
111Ll Palicis with stadastic interest

ratesGoalCalculation of prospective revues VFleftAAright with
respect to stachatic technical interest rates

We will assume Alet ajlefttrightint_0tajleftsdsright
We know that the claim cal prospective reserve it

given by
VFlefttArightVjlefttrightjxt 1 11.1

Vjlefttrightsum_ginSint_lefttinftyrightrhoigleftt1rightleftpigAleftsrightsum_hinSmughleftsrightpileftgAhleftsrightrightdsright
11.2

withwhere

Rtgleft1rightfracvleft1rightvlefttrightagleft1right and TleftbeginmatrixghAendmatrixrightleftsrightfracvleftrightvlefttrightaghleftsright
are the present value at time t

payments ajleftsright and benefit payments aijleft1rightleftstright
with respect to a deterministic technical int rate

rtdelta Can deltalefttright
Harvever what is the prospective revenue VFleft1Aright
with FA as in Assumption left01right if rA it stackatic

Mring the same reasoning as in Section 10 we find
that VFleftAAright is given by leftlllright and L2 where

pigtleft1right and pileftgthleftrightright are the present value attime t

of acdotgtleftright and a ghleftsright with respect to stachaticinterest

rates respectively

Problem What is the present value at time A of
payment h at maturity s based on stack int reter wedgeA

of
the perrian



12.2parvillesolution dynamic hedging principle that is

we define jut as in Section 10 for St the present
value of a band claim h by means of replicating
portfolios VAleftphiright compared of a riskley anet

and a zero coupon band

For this funface consider
B and market

model1riskless asset with price dynamics
Rlefttrightexpleftint_0trsdsright 11.3

where rt is the overnight int rate based on

market information up to time t modeled

byagt adapted pracell
2 Zero coupon hand with prices

PlefttTright00leqtleqT 112.4

modeled y a gt adapted proc PleftATright0leqAleqT
such that PleftTTrightL at maturity T
As a special care of this model we now assume that

125plefttTrightPTlefttrtright
for a nice function PT i.e sufficiently regularfunction

remark on PleftATrightFtleftAwedgetYtright for a proc YAinmathbbRd1

Further suppose that it satisfies the SDE

rtxint_0tmulefturMrightduint_0tsigmalefturmrightdBm 12.6

for nice functions pr lceil



113
Applying Ito's formate to Xtrt and fPT gives

PlefttTrightpleft0Trightint_cthatmuleftsrsrightpleftsTrightdsint_cthatsigmaleftsrsrightpleftsTrightdBs11
where

hatmuleftsxrightfrac1PtleftsxrightleftfracpartialpartialsrhoTleftsxrightfracpartialpartialxptleftsxrightcdotmuleftsxrightfrac12fracpartial2partialx2ptleftsxrightcdotsigma2leftsxrightright
and

overlinesigmaleftsxrightfrac1ptleftsxrightleftfracpartialpartialxptleftsxrightsigmaleftsxrightright
left118right

Nav assume in Giacamar's theorem theccdotleft07right a process

Xt suh that

Xtsigmasimleftsr1rightr5hatmuleftsr3right sgeq0left122right
then hatBtRtctXd is a betam under hatp with

overlinePleftArightEleft1rangleAtTrightZtexpleftint_ctXdBfrac12int_ctleftXsright2dsright 112

Moreover we lit 12 the discounted band price

hatPleftATrightexpleftright0truduPlefttTright is a martingale

under
overlineP

In the same way as in Section 10 I just resplace
there st by plefttTright the notion of a portfolio
value Vtleftvarnothingrightphit0Rlefttrightphit2PlefttTright or of a

replicating strategy phitleftphitcphitcright can be introduced
and similarly to thear 10.12 one altain the

following result

theorem 11.1 Hedging of land claims
Assume that hatsigmaleftsrxrightneq0 Further let h be a land
claim with maturity ST such that



