
STK4500: Life Insurance and Finance

Home exam - Spring 2021

This exam consists of 2 exercises with a total of 5 items. All items are worth 10 points and
the �nal grade is obtained by multiplying by two the �nal score. The �nal grade is set after
an evaluation of the exercise as a whole. The exam takes place on Thursday 10th of June,

9:00-13:00. Make sure to be precise when stating mathematical results and formulae. Display
and present the results and formulas you use, or refer to the lecture notes or the book. LATEX
or any other text editor is preferred, but if you do the exam by hand, please write clearly and
do not cross out. Attach the code of the programs you use in an appendix.

Finanstilsynet (The Financial Supervisory Authority of Norway) is a Norwegian government
agency responsible for supervision of �nancial companies within Norway based on law and
regulations from Stortinget, the Norwegian Ministry of Finance and international accounting
standards. It is located in Oslo and is under the supervision of the Ministry of Finance.

Life insurance companies and pension funds make use of mortality rates suggested by
Finanstilsynet in a letter from 8th of March, 2013, as a benchmark. You can �nd this let-
ter by going to finanstilsynet.no and typing "K2013" in the search engine. The document
is called "Nytt dødelighetsgrunnlag i kollektiv pensjonsforsikring". Or directly from this link:

https://www.finanstilsynet.no/contentassets/60b4b0182be14b69a0dd1a2a6ec019b2/

nytt-doedelighetsgrunnlag-i-kollektiv-pensjonsforsikring-k-2013.pdf

On page 4 of this document, you see a model for the mortality in Norway based on data
from 2013, where they have added a weight due to longevity risk. They consider the following
function

µKol(x, t) = µKol(x, 2013)

(
1 +

w(x)

100

)t−2013

, t ∈ {2013, 2014, 2015, . . . }. (0.1)

Here, µKol(x, 2013) is the mortality for a life of age x in 2013, whereas µKol(x, t) is the
mortality for a life aged x in the calendar year t (t being at minimum 2013). Further, we call
w(x) the mortality decrease, given by

w(x) = min{2.671548− 0.172480x+ 0.001485x2, 0} for men,

w(x) = min{1.287968− 0.101090x+ 0.000814x2, 0} for women.
(0.2)

The mortality for longevity risk is given by the following formulas

1000µKol(x, 2013) = 0.189948 + 0.003564 · 100.051x for men,

1000µKol(x, 2013) = 0.067109 + 0.002446 · 100.051x for women.
(0.3)

The mortality for mortality risk is given by the following formulas

1000µKol(x, 2013) = 0.241752 + 0.004536 · 100.051x for men,

1000µKol(x, 2013) = 0.085411 + 0.003114 · 100.051x for women.
(0.4)
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Exercise 1 (Disability pension model)

A disability pension model consists at least of three states S = {∗, �, †}. The probability for
the transition �  ∗ (reactivation) depends on the duration of the disability, it makes sense
to decompose the state � into states �1, . . . , �n. The state �k represents policyholders whose
duration of disability is in the kth year, i.e. from k − 1 to k. Obviously, to access state �k for
each k = 2, . . . , n, one needs to have been in states �j−1, j = 2, . . . , k. Furthermore, we consider
�n a state of permanent disability, which means that there is no possibility for reactivation; the
only possible transitions are �n  �n and �n  †. See the Markov diagram below:

Figure 1: A widely used disability pension model.

Consider the following (discrete time) model for the (one-step) transition probabilities,

p∗†(x) = exp
(
−7.85785 + 0.01538x+ 0.000577355x2

)
,

p∗�1(x) = 3 · 10−4 · (8.4764− 1.0985x+ 0.055x2),

p�k∗(x) =

{
exp (−0.94(k − 1)) · α(x− k), if k < n,

0, otherwise
,

α(y) = 0.763313− 0.01045y, y > 0,

p�k†(x) = 0.008 + p∗†(x),

p∗∗(x) = 1− p∗�1(x)− p∗†(x),
p�k�k+1

(x) = 1− p�k∗(x)− p�k†(x).

Consider a disability pension with the following speci�cations:

Number of disability states: n = 10

Constant yearly interest rate: r = 3%

Age at the beginning of the contract: x0 = 30
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End of contract: T = 40

Yearly pension in case of disability: NOK 200 000

(a) Compute the present values for the above policy, given all states ∗, �1, . . . , �10, where �10
is the permanent disability state. Display a �gure with all present values.

(b) Explain what is the equivalence principle and compute the single and yearly premiums
for this insurance given that the insured is active at the beginning of the contract (assume
that premiums are waived in case that the insured is disabled). Finally, display a �gure
with all reserves and a �gure with only the reserve given that the insured is active. What
happens with the latter reserve by the end of the contract? Why?

Exercise 2 (Unit-linked insurance policy)

For this exercise, consider the mortality proposed by Finanstilsynet given in (0.1) by choosing
t = 2021 with weights (0.2) and (0.4).

Consider a fund S with stochastic dynamics given by

dSt

St

= µdt+ σdWt, t ∈ [0, T ], S0 = NOK 1 000 000, (0.5)

where µ, σ ∈ R, σ > 0 are parameters and W is a Brownian motion.
We consider a couple of two women aged x0 = 30 and y0 = 40, respectively. We want to

look at an insurance that pays 150% of the value of the fund to the survivor in case that one
of them dies. Their life times are independent. Furthermore,

Constant yearly interest rate: r = 3%

End of contract: T = 40

Death bene�t in case of death: 150% of the value of the fund

Return for the fund: µ = 7%

Volatility for the fund: σ = 25%

(a) Compute the surface for the present value of this insurance given time and value of the
fund when all members of the policy are alive.

(b) Compute the single and yearly premiums for this insurance and plot the surface for the
mathematical reserves. Plot the expected mathematical reserve as well.

(c) Estimate empirically the distribution of the initial (stochastic) reserve

V +
0,S0

= EQ

[∫ T

0

v(s)dA(s)

]
,

where EQ is the expectation under the risk neutral measure, v(t) = e−rt and A is the
stochastic cash �ow generated by the policy. Check that the empirical expectation is
somewhat close to the single premium obtained in item (a). Generate many single pre-
miums using this method and plot a histogram and give some descriptive statistics. Do
you recognize any type of distribution? Why or why not?

GOOD LUCK!
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