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An insurance contract implies that risk is ceded from ordinary policy holders to companies. Companies do the same
thing between themselves as well. The rationale could be the same; i.e., that a financially weaker agent is passing
risk to a stronger one. In reality even the largest companies do this to diversify risk, and financially the cedent may be
as strong as the reinsurer. The problem of determining reinsurance contracts which are optimal with respect to some
reasonable criterion has been studied extensively within actuarial science. Different contact types are considered
such as stop-loss contracts where the reinsurance company covers risk above a certain level, and insurance layer
contracts where the reinsurance company covers risk within an interval. The contracts are then optimized with
respect to some risk measure, such as value-at-risk or conditional tail expectation. In the present paper we consider
the problem of minimizing value-at-risk in the case of multiple insurance layer contracts. Such contracts are known
to be optimal in the univariate case, and the optimal contract is easily determined. In the multivariate case, however,
finding an optimal set of contracts is not easy. By considering solutions where the risk is balanced between the
contracts, we show how to find a solution using an efficient iterative Monte Carlo method. We also consider more
general unbalanced solutions for which a slightly more complex optimization method must be applied. The methods

are illustrated by numerical examples.
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1. Introduction

When a client buys an insurance contract, risk is
ceded from the client to the insurance company.
For en extensive introduction to modern methods
in insurance mathematics see Bglviken (2014).
Insurance companies do the same thing between
themselves as well. This is known as reinsurance.
The ceding company is referred to as the cedent,
while the reinsurance company is referred to as the
reinsurer. The rationale behind such a transaction
could be that a financially weaker agent is passing
risk to a stronger one. However, even the largest
companies do this to diversify risk, and financially
the cedent may be as strong as the reinsurer.

The problem of determining reinsurance con-
tracts which are optimal with respect to some
reasonable criterion has been studied extensively
within actuarial science. Different contact types
are considered such as stop-loss contracts where
the reinsurer covers risk above a certain level,
and insurance layer contracts where the reinsurer
covers risk within an interval. The contracts can
then optimized with respect to some risk measure
such as value-at-risk or conditional tail expecta-
tion. In the univariate case, i.e., when only a single
risk is reinsured, solutions to several variations of
the optimization problem can be found in Cheung
et al. (2014). In particular, it is shown that if

value-at-risk is used as risk measure, the optimal
contract is an insurance layer contract. Some other
recent work in this area are Lu et al. (2013), Cong
and Tan (2016), and Chi et al. (2017).

The topic of the present paper is the multivariate
case where the cedent has multiple risks which
cannot be bundled together. Instead have to be
covered by separate reinsurance contracts. In this
case the problem of finding optimal contracts is
more difficult. More specifically, we consider the
case where value-at-risk is used as risk measure.
Since an insurance layer contract is known to be
optimal with this risk measure, we focus on such
contracts. The risks covered by the reinsurer are
characterized by intervals. This means that for
each contract we have two parameters correspond-
ing to the bounds of these intervals. Thus, if
n is the number of contracts, we have an opti-
mization problem with a total 2n parameters. In
principle it is possible to find the optimal param-
eters numerically. However, since the computa-
tional order of the optimization problem typically
grows exponentially in the number of parameters,
the computational complexity of the optimization
soon become very large.

The main result of this paper is that any opti-
mal solution must satisfy certain conditions which
reduces the order of the optimization problem
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significantly. If we restrict the optimization to
balanced solutions, i.e., solutions where the risk is
balanced between the contracts, the computational
order of the problem is linear in the number of
contracts. Moreover, the balanced solution can be
found very efficiently using a simple numerical
method. We also consider more general unbal-
anced solutions for which a more complex opti-
mization method must be applied. The methods
are illustrated by numerical examples.

1.1. Value-at-risk

Since value-at-risk plays an important part in the
present paper, we review some basic properties
of this risk measure which will be needed later
on. The risk measure will typically be defined
relative to some random variable X. The cu-
mulative distribution function of X is denoted
by Fx(z) = P(X < z). We also introduce
Sx(x)=P(X >z)=1- Fx(z).

