for T ¼ 55 years,
shown in Fig. 7a and c were derived through block bootstrapping
for the dependence estimates in Fig. 7b. The widths of the intervals
are around 0.07, which suggests that the level of uncertainty is
fairly small. The widths increase with increasing return period,
and for T ¼ 548 years they are around 0.12 (not shown). Unlike
when extrapolating return levels the uncertainty in Niðp;60Þ does
not always increase with increasing T as Niðp;60Þ is an expected
proportion which tends to its lower bound of zero.

Spatial dependence in river flows

The results of the spatial dependence analysis of large river
flows are presented in Figs. 8 and 9. To define return periods it is
necessary to specify a value for k in expression (1.1). The results
in ‘‘Temporal dependence in individual series” and ‘‘Bivariate tem-
poral dependence” suggest that for many catchments k ¼ 2 is real-
istic, but for some the return periods stated will be too low. Using
k ¼ 2 we estimated Njiðp; dÞ for p equal to 0.975, 0.995, 0.999,
0.9995, 0.9999, and 0.99995 which correspond to the
T ¼ 0:2;1;5;10;50 and 100 year return periods and for d ¼ 30
and 60 km. The median numbers of neighbours considered were
three for d ¼ 30 km and 12 for d ¼ 60 km.
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Fig. 6. Estimated spatial dependence in precipitation, Niðp;30Þ corresponding to a range of T year return periods: (a) T ¼ 0:1, (b) T ¼ 5, (c) T ¼ 55 and (d) T ¼ 548, in all L ¼ 0.
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How these complex events play out is dictated by spatial 
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Overall, the spatial dependences in river flows are stronger than
for precipitation. This may be because river flow represents an are-
ally averaged process, whereas the precipitation observations are
made at a point and are therefore more vulnerable to small-scale
variation, for example from convection. Fig. 8c shows the
Niðp;30Þ for p corresponding to a 50 year return period. A couple
of locations have dependence estimates exceeding 0.7, with most
of GB exceeding 0.3. For comparison consider for precipitation
Niðp;30Þ for T ¼ 55 year, i.e. roughly the same return period, then
Fig. 6c showed that Niðp;30Þ exceeded 0.4 at several locations and
for the bulk of GB it exceeds 0.2.

The pattern of stronger dependence in the south-east GB com-
pared with the north and west, which was seen for the precipita-
tion analysis, is barely hinted at in Figs. 8 and 9b. A south-east to
north-west pattern may be masked by the more pronounced local
variation in the dependence in river flows. For example, an area in
the Thames catchment in southern England stands out as having
considerably lower dependence than the surrounding region. This
shows up particularly clearly for T ¼ 0:2 years and d ¼ 30 km in
Fig. 8a. In this area very permeable, and sometimes also larger than
average, catchments are located close to more impermeable catch-
ments (Fig. 1). The slower flow response of the permeable catch-
ments compared with the less permeable ones means that
spatial dependence in river flow decreases when both types of
catchments are found within DiðdÞ.

A couple of areas further north, in the Lake District and eastern
Scotland, also have lower levels of dependence. This seems to be
related to whether or not there are lakes and reservoirs in the
catchments. The spatial dependence is particularly low for catch-
ments that do not contain large water-bodies (Calder at Calder
Hall, Brathay at Jeffy Knotts, Dighty Water at Balmossie Mill, Lyon
at Comrie Bridge, Almond at Almondbank and Dean Water at Cook-
ston), when the surrounding catchments within 30 km of them do.
The effect of lakes and reservoirs is to attenuate the floods, so that
the river levels rise and fall more slowly than they would other-
wise do.

When there are several gauges on the same river within DiðdÞ,
one would expect strong dependence in that area. However, be-
cause different geologies and other characteristics of the different
sub-catchments affect the river flow formation, the effect of nested
catchments is not especially obvious in the plots. A set of gauges
along a river that do show strong dependence include the Dee at
Woodend, the Dee at Park and the upstream tributary Girnock
Burn at Littlemill, located in north-eastern Scotland. In general,
conditioning gauges with large catchments show stronger depen-
dence estimates than do conditioning gauges with small catch-
ments, presumably because the large catchments contain nested
sub-catchments within DiðdÞ.

Similar to the results for the precipitation analysis, the spatial
pattern of dependence in river flooding across Britain becomes
smoother with increasing d (Figs. 8a and 9b). It also tends to de-
crease with increasing T (Fig. 8). Since precipitation is a major dri-
ver for river flow formation, this is probably largely related to the
spatial structure of precipitation events, with more extreme falls
embedded within areas of less extreme precipitation depths. How-
ever, it can be questioned whether flooding would ever occur, say,
at a downstream gauge in a catchment without high flows occur-
ring also at several of the upstream gauges. The model is fitted
using records which are generally around 40 years in length, and
extrapolation to higher return periods is based on the behaviour
of these relatively frequent events (where dependence decreases
with T). If there is indeed a change in the dependence structure
for less frequent events longer records are needed for this to be
picked up by the model.

