
Appendix
Not necessarily all formulas are needed to solve the problems in the exam.

1. Forward Kolmogorov equation:

d

dt
pij (s, t) = −pij (s, t)µj (t) +

∑
k ̸=j

pik (s, t)µkj (t) , i, j ∈ S,

with pij (s, s) = 0, if i ̸= j, pij (s, s) = 1, if i = j, where µj (t) =∑
k ̸=j µjk (t) .

2.

pjj (s, t) = p̄jj (s, t) = exp

−
∑
k ̸=j

∫ t

s

µjk (u) du

 , j ∈ S.

3. Thiele’s difference equation:

V +
i (t) = aPre

i (t) +
∑
j∈S

e−δpij (t, t+ 1)
{
aPostij (t) + V +

j (t+ 1)
}
,

where aPre
i (t) (pension payments) and aPostij (t) (benefit payments) are the

policy functions.

4. Prospective reserve (in continuous time):

V +
j (t) =

1

v (t)

∑
g∈S

∫
(t,∞)

v (s) pjg (t, s)

dag (s) +

 ∑
h∈S,h̸=g

agh (s)µgh (s)

 ds

 ,

for j ∈ S.

5. Black-Scholes model:

St = S0 +

∫ t

0

µSudu+

∫ t

0

σSudBu, 0 ≤ t ≤ T,

where S0 > 0, σ ̸= 0 and µ are constants and Bt, 0 ≤ t ≤ T is a Brownian
motion.

6. Pricing formula for a T -claim X :

ClaimValuet = EP̃

[
e−r(T−t)X

∣∣∣Gt

]
, 0 ≤ t ≤ T,

ClaimValue0 = EP̃

[
e−rTX

]
,

where P̃ (equivalent martingale measure or risk neutral probability mea-
sure) is the probability measure such that S̃t = e−rtSt, 0 ≤ t ≤ T is a
martingale under P̃ and Gt = σ (Su, 0 ≤ u ≤ t).
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7. Vasicek model:

r (t) = r (0) +

∫ t

0

α (β − r (u)) du+ σBt,

for non-negative constants r (0) , α, β and σ.

8. Zero-coupon bond value at time t = 0 (in the Vasicek model):

P (0, T ) = exp (−T ·R (T, r (0))) ,

where

R (s, x) = β−λσ

α
+

σ2

2α2
− 1

αs

{(
β − λσ

α
+

σ2

2α2
− x

)(
1− e−αs

)
− σ2

4α2

(
1− e−αs

)2}
,

and λ is the risk premium.

9. Integration by parts formula: Let

Xt = X0 +

∫ t

0

Kudu+

∫ t

0

HudBu, Yt = Y0 +

∫ t

0

K̃udu+

∫ t

0

H̃udBu,

where Bu, 0 ≤ u ≤ t is a Brownian motion. Then

XtYt = X0Y0 +

∫ t

0

XudYu +

∫ t

0

YudXu + [X,Y ]t ,

where

[X,Y ]t =

∫ t

0

HuH̃udu.

10. Itô’s formula: Let

Xt = X0 +

∫ t

0

Kudu+

∫ t

0

HudBu,

where Bu, 0 ≤ u ≤ t is a Brownian motion and f ∈ C2 (R). Then

f (Xt) = f (X0) +

∫ t

0

d

dx
f (Xu) dXu +

1

2

∫ t

0

d2

dx2
f (Xu)H

2
udu.

11. Moment generating function of X ∼ N
(
µ, σ2

)
:

E
[
eθX

]
= exp

(
µθ +

σ2θ2

2

)
.
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