The a-level value-at-risk associated with the
risk X is given by S)_(l(oz) defined as follows:

Sil(e) =inf{z: P(X >z)<a}. (1)

If Sx is strictly decreasing, it is easy to show that:
Syt (a) = r if and only if

P(X>r)<a<P(X>r). (2

In particular, when Sx is strictly decreasing, the
following holds true:

If P(X > 1) =a, then Sy'(a) =r.  (3)

It is well-known that the value-at-risk function
has the property that for any strictly increasing
continuous function ¢ we have:

S50 (@) = ¢(Sx' (o)) )

2. Multivariate reinsurance contracts

In this section we consider the problem of op-
timizing insurance contracts in the multivariate
case. Thus, we let X1, ..., X, be m independent
non-negative random variables representing the
risks from m business lines. To avoid technical
issues we assume that X1, ..., X,, are absolutely
continuously distributed, and that S, is strictly
decreasing, i = 1,...,m.

All risks are reinsured using insurance-layer
contracts. That is, for7 = 1, ..., m we introduce:

0 for X; < a;
Xz' — a; for [e73 S XZ S bl (5)
for X; > b;

Ri(X;) =
b; — a;

where a; < b; are positive constants. As a result,
the retained risks covered by the cedent, denoted

IZ(XL) = Xz - RL(XZ), = ].7 ..., MM, are:
X; for X; < a;
II(X,L) = a; for a < Xz < bl
X; — (bl — ai) for X; > b;
(6)
The price paid by the cedent for the ith contract is
denoted by 7x,, and is assumed to be of the form:

where 6 > 0 represents the risk premiums charged
by the reinsurance company for handling the risks.
The total risk covered by the cedent is then:

1=1,...,m.

ZIi(Xi) +(1+6) ZE[RZ-(XZ-)].

By Eq. (4) the resulting total -level value-at-risk,
denoted V,,, is given by:

Va =55 1.0y (@) + (1+6) D ERi(X)]

i=1
We observe that V,, consists of two terms. We
refer to the first term,
—1
Sy, nx) (@)

as the retained risk term, while:
D mx, =(1+6)) E[Ri(X))]
i=1 i=1

is referred to as the premium term. The main
objective now is to find a1, b1, .. ., an, by, so that
V,, 1s minimized.

We start out by considering the premium term,
and let fx, denote the density of X;. We then get:

b
mmum:/<mmmxmm

i

b;
= / xfx, (z)dz

+ bZP(XZ > bz) — CLZP(XZ > ai).

Using this expression it is easy to verify that:

84 Yoax, = 1+ 0P > a), (D)

IS =1+ 0P, > b)) ®

Thus, the partial derivative of the premium term
with respect to a; only depends on a;, and not the
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Fig. 1. The sets A, B and C.

other contract parameters. Similarly, the partial
derivative of the premium term with respect to
b; only depends on b;, and not the other contract
parameters.

We then turn to the retained risk term. For
given contract parameters a1, b1, ..., Gy, b, We
let X = (Xy,...,X,,) and define:

A={X: ZIi(Xi) < Zai},

B:{X:ZI Zaz},

c={X: ZIZ-(XZ) > Zai}.

These sets are illustrated for the case where
m = 2 in Figure 1. Note that the subset B also
includes the boundary of the rectangle as well as
the borderline between A and C. Moreover, since
we have assumed that S, are strictly decreasing
for all ¢, it follows that P(X € B UC) and
P(X € C) are strictly decreasing in a; for all .

The following results provides simple formulas
for the retained risk term.

Prop 2.1. Assume that the contract parameters
ai, by, ..., am, by are chosen so that:

P(X € BUC) > a
P(XelC)<a

Then we have:

Zaz

1
S5 rnxo (@

Proof: The result follows directly from Eq. (2)
by noting that:
m m
PO Li(X:) > ai) = P(X € BUC)
i=1 i=1
while
m m
PO L(X;)>> ai)=P(X€C)<a,
i=1 i=1

Prop 2.2. Assume that the contract parameters

ay,bi,...,am,by, are chosen so that:
P(X e()=a.
Then we have:
S, 1,0x0)(@) = Z ai

Proof: The result follows directly by Eq. (3) by
noting that:

P(Y_ I
i=1

Now, we are ready to prove the main result:

=P(Xel)=a,

Xl) > Z ai)
i=1

Theorem 2.1. Assume that ay,by,...,am,0m
are optimal contract parameter values, and that

(1+0)™™ > a. “
Then the following conditions must hold true:
1
a; =85 (~——), i=1....m, (10

and:
PO_L(X) > a)=a. (1)
=1 i=1

Proof: We start out by assuming that the values
of ay,...,a,, are chosen so that:

P(ﬁXi>(li)205

i=1

We then claim that by, ...,
so that Eq. (11) holds.
If b; = a; for all 4, it follows that:

m m
Y OL(X) =) X,
i=1 i=1

b, should be chosen
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and thus:

m

>P(ﬂX1 >ai) > a.
i=1

On the other hand, if b; = oo for all 4, then
I;(X;) = min(X;, a;) for all 4, implying that:
PO Li(X:) > a;)=0.
i=1 i=1

From this it follows that since X4,...,X,, are
assumed to be absolutely continuously distributed,
there must exist values b; > a;, ¢ = 1,...,m
such that Eq. (11) holds. By Proposition 2.2 this
implies that:

m

S oo (@ =2 e (2
i—
If we increase the b;s, we still have:
P(Y L(X:) > ai)>P([ | Xi>a)>a
i=1 i=1 i=1

while at the same time:

m

P(Z Li(X;) > Z a) < a

Hence, by Proposition 2.1 the retained risk term
remains unchanged as given in Eq.(12). At the
same time premium term increases. As a result
the value of V,, is increased.

On the other hand, if we decrease the values
of the b;s, the retained risk term increases. At
the same time the premium decreases. By us-
ing Eq.(8) it can be shown, however, that the
reduction of the premium term does not cover the
increase of the retained risk term. Hence, we
conclude that b4, . .., b,, should be chosen so that
Eq. (11) holds.

We now turn to determining aq, ..., Qy,, as-
suming that by, ..., b, are chosen accordingly so
that Eq. (11) holds, and thus Eq. (12) is still valid.
Hence, we immediately get that:

9 1

g, 0, nxn(@) =1

1=1,...,m.

Combining this result with Eq. (7), we get that:

0

The optimal values for aq,...,a, are then ob-
tained by solving the equations:

1—(1+0)P(X;>a;)=0

yielding the solution given by Eq. (10).
Note that for this solution we have:

P(Xz > ai) = (1 +9)_1

1=1,...,m,

t=1,...,m,

Thus, by the assumption given in Eq. (9) and that
the X;s are independent, it follows that:

m

P((Xi>a)=01+0)">a.
=1

Hence, we know that the corresponding values for
b1,...,b, exist and can be found as explained
above. W

The condition Eq. (9) will typically be satisfied
unless the risk premium charged by the reinsur-
ance company, i.e., 6, is too large. Thus, if this
condition is not satisfied, the cedent has nothing
to gain, and should not buy a reinsurance contract.

By Theorem 2.1 the optimal contract values
must satisfy Eq.(10) and Eq.(11). We note
that the a;s are uniquely determined by Eq. (10).
Hence, these parameters can easily be determined
directly from the distribution of X. Concerning
the b;s these parameters must satisfy Eq.(11).
This equation ensures that the retained risk term
gets its minimal value which is equal to the sum
of the a;s. Since, however, this is just a single
equation, there will be infinitely many combina-
tions of the b;s which satisfy this condition, and
the premium term may be different for different
combinations. In the next subsections we will
show how this problem can be addressed.

Note, however, that in the univariate case where
m = 1, Theorem 2.1 implies that b; must be
chosen so that:

P(Il(Xl) > al) = P(X1 > bl) = .

Hence, in this case we have the following optimal
contract parameters:

ap =S (1/(1+9)), b1 =SxH(a), 13)

which are equal to the optimal contract parameters
found in Cheung et al. (2014).