Fig. 9a and c show the lower and upper bounds of the 95% con-
fidence intervals derived through block bootstrapping for the
dependence estimates in Fig. 9b. The widths of the intervals are
around 0.09, which is slightly larger than for the precipitation for
the same T, but still rather small. The width increases with increas-
ing T, and for T ¼ 100 years they are around 0.12 wide (not shown).
There is more variation in the confidence intervals for river flows
than for precipitation. The widths of the intervals do not seem to
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change with the magnitude of the dependence estimates, but sev-
eral widths exceed 0.2, particularly for the higher return periods.
These larger confidence intervals seem to correspond to cases with
a large amount of missing data for the conditioning gauge.

Factors affecting dependence in river flows

As shown in ‘‘Spatial dependence in river flows” the areas of the
country with diverse catchments appear to exhibit lower spatial
dependence of flooding. To investigate the effect of catchment char-
acteristics on dependence (i.e. probability of widespread flooding)
we carried out a correlation analysis to determine whether catch-
ments with similar characteristics had higher dependence and vice
versa. We looked for correlations between the absolute differences

in catchment characteristics between two flow gauges and the pair-
wise dependence between these flow gauges. The data used in this
study is a subset of the set used in the main study. In total, 36 con-
ditioning gauges, and gauges within 60 km of these conditioning
gauges, were used for a pair-wise dependence analysis.

The catchment characteristics investigated include the catch-
ment descriptors derived for the Flood Estimation Handbook
(FEH) (Bayliss, 1999). In addition, the distance between each pair
of gauges and the value of standard average annual rainfall at the
conditioning gauge (CSAAR) were used. The latter was included
as a proxy to see if the geographical variation in dependence in
precipitation, which is strong (weak) in the south-east (north-
west) with predominantly low (high) CSAAR values, is carried
through to the dependence in flow.
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Fig. 8. Spatial dependence in river flows, Niðp;30Þ: corresponding to a range of T year return periods: (a) T ¼ 0:2, (b) T ¼ 5, (c) T ¼ 50 and (d) T ¼ 100, in all L ¼ 3.
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change with the magnitude of the dependence estimates, but sev-
eral widths exceed 0.2, particularly for the higher return periods.
These larger confidence intervals seem to correspond to cases with
a large amount of missing data for the conditioning gauge.

Factors affecting dependence in river flows

As shown in ‘‘Spatial dependence in river flows” the areas of the
country with diverse catchments appear to exhibit lower spatial
dependence of flooding. To investigate the effect of catchment char-
acteristics on dependence (i.e. probability of widespread flooding)
we carried out a correlation analysis to determine whether catch-
ments with similar characteristics had higher dependence and vice
versa. We looked for correlations between the absolute differences

in catchment characteristics between two flow gauges and the pair-
wise dependence between these flow gauges. The data used in this
study is a subset of the set used in the main study. In total, 36 con-
ditioning gauges, and gauges within 60 km of these conditioning
gauges, were used for a pair-wise dependence analysis.

The catchment characteristics investigated include the catch-
ment descriptors derived for the Flood Estimation Handbook
(FEH) (Bayliss, 1999). In addition, the distance between each pair
of gauges and the value of standard average annual rainfall at the
conditioning gauge (CSAAR) were used. The latter was included
as a proxy to see if the geographical variation in dependence in
precipitation, which is strong (weak) in the south-east (north-
west) with predominantly low (high) CSAAR values, is carried
through to the dependence in flow.
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Dependence structure

Capturing extreme dependence at observed levels. Ex. 2

Example from Great Britain: Expected
proportion of neighboring sites (within
a radius of N km) that exceed their pth
quantile (T year return level) during an
event in which cite i exceeds its pth
quantile (Keef et al., 2009).

Example for Great Britain by 
Keef et al. (2009): They look at 
the expected proportion of 
neighboring sites that exceed 
their pth quantile (T year return 
level) during an event in which 
cite i exceeds its pth quantile. 

8

How these complex events play out is dictated by spatial 
dependence structures

be the same in neighbouring sets) although the lower dependences
in hilly areas are still apparent. For this value of T (equivalently p)
estimates of Niðp;90Þ and Niðp;120Þ are approximately 0 for north-
west GB, see Keef (2007).

