Non-Life Insurance Mathematics (STK4540)
Solutions to the 2.mandatory assignment

Problem 1 We know from Theorem 6.3.1 in Mikosch that
fi,p = (1 —w)p + wX,

where

nA 417 1 i v

w = an =— ;.
©+nA ni J

By Exercises 5, Prob. 2 we have that

1.

po= E[p(e)]:E[P(X1>K!9)]:E[(£)H]

B ! *
= (B—log(X/K)> ~ 0.18806.

2.
N
A = Varp(9)] = Var[(E) ]
ﬁ v B 2 N
= <5 — 210g(/\’/K)> - (W) ~ (0.06842.
3.
B 7 ; T
So

n=10 10 - 0.06842 B
0.08427 + 10 - 0.06842 0.89034 an 0

Therefore, we get that o
estimated probability for X; > 75000 NOK given 6.

The corresponding risk is given by

Problem 2 (i) As in Problem 1 we want to use Theorem 6.3.1 in Mikosch and obtain
that o
brp=(1—-wp+wX,



where

nA — 1<
= dXx=- "X,
v ©+nA o n ; J
Here:
1. s
1= E[u(0)] = E[6] ™2 T3 = 1.91667.
2. 23
hint .
A=Var[ud)] = Varld] = 12y = 1.59722.
3. s
¢ = E[Var[Xy 0] = B[] 2" 5 = LO1667.
Thus
=10 10 - 1.59722

= 0.892857 and X = 0.9.

1.91667 4 10 - 1.59722
Therefore, we get that
firp = (1-wp+wX
1.00893

expected claim number (per year) given the observations.
The corresponding risk is given by

p(fig) = (1 — w)A ~ 0.171131.

(ii) We now assume in (i) that 0 = exp(Z) with Z ~ N(0,1). Then
1.
1= E[u(0)] = Elexp(Z)] = e2 ~ 1.649.

2.
A = Varlu(9)] = E[(u(0))%] — p?
E[e*?] — 12 = ez _ 12
4.670.
3.
¢ = EVar[X; |0]] = E[f] ~ 1.649.
S0 10 - 4.67
n=10 t . e
WS 1649 110467 - Y06 an 0-9
Hence

Problem 3 Once more we see from Theorem 6.3.1 in Mikosch that

fipp = (1 - w)p+wX,



where

. nA
o+

1 &
dX=- X;.
an n; ]

Here:

p = Eu(0)] = E[Elexp( +721) |0]]
= FElexp(0)E[exp(TZ1) |0]]
P Blexp(0) Elexp(r Z1)]
hint in Ex4, Prob.4 Elexp(6) exp(%7'2)]

hint in Ex4, Prob.4 1
TS exp( £ (7 4 0%)

X = Varlu(9)] = E[(1n(9))] - 1

= Elexp(20)(Elexp(7Z1)])?]
2

12

= exp(2i + 72 +20%) — 1

= 63—62.

¢ = E[Var[Xi|0] = E[E[X} 0] - E[(E[X10])’]
= E[E[exp(20 + 272,)|0]] — Elexp(26) exp(7?)]
= Elexp(20)E[exp(2721)]] — Elexp(26) exp(7?)]
= Elexp(260) exp(27?)] — Elexp(26) exp(7?)]
= exp(2i + 207 +27%) — exp(2u’ + 202 + 72)

= 64—63

So

e?8(e — 1)
e?(e? —e) +e28(e—1)
8(e—1)

= ~ 0.746
(e2—e)+8(e—1)

and

fipg = (1-wp+wX
= 0.254-€40.746 - 4.5 ~ 4.05 (in 1000 NOK).



