
STK4540: Non-life Insurance Mathematics

Second assignment

This assignment consists of two exercises. The deadline is Thursday 7th of November at
14:30. To pass the assignment you just need to have tried one item from each of the two
exercises, so two items in total. Pretty easy! But as a teacher I strongly encourage you to try
to solve the whole assignment. Good luck!

Exercise 1 (Mean excess function and plot)

Let Y be a non-negative random variable with �nite mean, distribution function F and a =
inf{x : F (x) > 0} and b = sup{x : F (x) < 1}. Then its mean excess function is given by

eF (u) = E[Y − u|Y > u], u ∈ [a, b].

The quantity eF (u) is often referred to as the mean excess over the threshold value u. In an
insurance context, eF (u) can be interpreted as the expected claim size in the unlimited layer,
over priority u. The function eF can only have three behaviours when u is large, limu→∞ eF (u)
is either 0, a constant C > 0 or in�nity.

(a) The property that P (Y > u+x|Y > u) = P (Y > x) for every u and x is calledmemoryless
property. Show that if Y is absolutely continuous and satis�es the memoryless property,
then Y must be exponentially distributed.

(b) Show that

eF (u) = C > 0 provided that P (Y > u+ x|Y > u) = P (Y > x),

for every x > 0 and u in the support of eF .

Show that if, in addition, Y has support on (0,∞) and admits a density then eF (u) = C
implies P (Y > u+ x|Y > u) = P (Y > x).

The above facts make the exponential distribution unique in the sense that it provides
a way of discriminating between heavy-tailed and light-tailed distributions. Hence, we
can distinguish between limu→∞ eF (u) = 0 (ligh-tailed distributions), limu→∞ eF (u) =
1/λ > 0 (exponential distribution with parameter λ) and limu→∞ eF (u) = ∞ (heavy-
tailed distributions).
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(c) Compute the mean excess function of a Pareto distributed random variable with scale
xm > 0 and shape α > 1 (see next exercise or Wikipedia for de�nitions). Is it a light- or
heavy-tailed distribution?

If one deals with claim size data with an unknown distribution function F , one does
not know the excess function eF , as it is often done in statistics, one replaces F by the
empirical distribution denoted by Fn and de�ned as

Fn(x) =
1

n

n∑
i=1

1{Xi<x}, x ∈ R,

where X1, . . . , Xn is the a priori sample of size n of i.i.d. random variables with common
distribution function F . If X1 has �nite mean, then it is trivial to see that Fn converges
almost surely to F pointwise by the strong law of large numbers. Glivenko-Cantelli's
theorem strengthens this result and provides even uniform convergence. The function eFn

is called the empirical mean excess function.

(d) Show that

eF (u) =
1

F (u)

∫ ∞
u

F (x)dx

and use Glivenko-Cantelli's theorem to conclude that eFn converges almost surely to eF
uniformly. Also, use the above formula to show that

eFn(u) =

∑
i:i6n,Xi>u

(Xi − u)

#{i : Xi > u}
.

A graphical test for tail behaviour can now be based on eFn . A mean excess plot consists
of the graph

{X(k), eFn(X(k))}nk=1,

where X(k) denotes the k-th order statistic.

(e) Generate X1, . . . , Xn from a distribution of your choice for some n of your choice and plot
the corresponding mean excess plot against the theoretical one. You may try to do this
with di�erent distributions and sample sizes. What do you observe?

Exercise 2 (Norwegian �re insurance)

We will consider the data from a Norwegian �re insurance company for the period 1972-
1992 studied in [1]. You can �nd the data by installing the R-package "ReIns" and writing
data(norwegian�re).

Consider a policy to protect households against �re. We will model these by using the
Pareto distribution which, by the previous exercise, is a good choice for modelling large claims.

Given a scale parameter xm > 0 and shape parameter α > 0, let the claim sizes X1, . . . , Xn

in the policy be iid Pareto-distributed with parameters (xm, α), i.e.,

F (x|α) = P (Xi > x|α) =
(xm
x

)α
, x > xm.
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(a) Given a priori empirical independent observations X1, . . . , Xn with Xi ∼ Pareto(xm, α)
�nd the maximum likelihood estimators for the parameters xm and α. Hint: Estimate
�rst xm by observing how the likelihood function behaves in xm and then �nd α̂MLE.