The 95% confidence intervals for Niðp;60Þ, for T ¼ 55 years,
shown in Fig. 7a and c were derived through block bootstrapping
for the dependence estimates in Fig. 7b. The widths of the intervals
are around 0.07, which suggests that the level of uncertainty is
fairly small. The widths increase with increasing return period,
and for T ¼ 548 years they are around 0.12 (not shown). Unlike
when extrapolating return levels the uncertainty in Niðp;60Þ does
not always increase with increasing T as Niðp;60Þ is an expected
proportion which tends to its lower bound of zero.

Spatial dependence in river flows

The results of the spatial dependence analysis of large river
flows are presented in Figs. 8 and 9. To define return periods it is
necessary to specify a value for k in expression (1.1). The results
in ‘‘Temporal dependence in individual series” and ‘‘Bivariate tem-
poral dependence” suggest that for many catchments k ¼ 2 is real-
istic, but for some the return periods stated will be too low. Using
k ¼ 2 we estimated Njiðp; dÞ for p equal to 0.975, 0.995, 0.999,
0.9995, 0.9999, and 0.99995 which correspond to the
T ¼ 0:2;1;5;10;50 and 100 year return periods and for d ¼ 30
and 60 km. The median numbers of neighbours considered were
three for d ¼ 30 km and 12 for d ¼ 60 km.
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Table 2 shows the Kendall’s tau dependence measure between
each of smax; P

ðsmaxÞ
jji ðpÞ and Q ðLÞjji ðpÞ with the differences in each of

the catchment descriptors. For assessing smax, the differences in
catchment descriptors were taken as the value for the non-condi-
tioning gauge minus the value for the conditioning gauge, whereas
for the other two analyses the absolute difference of the descrip-
tors was used. The descriptors that have a noticeable effect on
smax include the catchment area, mean drainage path length,
base-flow index, standard percentage runoff, and flood attenuation
by reservoirs and lakes. The same catchment descriptors are found
to be of importance for both PðsmaxÞ

jji ðpÞ and Q ðLÞjji ðpÞ, although the rela-
tionships tend to be stronger for the former. This seems reasonable,
since the PðsmaxÞ

jji ðpÞ allows the maximum dependence to be found

among a larger number of different lags. All the descriptors except
CSAAR have noticeable correlations with PðsmaxÞ

jji ðpÞ. However, two of
the descriptors, the mean drainage path length and the flood atten-
uation by reservoirs and lakes, do not have a noticeable effect on
Q ðLÞjji ðpÞ. The most influential differences for both dependence esti-
mates are the differences in mean drainage path length, proportion
of time when the soil is wet, standard average annual rainfall,
base-flow index, standard percentage runoff, and distance between
the gauges.

Summary and concluding remarks

In this paper we have presented a complete study of within-
event dependence of extreme river flows and precipitation over
the whole of Great Britain. We have shown that it is possible to
quantify the level of extremal dependence for a large number of
sites and hence derive measures of spatial dependence over small
and large spatial scales. The method that we have used in this pa-
per is the first statistical method that is capable of producing reli-
able estimates of the probabilities of multiple, simultaneous floods
and spatially widespread extreme precipitation.

For both precipitation and river flows, events become more
localised in space as the return periods of these events increases.
For precipitation, spatial dependence is weaker in the mountainous
north and west than in the rest of Great Britain, reflecting the effect
of topographic variation. This effect is not obvious in the spatial
dependence pattern for river flows, which shows a more variable
pattern at smaller scales. The local variability is related to differ-
ences in catchment characteristics. In areas where characteristics
are similar, spatial dependence is strong. However, where, for
example, fast-responding impermeable catchments are located
next to slowly-responding permeable catchments, the spatial
dependence in river flows is low.
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Fig. 9. Estimated spatial dependence in river flows, Niðp;60Þ corresponding to T ¼ 50 years: (a) lower bound of 95% confidence interval, (b) estimate, and (c) upper bound of
95% confidence interval, in all L ¼ 3.

Table 2
Kendall’s tau dependence measure between each of smax; P

ðsmax Þ
jji ðpÞ and Q ð7Þjji ðpÞ with

the differences in catchment descriptors at the pair of gauges ði; jÞ. The catchment
descriptors are: AREA – catchment area ðkm2Þ; DPL – mean drainage path length
(km); DPS – mean drainage path slope (m/km); PROPWET – proportion of time when
the soil is wet; SAAR – standard average annual rainfall (mm); BFI – base-flow index;
SPR – standard percentage runoff; FARL – flood attenuation by reservoirs and lakes;
URBEXT – extent of urban and suburban land cover in 1990; CSAAR value of SAAR at
gauge i; and DIST – the distance between each pair of gauges.