124
Then h is replicable and the portfolio value at
time t of any replicating strategy cent is givenby

VAleftphirightEpleftexpleftrighttsrndurighthgt1112 1

Epleftleftexpleftright05rudurightcdothright2infty

11 10
Just as in Section 10 it is reasonable to

definethevalue or present value of the land claim h
at time ts a

Claim Value tEsimpleftexpleftrighttsrndxrighthyt left1112rightleft1213rightt0
rightarrow Claim Value Ehatpleftexpleftint_0Srudurighthright
Example 12.2

Choose hagleftright on aghleftsright Wr A VFlefttAright
1212

RightarrowpitgleftsrightEpleftexpleftrighttswedgendurightytagleftsrightpitghleftrightEpleftexpleftrighttswedgerdurightgtaghleftsrightleft115right
c 1214
11.15

list11
plefttsrightpslefttrtright

11116Then VFlefttArightVjlefttrightjxtVjlefttrtrightjxt
with VjlefttxrighttTCtjleftnxright du

where Ctjleftuxrightpulefttxrightcdotbtjlefturight
far Gtjlefturightsum_iinSpjileftturightleftailefturightsum_kneqimuiklefturightaiklefturightright

chainrule

fracpartialpartialtVjlefttxrightint_AtfracpartialpartialtCtjleftnxrightduajlefttrightsum_kneqjmujklefttrightajklefttright111

left1217right



115Nave write

dBsdlefthatBsint_0sXmdurightdhatBjXjds in left117right

togetthat

PlefttTrightPleft0Trightint_0tlefthatmuleftsr3rightX3hatthetaleftsr3rightrightPleftsTrightdst0thatJleftsr3rightPleftsTrightdhatB 11119
On the other hand since

PnlefttxrightCAjleftnxrightGAjleftnright 1left112cright

andbacklead

sum_ktjmujklefttrightleftpjileftturightpkileftturightrightfracpartialpartialtpjileftturight
Kalmag.weget

fracpartialpartialtPnlefttxrightfracpartialpartialtleftGtjleftuxrightGtjleftxrightright
Thaduct

mefrac1Gtjlefturightleftsum_kneqjmujklefttrightleftCAkleftuxrightCtjleftuxrightrightfracgammapartialtCtjleftuxrightrightleft1222right
lengthy computations

Then using 128 for Tu the integrand in thedrift
term of 112.19 equals

frac1GtjleftxrightfracpartialpartialtCAjleftxrtrightsum_kneqjmujklefttrightleftCAkleftxrtrightCtjleftxrtrightrightfracpartialpartialxCtjlefturtrightleftmulefttrArightXtsigmalefttrArightrightfrac12fracpartial2partialx1Ctjleftxrtrightdeltalefttrtright2 left1L22right

But we also know that

lefthatmulefttrtrightXthatsigmalefttrtrightrightpleftturightrtpleftturightleft1120rightwedgetfracCtjlefturtrightGAjlefturight
left129right

Which implies rAfracCjleftn1ArightGtjleftnrightleft1122right
L



1Ctjleftnrtrightleft1222rightGtjleftarightleft1123rightfrac116
Integrating int_tTleftcdotright dn on both sides andusing left1117rightleft1218right
we get

fracpartialVjpartialtlefttVwedgetrightrtVjleftArArightajlefttrightsum_kneqjmujklefttrightleftajklefttrightVklefttrightVjtrightt
Vjlefttright

classical part ofThiele's diff equation

leftfracpartialpartialxVjlefttrtrightleftmulefttrtrightXtgammalefttrArightrightfrac12fracpartial1partialx2Vjlefttrtrightgammalefttrtright2right
Thiele's pantial diff equation for stack int neter
Ex 12.3 Vaniak model

mulefttxrightaleftbxrightsigmalefttxrightsigma in 12.6

Assumption in left112rightXtlambdainmathbbR constant

wedge under hatp in left1110right it mean revertingagain
Thiele's part doff equat for the term inurance

fracpartialpartialtVlefttrtrightleftrtmutlefttrightrightVlefttrtrightHmutatlefttright
leftfracpartialpartialxVlefttrtrightleftaleftbrtrightlambdasigmarightfrac12fracpartial2partialx2Vlefttrtrightsigma2right