Problem 4 Suppose that E[X1] < oco. Then for X = X; in Problem 1, we obtain that

E[Xy] = /000 P(Xy > 2)dz = /OOOE[P(Xl > z|0)]dz

A 00
_ /ﬂP@}Zﬂ@M%+/ E[P(X, > z|0)|dz

- /1m++/ E[(2)]d-
2 [ ey

B[(2)) = /0 N e () dy.

z

On the other hand,

So it follows from (1) by inter-changing integrals (Tonelli’s theorem) that

1/2 n
EXy) > /0 N franty) [ Vdzdy

1/2 1
e R G S "
0 Y

> —21pv Ay
> ; fre,) () Yy

1 [ 1
+n "2 N oy, (Y) ——dy
0 11—y

— 0OQ,
n—»-0o00

which leads to a contradiction. So E[X] = occ.
Problem 5 (i) It follows from Lemma 5.2.3 (1) in Mikosch that

foy) P(X = k|0 =y)

foly|X = k) = PX = k) ,
where
0k 00 yk
P(X =) = BIP(X = k|6)] = Ble ] = /0 Y ow)dy
and



(ii) So by (i) we get that

o] —yy_
my = E[G\X:k]:/o yJ;i((y)ge:I:)!dy

o) k+1
e [T e

KIP(X k+1)!
= f&ig;jl)Ekz(;ifiﬂ]
_ P((];(—i_:l)k)E[P( —k+116)]
_ P((’;;r:l)k)P(X —k+1)

(iii) Consider w.l.o.g. the case [ = 2:
(@ 2f9 e yy
E[0®|X = k] = e
B[6?| | =

B (k+2)! <y yk+2
- TP /0 e fy(y)dy

KP(X = (k +2)!
 (k+1)(k+2) _
_ mE[P(X—lH—?W)]
P(X =k+1) P(X =k +2)
= WD e my P =)
= MgMi+t1-

Problem 6 (i) We know from Lemma 5.2.3 that

foP(Xi =20 =y)..P(X1=m,0=y)
P(X = (21,...,zp)) ’

fo(y| X =k) =

where

and



We find that

P(X = (21,..,2,)) =
X1 = .’L‘l,...,Xn:.%'n)Z

(
E[P(X1 = z1,...X, =2,10)] Xjojzliid. given 0
(

X1 = z110)..P(Xy =x,10)] =

L5 ) om0

! (a+>2721 xj)fl(l . y)(bJrnku?:l xzj)—1 F(al + b/) F(a/)F(b/)

0 T(a)T () Y T(@ + )
. F(a + b) i k 1 a' — ’_ F(CL/ + b,)
“{Hw+wrmﬁ@11<%>54y =0 T

where
n n
a’ ::a—I—Z:Uj,b' = b—l—nk—ij > 0.
j=1 j=1
Hence,

P(X = (x1,...,xn)")

atb) o a1 k. .
sty 1(1—?/)“1_[(%)?;3(1—?;)’“ J

folyl X =Fk) =

_ J=1
T(a/)T(V') T(atb) Hn k
T(a’+V) T'(a)T'(b) et < x; )
j:
F(a/ + b,) 1 b —1
— N 1 —

which is the density of the Beta distribution for the parameters a’,b’ > 0.
(ii)
hp = E[M(Q) ‘Xla ey Xn] = (E[M(@) ‘Xl =21,..., Xp = mn])’g[:l:Xl,...@n:Xn :

6



On the other hand,
E[M(@) ‘Xl =T, ...,Xn = :L’n]

1
= / EX110=y] fo(y|X1=21,... Xpn =2xn)dy
0

expectation of a binomial r.v.

1 F(CLI +b/) o o
/0 ky)m?/ 1(1 - y)b 1dy
1

where a” :=a’ + 1.
As for the corresponding risk we know from Theorem 5.2.1 in Mikosch that

p(ip) = E[Var[u(0) | X1, ..., Xn]].

Since X is binomially distributed given 6, we see that
pn(0) = E[X110] = k0.

So

p(iig) = K*E[Var[0| Xy, ..., X,]].
From the hint and the fact that the conditional density of 6 is that of a Beta distribution
with parameters a’,b’ > 0, we get

Varl0 | X1 = x1,.... X, = ]
— alb//[(a/ + bl + 1)(@’ + bl)2]