Covariate smax Psmax
jji ðuÞ Q ð7Þjji ðpÞ

AREA 0.345 $0.079 0.05
DPL 0.344 $0.092 $0.009
DPS 0.047 $0.172 $0.116
PROPWET $0.009 $0.222 $0.184
SAAR 0.036 $0.239 $0.185
BFI 0.2 $0.183 $0.116
SPR $0.189 $0.243 $0.202
FARL $0.12 $0.09 $0.011
URBEXT $0.02 $0.069 $0.073
CSAAR 0.006 $0.013 $0.023
DIST $0.003 $0.201 $0.196
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change with the magnitude of the dependence estimates, but sev-
eral widths exceed 0.2, particularly for the higher return periods.
These larger confidence intervals seem to correspond to cases with
a large amount of missing data for the conditioning gauge.

Factors affecting dependence in river flows

As shown in ‘‘Spatial dependence in river flows” the areas of the
country with diverse catchments appear to exhibit lower spatial
dependence of flooding. To investigate the effect of catchment char-
acteristics on dependence (i.e. probability of widespread flooding)
we carried out a correlation analysis to determine whether catch-
ments with similar characteristics had higher dependence and vice
versa. We looked for correlations between the absolute differences

in catchment characteristics between two flow gauges and the pair-
wise dependence between these flow gauges. The data used in this
study is a subset of the set used in the main study. In total, 36 con-
ditioning gauges, and gauges within 60 km of these conditioning
gauges, were used for a pair-wise dependence analysis.

The catchment characteristics investigated include the catch-
ment descriptors derived for the Flood Estimation Handbook
(FEH) (Bayliss, 1999). In addition, the distance between each pair
of gauges and the value of standard average annual rainfall at the
conditioning gauge (CSAAR) were used. The latter was included
as a proxy to see if the geographical variation in dependence in
precipitation, which is strong (weak) in the south-east (north-
west) with predominantly low (high) CSAAR values, is carried
through to the dependence in flow.
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Dependence structure

Capturing extreme dependence at observed levels. Ex. 2

What are the chances of simultaneous
large events at a certain proportion of
observation stations within a region?
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Dependence structure

Capturing extreme dependence at observed levels. Ex. 2

A large event is

a) among the 10% largest events at a location

b) among the 1% largest events at a location
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Dependence structure

Capturing extreme dependence at observed levels. Ex. 2

We focus on 38 locations in Østlandet with daily data from 1985-2022.

An event is defined according to two rules:

1. We can have only have one event within the area over the course of 7 days
2. An event can be observed up to two days before or after the event date
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Dependence structure

Capturing extreme dependence at observed levels. Ex. 2
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Dependence structure

Capturing extreme dependence at observed levels. Ex. 2

5
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Dependence structure

Capturing extreme dependence at observed levels. Ex. 2
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Dependence structure

Useful, but not entirely satisfying

While such empirical analyses can be we useful, they are not entirely satisfying

we can’t extrapolate to unobserved levels

we can’t extrapolate to unobserved locations within the region

we don’t have a good description of why things are happening the way
they are
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Dependence structure

Asymptotic dependence vs independence
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Animation 4
Illustration of the estimation of low-probability events. The upper panels display asymptotically dependent
(left) and asymptotically independent (right) data, along with a target extreme region A . The numbers
correspond to the true probability p that a point lies in A (black), its naive empirical estimate p̂ (red ), its
estimate p̂ D under asymptotic dependence using Equation 12 (blue) and its estimate p̂ I under asymptotic
independence using Equation 23 ( purple). For p̂ D and p̂ I , extrapolation is based on the empirical estimate at
the 0.95 level (dashed blue lines), and p̂ I uses an estimate η̂ of the coefficient of tail dependence proposed in an
article by Ledford & Tawn (1996). The bottom panels show these probabilities as a function of the threshold
(i.e., the x-coordinate of the lower left corner of A). To view the animation, access this article on the Annual
Reviews website at http://www.annualreviews.org.
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Asymptotically independent: The dependency structure becomes weaker for
more extreme values

Asymptotically dependent: The dependency structure stabilizes for more
extreme values
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Spatial extremes

Defining spatial extremes
How do we define an extreme value of a spatial process Y (s)?

1. Consider pointwise maxima over several copies max1≤i≤n Yi(s)
2. Characterize {Y (s) |g(Y (s)) > u} for a high threshold u

Extremes of spatial processes

�estion: how do we define an extreme value of a spatial process Y(s)?