2.1. Balanced solutions

In the following it is convenient to let A denote
the common value of P(X; > a;):

A = Sx,(ai),

To reduce the set of possible combinations of b;s
which satisfy Eq.(11), we look for a solution of
a specific form where the b;s are chosen so that

(14)

t=1,...,m.
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P(X; > b;) has the same value for all i. We let B
denote this common value:

B=Sx(b), i=1,...,m. (15

The resulting values of the contract parameters are
then given by:

by =S5 (B), i=1,....,m. (16)

By introducing the restriction Eq. (15), the prob-
lem is reduced to finding a value of B such that
Eq.(11) holds. Due to the somewhat irregular
shape of the subset C, it is typically not easy to
solve this problem analytically. Instead we run a
Monte Carlo simulation on the joint distribution
of Xy,...,X,,. Based on this sample we then
iterate the value of B until the subset C contains
the desired fraction of the simulations.

By the definition of B it follows that if B
increases, by, ..., b, decrease. Moreover, since
Xi,...,X,, are assumed to be absolutely contin-
uously distributed, it follows that the probability:

m}jmxg>§jm)

is a continuous and increasing function of B.
Thus, if we can find a value B = By, such that this
probability is less than «, then By -value is a lower
bound on the correct value of B. Similarly, if we
can find a value B = By such that this probability
is greater than «, then Bys-value is an upper bound
on the correct value of B.

In order to find the bounds By, and By we start
out by considering Figure 1, and note that:

m

ccJ&i> ).

i=1

Hence, we have:

< P[G(Xi >b)]=1- P[ﬁ(XZ— <b)]
zl:ﬁ—BW. ) 17)

If B € [0,1] is such that 1 — (1 — B)™ = a it
follows by Eq. (17) that:

m

HE:MXO>XﬁJ§w

Thus, this B value is smaller than the correct B-
value. We let B, denote this B-value which by
Eq. (17) is given by:

To obtain an upper bound for B we consider
Figure 1 again, and note that:

m

(X >a)\BCC

i=1

Hence, we have:

m

> P([O(Xi > a;)] \ B)

m

= P(((Xi > @) = P(((|(a; < X; < b))

=1 =1
=A™ — (A— B)™. (18)

If B € [0, 1] is such that A™ — (A — B)™ = q, it
follows by Eq. (18) that:

m m

PO LX) > ai) >«

i=1 =1

Thus, this B value is greater than the correct B-
value. We let By denote this B-value which is
given by:

By =A— /A" _a.

By using the well-known bisection method it is
easy to determine B such that the fraction of the
simulations that belongs to C is approximately c.
Note also that the difference between the upper
bound By and the lower bound By, is typically
very small. Assume e.g., that m = 2, o = 0.05
and @ = 0.1111. Then, A = 0.9, and we have:

Br=1-+v1-a=0.02532,

By =A— VA% — a=0.02822.

As a result the bisection method will converge
very fast.

2.2. Unbalanced solutions

While finding the optimal balanced solution is
fairly easy, we are not guaranteed that this solu-
tion is globally optimal. In general it will often
be possible to find unbalanced solutions where
the premium term is lower. If m is large, find-
ing the globally optimal solution may be a time-
consuming task. We explain the procedure by
considering the case where m = 2, and introduce
B; = P(X»L > bl) = SXi(bi)7 i =1,2.

We start out by choosing Bj to be some suitable
number. We then determine Bs so that Eq.(11)
holds. This is again done by running a Monte
Carlo simulation on the distribution of X. By
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is iterated until the subset C contains the de-
sired fraction of the simulations. Using the same
method as we did for balanced solutions, it is easy
to see that for a given By, lower and upper bounds
on By becomes:

Oé*Bl OzfA~Bl
B = ; —
1—31 A—Bl

‘We then iterate the value By to find the value that
minimizes the premium part and hence also V.

By =

3. Numerical examples

In this section we present a numerical example
where we apply the results from the previous sec-
tions. We consider a case where X; and X5 are
lognormally distributed risks where E|X;] = 50,
Moreover, we let « = 0.05 and # = 1/9. Thus,
(1+6)~t=0.9.

