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1. The probability transform

Some of the following facts are related to various operations for confidence distributions

and confidence curves.

(a) Suppose X has a continuous and increasing cumulative distribution function F , i.e.

F (x) = Pr{X ≤ x}. Show that U = F (X) is uniform on the unit interval. Any

continously distributed random variable can hence be transformed to uniformity, via

this probability transform.

(b) Show that also U2 = 1− F (X) and U3 = |1− 2F (X)| have uniform distributions.

(c) Simulate a million copies of xi ∼ N(0, 1), and check the histogram of Γ1(x
2
i ), where

Γν is the cumulative distribution function of a χ2
ν . Comment on what you find.

(d) Suppose θ̂ is an estimator for the real parameter θ, based on data y, with some

continuous distribution function Kθ(x) = Prθ{θ̂ ≤ x}; we are in particular assuming

that the distribution of θ̂ depends only on θ, not on other aspects of the underlying

model employed. Consider the construction

C(θ, yobs) = Prθ{θ̂ ≥ θ̂obs} = 1−Kθ(θ̂obs),

a curve that can be computed and plotted post-data, where θ̂obs = θ̂(yobs) is the

observed estimate. Show that it has the property that the random C(θ, Y ) is uniformly

distributed, for each fixed θ.

2. A skewed distribution on the unit interval

Consider the model F (y, θ) = yθ for observations on [0, 1], where θ is an unknown positive

parameter.

(a) Write down the log-likelihood function and find a formula for the maximum likelihood

estimator θ̂.

(b) Use theory of CLP, Chapter 2, to write down a normal approximation to the distri-

bution of θ̂.

(c) Consider the data set

0.013 0.054 0.234 0.286 0.332 0.507 0.703 0.763 0.772 0.920

Estimate θ and compute the confidence distribution C(θ) = Prθ{θ̂ ≥ θ̂obs}, (i) using
simulations, (ii) using exact probability calculus. Reproduce a version of Figure 1.

1



(d) Supplement these two curves with approximations based (i) on the normal approxi-

mation for θ̂ and (ii) on the chi-squared approximation for the deviance.
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Figure 1: Confidence curve for θ, via simulations (black and wiggly curve) and
via exact calculations (red and smooth curve).

3. Lifelengths in Roman era Egypt

Let’s go back some 2100 years, and study the lifelengths of Egyptians in the Roman era

period. Go to the CLP webpage, or the book page of Claeskens and Hjort’s Model Selection

and Model Averaging (Cambridge University Press, 2008), to access and download in your

computer the relevant dataset, consisting in such lifelengths for 82 men (ranging from 1.5

to 90) and 59 women (ranging from 1.5 to 96). These datasets have means respectively

34.12 and 25.92.

(a) Suppose in general that y1, . . . , yn are independent and identically distributed (i.i.d.)

with rate parameter 1/λ, for some unknown parameter λ. In other words, the model

density is f(y, λ) = (1/λ) exp(−y/λ), with mean λ and variance 1/λ2. Work out the

log-likelihood function ℓn(λ) and find the maximum likelihood (ML) estimator λ̂. Fit

the men’s and the women’s data to this exponential model, and plot the estimated

densities in the same diagram. (More realistic models for these data will be considered

later.)

(b) Work out the second derivative ℓ′′n(λ̂). The quantity

Ĵ = −ℓ′′n(λ̂) = −∂2ℓn(λ̂)/∂λ
2
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is called the observed Fisher information. In the multiparameter case, this is a matrix

of size p×p, where p is the number of parameters in the model. Use classic maximum

likelihood theory, cf. CLP, Ch. 2, to show that

λ̂ ≈d N(λ, λ̂2/n).

Use this to put up approximate 90% confidence intervals for λm and λw.