1. Consider pointwise maxima over several copies: max1in{Yi(s)}
2. Characterize {Y(s)|g(Y(s)) > u} for a high threshold u

s

Y(
s)

s

Y(
s)

Option 1 leads to idea of max-stable processes

I Restrictive dependence structures

I Di�icult inference

I (Ir)relevance?

Option 1 leads to max-stable processes. However, they possess restrictive
dependence structure, inference is hard, and it is not clear if they are relevant
for answering our motivational questions.
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Spatial extremes

Defining spatial extremes
How do we define an extreme value of a spatial process Y (s)?

1. Consider pointwise maxima over several copies max1≤i≤n Yi(s)
2. Characterize {Y (s) |g(Y (s)) > u} for a high threshold u

Extremes of spatial processes

�estion: how do we define an extreme value of a spatial process Y(s)?

1. Consider pointwise maxima over several copies: max1in{Yi(s)}
2. Characterize {Y(s)|g(Y(s)) > u} for a high threshold u

s

Y(
s)

s

Y(
s)

Option 1 leads to idea of max-stable processes

I Restrictive dependence structures

I Di�icult inference

I (Ir)relevance?

Currently, there is a higher emphasis on modelling original events. This is
usually more relevant in practice. “Limiting models” have restrictive
dependence structures, while “subasymptotic models” are more flexible.
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Spatial extremes

Defining threshold exceedances
Assume common marginal distributions for Y over space.

Consider Y (s) |g(Y (s)) > u for some function g.

g(Y (s)) = sup
D

Y (s) : Y (s) | sup
s∈D

Y (s) > u

g(Y (s)) = Y (s0) : Y (s) |Y (s0) > u

Defining threshold exceedances

Assume common marginal distributions for Y over space. Consider
Y(s)|g(Y(s)) > u for some function g.

g(Y(s)) = supS Y(s):

Y(s)| sup
s2S

Y(s) > u

s

Y(
s)

g(Y(s)) = Y(s0):

Y(s)|Y(s0) > u

s

Y(
s)

Defining threshold exceedances

Assume common marginal distributions for Y over space. Consider
Y(s)|g(Y(s)) > u for some function g.

g(Y(s)) = supS Y(s):

Y(s)| sup
s2S

Y(s) > u

s

Y(
s)

g(Y(s)) = Y(s0):

Y(s)|Y(s0) > u

s

Y(
s)
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Spatial extremes

Generalized Pareto processes
Pareto processes arise when we consider Y (s) | sups∈D Y (s) > u.

Provide a useful definition of a spatial extreme event

Only suitable for asymptotic dependent processes Y (s):

𝜒q(si, sj) = P(Y (si) > F−1
i (q) |Y (sj) > F−1

j (q))
→ 𝜒(sj, sj) > 0, si ≠ sj, q → 1.

Consequently, it is assumed that the shape of the event is independent of
the level

However, environmental extremes tend to become more localized as they
become more intense
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Spatial extremes

Types of spatial extremal dependence
Consider the behavior of

𝜒q(si, sj) = P(Y (si) > F−1
i (q) |Y (sj) > F−1

j (q)), as q → 1

- A general characterization is

𝜒q(si, sj) = 𝜒(si, sj) + K (1 − q)𝛾 [1 = o(1)], K > 0

- This covers all scenarios:

𝜒(si, sj) > 0, 𝛾 → ∞: Pareto process

𝜒(si, sj) > 0, 𝛾 ∈ (0,∞): asymptotic dependence, non-limiting

𝜒(si, sj) = 0, 𝛾 ∈ (0,∞): asymptotic independence
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Spatial extremes

Subasymptotic tail models
Approximate the “tail” of Y (s) via the tail of another spatial process with flexible
extremal dependence properties

Defining threshold exceedances

Assume common marginal distributions for Y over space. Consider
Y(s)|g(Y(s)) > u for some function g.

g(Y(s)) = supS Y(s):

Y(s)| sup
s2S

Y(s) > u

s

Y(
s)

g(Y(s)) = Y(s0):

Y(s)|Y(s0) > u

s

Y(
s)

One such framework are random scale models
X (s) = RW (s), R > 0, independent of W

R controls tails heaviness while W changes extremal dependence properties
Dependence structure of Y at large values ∼ dependence structure of X at large values
We can also construct models to well represent 𝜒q (si, sj )
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Spatial extremes

Subasymptotic tail models, part II
Some examples of random scale models

X (s) = RW (s), R > 0, independent of W

are

Huser, Opitz and Thibaud (2017):
R > 0, W Gaussian
asymptotic dependence/independence based on the distribution of R

Huser and Wadsworth (2019):
R,W both Pareto-tailed, parameter 𝛿 controls relative heaviness
Smooth transistion between asymptotic dependence/independence → the
data decides