If the two risks are handled separately as uni-
variate risks, the optimal contract parameters can
be computed by using Eq. (13), and are given by:

a; =43.78, by = 58.62,
ag = 8756, b2 = 117.25.
We let Vogi) denote the resulting value-at-risk for

the ¢th contract, © = 1,2. Table 3 shows the
estimated results for this case. If the #th risk is not

Table 1. Results when risks are handled separately
i Uninsured risk ~ Retained risk ~ Premium VOEi)
1 58.62 43.78 7.01 50.76
2 117.25 87.72 14.02 101.76

reinsured, the resulting value-at-risk is S)}j(a),

1 = 1, 2. Hence, by reinsuring the risks the cedent
gains:

Sxl (@) — V) = 58.62 — 50.76 = 7.86
Sxl(a) — VI =117.25 — 101.76 = 15.49,
and thus, the total gain is 7.86 + 15.49 = 23.35.

We now turn to the case where the cedent han-
dles both risk together. If none of the risks are
reinsured, the resulting value-at-risk, estimated
using Monte Carlo simulations is:

Sy ix, (@) =169.35.

If we use the same contract parameters as we did
for the individual contracts, the resulting retained
risk, estimated using Monte Carlo simulations be-
comes:

~1
Sfl(X1)+12(X2)(04) = 133.81,

and the total premium for the two contracts is
21.03. Hence, if both risks are reinsured using
the contract parameters for the individual risks,
the resulting value-at-risk is:

—1
Vv, = Sh(X1>+I2(X2)(oz) + T + o

= 133.81 + 21.03 = 154.84.
We observe that:

Sxi+x, (@) < Sy, (@) + 8, (o).

Thus, before buying the insurance, the value-at-
risk of the combined risk is actually lower than
the sum of the corresponding numbers for the
individual risks. On the other hand:

—1 —1 -1
Sll(Xl)+12(X2)(a) > SI1(X1)(a) + Slz(Xz)(a)'
That is, the retained risk when the risks are han-
dled together is higher than the sum of the retained
risk for the individual risks.

By insuring the risks the cedent gains:

Syl x, (@) — Vo =169.35 — 154.84 = 14.51.

which is much less than the sum of the gains of
the individual contracts.

By using contract parameters which are opti-
mized for the combined risks, however, it is pos-
sible to improve the results. Using Theorem 2.1
the following balanced solution can be estimated
using Monte Carlo simulations:

a; =43.78, by =60.47,
ag = 87.56, by = 120.85.

We observe that a; and a9 are not changed com-
pared to the individual contracts, while the param-
eters by and by are increased somewhat in order to
reduce the retained risk. This also implies that the
total premium increases to 21.15. On the other
hand, with these contract parameters the retained
risk is reduced to:

—1 .
ST (X 1)+ 1 (X (@) = 131.36,

and hence the resulting value-at-risk is reduced to:

_ g1
VO‘ - SIL(X1)+I2(X2)

= 131.36 4 21.15 = 152.51.

(o) + 71 + 72

This means that by insuring the risks using the op-
timized balanced contract parameters, the cedent
now gains:
S)_(11+X2 (o) =V, = 169.35 — 152.51 = 16.84.
This result can be improved even further by

considering unbalanced solutions, where the op-
timal contract parameters, estimated using Monte

470
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Carlo simulations, are as follows:

a; = 43.78,
as = 87.56,

b1 = 00,
by = 117.22.

Since by = oo, this means that a stop-loss contract
is used for the first risk, while the second risk is
reinsured using the same contract parameters as
we used for the individual contract. We recall
that the F[X5] is twice as large as E[X;]. Thus,
using a balanced solution, the second risk will
contribute twice as much as the first risk to the
total premium. By reducing b we save more on
the total premium than we lose by increasing by,
and we end up with a total premium of 21.07.
Note, however, that since the balanced and the
unbalanced solutions both satisfy Eq.(11), they
have equal retained risks. Hence the resulting
value-at-risk is reduced to:

_ g1
VO‘ - Sfl(X1)+12(X2)

= 131.36 4 21.07 = 152.43.

(o) + 71 + 72

This means that by insuring the risks using the

optimized unbalanced contract parameters, the ce-

dent now gains:

S)_(11+X2(04) — Vo = 169.35 — 152.43 = 16.92.
As a comparison, we have also calculated the

optimal solution if the two risks can be bundled

into a single risk:

X =X+ Xy,

and that the bundled risk can be reinsured using a
single contract. Then, the optimal contract param-
eters can again be computed by using Eq. (13), and
are given by:

a =135.95, b= 169.35.
With this contract the retained risk is increased to:
—1
SI(X1+X2)(a) = 135.96.