(c) Now work with the construction

C(λ) = Prλ{λ̂ ≥ λ̂obs},

and show that it can be written 1 − Γ2n(2nλ̂obs/λ). Here λ̂obs is the observed value

of λ̂, and Γν(x) = Pr{χ2
ν ≤ x} is the cumulative distribution function (cdf) for the

χ2
ν . The C(λ) is one way to compute the confidence distribution for λ. Compute and

plot the two confidence distributions, say Cm(λ) and Cw(λ). Read off 90% confidence

intervals from these, by solving C(λlow) = 0.05 and C(λup) = 0.95.

(d) Establish the following formula for the deviance curve Dn(λ) = 2{ℓn,max − ℓn(λ)},

Dn(λ) = 2n{λ̂/λ− 1− log(λ̂/λ)}.

Draw the two deviance curves in the same diagram. This time read off 90% confidence

intervals from {λ:Dn(λ) ≤ Γ−1
1 (0.90)}.
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Figure 2: Confidence densities (full curves) and Bayesian posteriors (dotted lines)
for the parameters λm and λw. The Bayesian prior used here has mean 40 and
standard deviation 20.
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(e) Then probability transform the deviance curves to the so-called confidence curves

cc(λ) = Γ1(Dn(λ))

and explain why

Prλ{cc(λ) ≤ α} .
= α for α ∈ (0, 1).

Plot these curves in the same diagram, along with a horizontal dotted line at height

0.90, and comment.

(f) Show that the confidence density, the derivative of the confidence distribution, is

cn(λ) = γ2n

(
2n

λ̂obs

λ

)
2n

λ̂obs

λ2
=

nn

Γ(n)

λ̂n

λn+1
exp

(
−n

λ̂obs

λ

)
.

Here γν(x) is the χ2
ν density. Plot the two confidence densities, for λm and for λw, in

the same diagram.

(g) To compare with what the Bayesian machinery can provide, assume now that λ has a

prior distribution with prior mean 40 and prior standard deviation 20, chosen from the

class of priors where 1/λ is a gamma density. In other words, fine-tune the parameters

(a, b) of 1/λ ∼ Gamma(a, b) so as to match mean 40 and standard deviation 20. Work

out the posterior density for λ and present this along with the confidence density, for

men and for women.

(h) Which prior does the Bayesian need to use in order for her resulting posterior to agree

with the confidence density?
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Figure 3: Confidence curve cc(ρ) for ρ = λm/λw. The point estimate is 1.316
and the 90% interval is from 0.990 to 1.738.
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4. Gamma distributed lifes in Roman era Egypt

Consider once more the 82 men and 59 women of ancient Egypt. Above we have fitted their

life-lengths to the rather simple exponential distribution; here we go for gamma modelling

instead, with densities of the form

f(y, a, b) =
ba

Γ(a)
ya−1 exp(−by) for y > 0.

(a) Fit the male and female life-lengths to the gamma density, using maximum likelihood.

Plot the two fitted densities in the same diagram. Also have a look at the survival

distributions S(t) = Pr{T ≥ t} = 1− F (t, a, b) and hazard rates h(t) = f(t)/S(t).

(b) Use the normal approximation θ̂ ∼d N2(θ, Ĵ
−1), with Ĵ = −∂2ℓn(θ̂)/∂θ∂θ

t the Hessian

2×2 matrix associated with the log-likelihood function at the ML values θ̂ = (â, b̂), to

draw approximate confidence curves cc(a) and cc(b) for the two parameters. You may

e.g. draw the two for a in the same diagram, and the two for b in another diagram.

(c) Draw 90% confidence regions for (a, b), for the men, and for the women. You may

do this via the normal approximation, or via the Wilks theorem. Try to draw these

regions, which will be close to ellipses, in the same diagram.

(d) We now choose two focus parameters,

µ = EY = a/b and σ = sdY =
√
a/b,

and wish to produce confidence curves for these two (for example with the two µ in

the same plot, and the two for σ in another plot). Do this, via the Wilks theorem and

profiling, working with

ℓprof(µ) = max{ℓ(a, b): a/b = µ}

for µ, and the analogue for σ.

(e) Compare these with normal approximations.

(f) Produce a confidence curve for ρ = sdmen/sdwomen.
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