Inference is possible but only for up to about 30 locations.
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Spatial extremes

Subasymptotic tail models, part IIIR. Huser et al. / Spatial Statistics 21 (2017) 166–186 171

Fig. 1. Conditional simulations from an (asymptotically independent) Gaussian copula (left), an (asymptotically dependent)
Student-t copula with 3 degrees of freedom (middle) and one of our new proposed Gaussian scale mixtures defined in (14)
with � = � = 1 leading to asymptotic independence (right), displayed on exponential margins. The underlying Gaussian
field has exponential correlation function ⇢(s1, s2) = exp(�ks1 � s2k/0.1). Simulation is conditional to the central grid cell
at (0.5, 0.5) being equal to the 99.99%-quantile. The conditional simulation of the scale variable R̃ is based on a Metropolis–
Hastings algorithm. The three conditional simulations of the Gaussian component W̃ use the same random seed.

3. Tail behavior of Gaussian scale mixture models

3.1. Asymptotic independence and dependence

We now characterize the bivariate joint tail decay of Gaussian scale mixtures with two commonly
used coefficients, � and �̄ (Coles et al., 1999), defined as � := limu!1� (u) and �̄ := limu!1�̄ (u),
where

� (u) = 2 �
log{C(u, u)}

log(u)
, �̄ (u) =

2 log(1 � u)
log{C̄(u, u)}

� 1, (10)

and C(u1, u2) is the bivariate copula stemming from the pair of variables (X1, X2)T through (1) with
survival copula C̄(u1, u2) = 1 � u1 � u2 + C(u1, u2). To get a deeper understanding of what these
coefficients mean, assume that the random vector (X1, X2)T follows the bivariate distribution G with
margins G1 and G2, and that the joint tail may be expanded as Pr{X1 > G

�1
1 (u), X2 > G

�1
2 (u)} ⇠ L{(1�

u)�1}(1� u)1/⌘ , as u ! 1, where L is a slowly varying function (i.e., L(ax)/L(x) ! 1, as x ! 1, with
a > 0) and ⌘ 2 (0, 1] is the coefficient of tail dependence (Ledford and Tawn, 1996). From the definition
(10), it can be deduced that � (u) ⇠ Pr

�
X1 > G

�1
1 (u) | X2 > G

�1
2 (u)

 
= L{(1 � u)�1}(1 � u)1/⌘�1, and

that �̄ (u) ⇠ 2⌘ � 1, as u ! 1. Two distinct asymptotic regimes can occur: the variables X1 and X2
are either asymptotically dependent when � 2 (0, 1] and �̄ = 1 (i.e., ⌘ = 1 and L{(1 � u)�1} 9 0,
as u ! 1), or they are asymptotically independent when � = 0 and �̄ 2 (�1, 1] (i.e., ⌘ 2 (0, 1) or
⌘ = 1 and L{(1 � u)�1} ! 0, as u ! 1). In practice, the pair of coefficients {� (u), �̄ (u)} evaluated
for increasingly large thresholds u 2 [0, 1] may help assess the asymptotic dependence class (Coles
et al., 1999), and the bivariate joint tail decay rate is essentially governed by the parameter ⌘ (or
equivalently, �̄ ).

General results on joint tail decay rates can be derived from tail dependence characterizations
of elliptic distributions (Berman, 1992) by taking into account the specific structure of the radial
variable in Gaussian scale mixtures. We fix D = 2 and study the asymptotic properties of X =

(X1, X2)T = R(W1,W2)T , where the Gaussian vector W = (W1,W2)T has correlation ⇢ 2 (�1, 1). We
first recall results on asymptotic dependence and then provide new detailed results on asymptotic
independence, which is obtained for the wide class of Weibull-like tail decay in R (see Theorem 2).
Parametric modeling is discussed in Section 3.2.

Asymptotic dependence occurs when R is regularly varying at infinity, i.e.,
Pr(R � tr)
Pr(R � t)

=
1 � F (tr)
1 � F (t)

= r
�� , r > 0, t ! 1, (11)

R. Huser et al. / Spatial Statistics 21 (2017) 166–186 173

restrict ourselves to simpler submodels. A Rayleigh-distributed random scale R yields Laplace random
fields X(s) with explicit joint densities g(x) in (4) and a certain type of univariate generalized Pareto
tails (Opitz, 2016). Asymptotic dependencemodels are obtained froma regularly varying randomscale
R; see Section 3.1. One possibility is to choose the distribution of R2 as the inverse-gamma distribution
with rate and shape parameters both equal to Df/2, yielding Student-t random fields with Df > 0
degrees of freedom (Røislien and Omre, 2006; Demarta and McNeil, 2005) and converging to the
Gaussian limit as Df ! 1. When R is Pareto distributed, the Gaussian scale mixture has multivariate
slash densities available in closed form, albeit in terms of the incomplete gamma function (Wang and
Genton, 2006).