(b) Let S(t) =
∑N(t)

i=1 Xi where {Xi}i>1 are Pareto distributed and N is a homogeneous
Poisson process with intensity λ > 0. State the Net Pro�t Condition in this context and
�nd the minimum premium rate in order to avoid ruin with probability one. Propose an
estimator ĉ for c based on our random sample X1, . . . , Xn.

Data analysis

(c) Use the given data and argue that it may be reasonable to assume that the data comes
from a Pareto distribution. Plot the theoretical and empirical mean excesses as described
in item (d) from previous exercise. Idea: If you want, since the mean excess plots are
di�cult to assess, it may be easier to use the fact that if Y is Pareto distributed with
parameters xm and α then log(Y/xm) is exponentially distributed with rate α and plot
the log-data rescaled by 1/xm instead. This is also a quick way of estimating α.

(d) Find the estimates for xm, α and λ for this data and �nd an estimate of the minimum
premium we need to charge in order to avoid ruin with probability one. Idea: for estimat-
ing λ you may consider time t in years and divide the claims by years and use that the
homogeneous Poisson process has stationary increments to estimate λ as λ̂ = 1

T

∑T
t=1 kt

where T is the total number of years and kt is the total claim number in year t. Then the
total claim is given by S(T ).

(e) Assume the risk process U(t) = u + ct − S(t) with initial capital u and premium rate
c > 0. Let Zi = Xi − cWi, i > 1 where {Wi}i>1 are the inter-arrival times for claims
(under our setting Wi ∼ exp(λ)). Denote for each n > 1, Sn = Z1 + · · · + Zn. We know
that the probability of ruin is given by

ψ(u) = P

(
sup
n>1

Sn > u

)
for a given initial capital u.

Plot the function ψ for a premium c′ = ĉ(1 + ρ) with ρ a safety loading of your choice
and ĉ as found in (d). For this speci�c c′ compute the reserve u we need so that

ψ(u) = 0.01.

You may provide a table of reserves for di�erent values of the safety loading ρ > 0.

Excess-of-loss reinsurance

We consider a reinsurance treaty of excess-of-loss type with deductible set to K = 100 000
NOK. We are interested in the parameter p = P (X1 > K). For this part we will use a
Bayesian approach. In the last item we will compare it to the frequentist estimate for p.

Assume now that α is Γ(γ, β) distributed with density

fγ,β(y) =
βγ

Γ(γ)
yγ−1e−βy, y > 0.

3



(f) Show that α| ~X with ~X = (X1, . . . , Xn)′ is Γ(γ, β) distributed with parameters

γ = γ + n, β = β +
n∑
i=1

log(Xi/xm).

(g) The reinsurance company takes into account only the values Xi exceeding a known high
threshold K (later K = 100 000 NOK). They "observe" the counting variables Yi =
1(K,∞)(Xi) for a known threshold K > xm. The company is interested in estimating
P (X1 > K|α).

(g.i) Give a naive estimator of P (X1 > K|α) based on the empirical distribution function
of X1, . . . , Xn.

(g.ii) Determine the a.s. limit of this estimator as n→∞. Does it coincide with P (X1 >
K|α)?

(h) Show that Yi, given α, is Bin(1, p(α)) distributed, where p(α) = E[Y1|α]. Compare p(α)
with the limit in (f.ii).

(i) Show that the Bayes estimator of p(α) = E[Y1|α] based on the data X1, . . . , Xn is given
by

p̂B =
(β +

∑n
i=1 log (Xi/xm))

γ+n

(β +
∑n

i=1 log (Xi/xm) + log (K/xm))
γ+n .

Show that the Bayes estimator is consistent, that is, the P -a.s. limit of p̂B as n → ∞ is
indeed p(α).

(j) Choose some values of γ and β (try to give α some meaning/use in this context) and plot
the prior and posterior distributions of α and compare. Plot also the prior and posterior
distributions of p(α) and compare. Compute a 90% credible interval for p(α) and the
Bayes estimator p̂B. Compare with the frequentist estimate for p.
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