At the same time the premium is reduced to 15.79,
and hence the resulting value-at-risk is reduced to:

Vo = SR§1+X2)(04) + 7+
= 135.96 + 15.79 = 151.74.

This means that by insuring the risks using the
optimized bundled contract parameters, the cedent
now gains:

Sxlix, (@) — Vo =169.35 — 151.74 = 17.61.

This shows that in cases where it is possible to
bundle risks together and reinsure the resulting
risk with a single contract, this will typically be
better than buying separate reinsurance contracts
for each individual risk.

162.00

160.00

158.00

156.00

154.00

152.00
30.00 35.00 40.00 45.00 50.00 55.00

Fig. 2. Va[ll(Xl) + IQ(X2)] + m + mo wrt. ay.

162.00

160.00

158.00

156.00

154.00

152.00
60.00 70.00 80.00 90.00 100.00 110.00

Fig. 3. Va[ll(Xl) + IQ(XQ)] + m1 + w2 W.ILt. a2.

In Table 3 we have summarized all the main
results for four different methods discussed above.
The methods are labeled as follows:

(a) Univariate contracts.

(b) Optimal balanced contracts
(c) Optimal unbalanced contracts
(d) Bundled contract

Table 2. Results when risks are handled together

Method Uninsured risk Retained risk Premium Va

(a) 169.35 133.81 21.03 154.84
(b) 169.35 131.36 21.15 152,51
(c) 169.35 131.36 21.07 152.43
(d) 169.35 135.95 1579  151.74

In order to see how V,, varies with respect to
the contract parameter values aq, az, by and by
we have carried out a sensitivity analysis based
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Fig. 4. Va[ll(Xl) +IQ(X2)] + 7 + 7o W.it. by.
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Fig.5. Vo[l[1(X1) + [2(X2)] + m1 + 72 w.rt. ba.

on the optimal balanced parameters. The results
are shown in Figure 2 (a;), Figure 3 (a2), Figure
4 (by) and Figure 5 (b2). We observe that the
sensitivity curves for a; and ay have very distinct
minima corresponding to the optimal parameter
values. The sensitivity curves for b; and b are
decreasing to the left of the optimal values. To the
right og the optimal values, however, the curves
are almost flat. The reason for this is that when b;
is greater than its optimal value, the retained risk
does not change. Since the premium 7; increases,
the curve also increases. However, according to
Eq. (8) the rate of change in the premium depends
the tail probability of X;. Since this is typically
very small in this area, the premium grows very
slowly.

4. Conclusions

In the present paper we have considered the prob-
lem of optimizing insurance layer contracts in the
multivariate case. The main result is Theorem 2.1
which provides conditions that an optimal solution

must satisfy. In the univariate case these condi-
tions yield a unique solution equal to the solution
given in Cheung et al. (2014). In the multivariate
case there will in general be an infinite number of
solutions satisfying the conditions. Within the set
of balanced solutions, however, a unique solution
can be found using a simple and efficient iterative
algorithm. In the unbalanced case higher dimen-
sions are more difficult to handle as the set of
possible combinations of parameter values grows.

The proposed optimization methods are illus-
trated by some numerical examples. These ex-
amples show that it is possible to improve the
balanced solutions by using unbalanced solutions.
The improvements, however, are not very signif-
icant. Further studies of this indicate that when
risks have distributions with heavy tails, such as
e.g. Pareto distributions, unbalanced solutions
tend to result in higher premiums since the pre-
miums depend strongly on the tail regions. For
such distributions the optimal solutions appear to
be close to a balanced solution. In cases where the
risks have distributions with light tails, such as e.g.
a truncated Gaussian distribution, an unbalanced
solution can reduce the total premium.

The methodology introduced in this paper can
also be used in order to analyze related optimiza-
tion problems. In particular, it is possible to
obtain similar results for other risk measures such
conditional tail expectation.
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