Wenowexploremodels able to bridge the two asymptotic regimeswhile keeping flexibility in both
cases. To assess the bivariate tail flexibility of Gaussian scalemixtures, we consider the range of � and
� coefficients that may be generated for fixed correlation �1 < ⇢ < 1 in the underlying bivariate
Gaussian variable. Among the aforementionedmodels, only the (asymptotically dependent) Student-t
model covers both regimes by considering its extension to the (asymptotically independent) Gaussian
model on the boundary of its parameter spacewhen Df = 1. Any value of � 2 [0, 1]may be obtained
by varying the degrees of freedomDf, with � # 0 as Df ! 1, which implies that the Student-t model
is fairly flexible in the asymptotic dependence case. However, using Theorem 2, only two values of �
can be obtained, namely � = ⇢ when Df = 1 or � = 1 when Df < 1. The jump in the � value
when moving from asymptotic dependence to asymptotic independence implies a lack of flexibility
to capture joint tail decay rates in the asymptotic independence regime due to the relatively rigid
Gaussian tail structure. We now propose two new random scale models linking the two asymptotic
dependence classes in a more flexible way.

For Model 1, we transpose the arguments of Wadsworth et al. (2017) concerning the choice of the
random scaling in pseudo-polar representations to our framework, and we model the random scale
using a generalized Pareto distribution,

F (r) =

⇢
1 � (1 + ⇠ r)�1/⇠

+ , ⇠ 6= 0,
1 � exp(�r), ⇠ = 0, 0  r < r

?, (13)

with upper endpoint r? = 1 when ⇠ � 0 and r
? = �1/⇠ otherwise, and where x+ = max(x, 0).

The resulting Gaussian scale mixture model adapts the idea of Wadsworth et al. (2017) to infinite-
dimensional domains by replacing the underlying random vector restricted to the sphere (with
respect to a norm) by a Gaussian process. Model 1 is Pareto-like with tail parameter � := 1/⇠ in
(11) when ⇠ > 0, yielding asymptotic dependence with � = 1 and � # 0 as ⇠ # 0. It is exponential
(i.e., Weibull-like with tail parameter � = 1 in (12)) when ⇠ = 0 or ⇠ ! 0, yielding asymptotic
independence with � = 2{(1 + ⇢)/2}1/3 � 1 thanks to Theorem 2. Finally, it is upper-bounded
when ⇠ < 0, which gives asymptotic independence with � = ⇢. This model is parsimonious and
rather flexible in the asymptotic dependence case, but contrary to the Student-t model, the transition
between asymptotic dependence regimes takes place in the interior of the parameter space. However,
it still lacks flexibility for asymptotic independence as only two specific values of �̄ < 1 can arise for
fixed ⇢. Therefore, both the Student-t model and Model 1 should be used when there is a dominating
yet still uncertain suspicion that the data are asymptotically dependent.

Since we seek to obtain more flexibility and a smoother transition to asymptotic dependence
within asymptotic independence, we propose a new model (Model 2) that can generate any value of
�̄ 2 [⇢, 1], for fixed Gaussian correlation ⇢ < 1. This novel two-parameter Weibull-type distribution
with support [1, 1) contains theDiracmass at 1 as limiting case, yielding asymptotically independent
standard Gaussian processes, and the Pareto distribution as boundary case, yielding asymptotic
dependence. Its distribution, with parameters � � 0 and � > 0, is defined as

F (r) =

⇢
1 � exp

�
�� (r�

� 1)/�
 
, � > 0,

1 � r
�� , � = 0, r � 1. (14)

The distribution (14) forms a continuous parametric family with respect to � as the term (r� � 1)/�
converges to log r as � # 0. The type of asymptotic dependence is determined by the value of
� . When � > 0, (14) coincides with the tail representation (12) with the same tail parameter � ,
yielding asymptotic independence. When � = 0 or � # 0, the variable R is Pareto distributed with
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Spatial conditional extremes model

Spatial conditional extremes model arises when we consider Y (s) |Y (s0) > u
(Heffernan and Tawn, 2004).

Defining threshold exceedances

Assume common marginal distributions for Y over space. Consider
Y(s)|g(Y(s)) > u for some function g.

g(Y(s)) = supS Y(s):

Y(s)| sup
s2S

Y(s) > u

s

Y(
s)

g(Y(s)) = Y(s0):

Y(s)|Y(s0) > u

s
Y(
s)
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Spatial conditional extremes model, part II
Wadsworth and Tawn (2022) propose a model of the form

Y (s) |Y (s0) > u ≈ as−s0 (Y (s0)) + bs−s0 (Y (s0))Z0(s),

J.L. Wadsworth and J.A. Tawn Spatial Statistics 51 (2022) 100677

Table 1
Normalization functions and limit processes for theoretical examples given in Sections 2.2.1–2.2.5. For the process of
Huser and Wadsworth (2019), V in (12) is taken as a marginally transformed Gaussian process. In the fourth row, `s�s0 (x)
is a slowly-varying function of x, with limx!1 `s�s0 (x) = 0, whose form is given by (9).
Process as�s0 (x) bs�s0 (x) Z0(s)

Gaussian ⇢(s � s0)2x 1 + as�s0 (x)
1/2 Gaussian

Brown–Resnick x 1 Gaussian
t⌫ x 1 t⌫+1 (transformed margins)
Inverted Brown–Resnick `s�s0 (x)x as�s0 (x)/(log x)

1/2 Independence (reverse Gumbel margins)
Huser and Wadsworth (2019) (� < 1) ⇢(s � s0)2x 1 + as�s0 (x)

1/2 Gaussian

assumption (2). In more probabilistic literature (e.g. Das and Resnick, 2011a; Drees and Janßen,
2017) standardization is typically not assumed, or involves heavy tails rather than exponential tails,
such as in Heffernan and Resnick (2007).

A version of assumption (2) suited only to processes exhibiting asymptotic dependence has been
studied and applied in various places in the literature. In the spatial context, Engelke et al. (2014,
2015) exploit (2) with as�s0 (x) ⌘ x, bs�s0 (x) ⌘ 1, i.e., the normalization does not depend on space.
This is similar to the time series setting of Basrak and Segers (2009). The conditional extreme value
approach has also been applied under asymptotic dependence in emerging applications such as
graphical models and Markov trees (Engelke and Hitz, 2020; Segers, 2020). Allowing a greater range
of normalizations in (2) is the key feature that permits treatment of a substantially broader set of
underlying processes.

The more established approaches to spatial extreme value theory based on max-stable and
Pareto processes can be justified for extremes of asymptotically dependent data not only through
convergence of finite-dimensional distributions, but also functional regular variation (e.g. Hult and
Lindskog, 2005; de Fondeville and Davison, 2020; de Haan and Ferreira, 2007, Chapter 9). We note
that our assumption in convergence (2) is restricted to the case of finite-dimensional distributions.
Functional convergence is not treated here, and although this would not alter the methodology that
we introduce, we highlight that this is an area of potential further mathematical interest.

2.2. Examples

We present examples of widely used spatial processes that satisfy limit (2), and use these to
identify useful structures for model building. Table 1 summarizes the examples of Section 2.2.1–
Section 2.2.5.

2.2.1. Gaussian process
Let {Y (s) : s 2 S ⇢ R2} be a standard stationary Gaussian processes with correlation function

⇢(h) � 0 and let X(s) = � log(1��(Y (s))) be the same process transformed to standard exponential
margins. Then, taking as�s0 (x) = ⇢(s � s0)2x and bs�s0 (x) = x1/2, the limit process Z0 has finite-
dimensional distributions that are Gaussian with zero mean and covariance structure defined by
the matrix

⌃0 = (2⇢k,0⇢l,0(⇢k,l � ⇢k,0⇢l,0))1k,ld,

with ⇢k,0 = ⇢(sk � s0) etc. See Heffernan and Tawn (2004) for more details of this derivation
in a multivariate setting. This limit representation looks problematic as the process Z0 becomes
degenerate as ⇢(sk � s0) ! 0, owing to the fact that the scale normalization, X(s0)1/2, is still
present when ⇢(sk � s0) = 0 even though X(sk) and X(s0) are then independent. To avoid this,
following Wadsworth and Tawn (2013), we can instead consider

⇢
X(si) � ⇢(si � s0)2X(s0)
⇢(si � s0)X(s0)1/2 + 1

�

i=1,...,d
,

6

These models include asymptotic dependence and independence

Likelihood-based inference is possible at 100s of sites

Issue: A natural conditioning location usually doesn’t exist
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In summary

Until recently, the availability of models for spatial extremes has been
limited, and many of the existing models didn’t match very well with what
is observed in data

Recent (theoretical) advances have substantially increased the pool of
possible models

Inference is still a challenge and a work in progress for many of these
models

However, the availability of good data is constantly growing, making it
easier to infer complex structures from data
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