= (a+ Zn:xj)(bJrnk - Zn::cj)/[(aJr b+ nk+1)(a+ b+ nk)?).
=1 i=1

Therefore, the latter implies that

pliip) = [(a—i—b—i—nk—{—1)(a+b+nk:)2]E[(a+jz;Xj)(b+nk?;Xj)]
]432
" [(a+b+nk+1)(a+b+nk)?]
x(a(b+nk)+ (b - a)E>_X;] - E[>_X;)%).
=1 j=1
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Further,

and

So

n

E[Y" X;] = nE[E[X, 6] = nE[k6) "2 nk—"

a+b

> E[E[X:X; 6]

i,j=1

> E[E[X;|0) E[X; 0] + > E[E[X] 6]

i,j=1,i#j i=1

(n® —n)E[(E[X10)’] + nE[Var[X1 6] + (E[X1 [0])?)
n?E[(E[X1|6))?] + nE[Var[X1 |0]]

n2E[(k0)%] + nE[kO(1 — )]

(n?k* — nk)E[0?] + nkE[0)

(n?k? — nk)(Var([0] + (E[0])?) + nkE[0]

"2 (22 k) ({ab[(a b+ 1)(a+ 7))+ ()?)
-l-nk:m.

p(ip)

k‘2

[(a4+b+nk+1)(a+ b+ nk)?|

X (a(b+ nk) + (b — a)nkai_i_b

— (02K = nk)({ab/[(a + b+ D)(a+ )7} + (=57)?)
_nka + b)'

Problem 7 (i) We have that



Then it follows from the independence of N(t),t > 0 of the i.i.d. claims X;,j > 1 that

P(S(t) — S(s)

However,

Hence,

<

(]

&

z,5(s) < y) = B [L{s-ser<nylisersny] = B hzwm xza} M i)

i=N(s)+1

m>0 1=0

> D Lww=mlive=nl (£Y0, xi<0) {2N<s>xz<y}]

> ZE [1{N =mplve)=nlf{zm | v}l 1X<yﬂ

m>0 1=0

YD Ellnwm=mline=n] E 1{21 Hlx.gx}l{zgzlxigyﬂ

m2>0 [=0

> > Enw=mline=n) E :1{211,“)@9}] E [1{2:1)@@}]

m2>0 [=0

3

3

> E [Lvwemtive=n] B Lot x| B [1st xisy)]

m>0 [=0

o] ® e x|

[ {ZN(t) NG x, <x}}
> ZE [1{N(t) myln )= {sme lx<wﬂ

m>0 [=0

>3 Bl vw=mlive=n) B [Lysr xan ]

m>0 [=0

> Y B Lvwemtive=n) B Ly, v

m>0 (=0

t [1{21 N<5>+1Xi<x}] = P(A Y Xi<uw)

P(S(t) — S(s) < x).

3

3

P(S(t) = S(s) <x,5(s) <y) = P(S(t) = S(s) < 2)P(S(s) <y)

for all z,y € R. So S(t) — S(s) is independent of S(s) for s < .
We also see from the first equation by letting y — oo that



But then N(t) — N(s) 4 N(t — s) (stationarity of the Poisson process) gives

N(t)—N(s)

Z X; <x)

= [1{N<t>—N<s):m}] E|Lisr, xeo)
0

IN

P(S(t) — S(s)

3
v

Il
M»

E[Ln-s)=m)] B [1{2111&9}}

3
V
o

|
M

OE Lv-o-mi (s, x<0})

= |l | = PSE- 9 <) 2)

3
v

So S(t),t > 0 has independent and stationary increments, that is S(¢),¢ > 0 is a special
example of a Lévy process.

(ii) It follows from the properties of conditional expectations, the independence of S(t) —
S(s) and S(s) and the stationarity of S(t),¢ > 0 that

Eexp(=hU(1))| S(s)]

= Elexp(—=h(u+ct) + hS(t))] S(s)]
= exp(—h(u+ ct))E [exp(h(S(t) — S(s) +5(s)))[ 5(s)]
= exp(—h(u+ ct))E [exp(hS(s)) exp(h(S(t) — S(s)))| S(s)]
= exp(—h(u+ ct)) exp(hS(s)) E [exp(h(S(t) — S(s)))| S(s)]
= exp(—h(u+ ct)) exp(hS(s)) E [exp(h(S(t) — S(s)))]
= exp(—h(u+ ct)) exp(hS(s)) E [exp(h(S(t — 5)))] -
Further,
Elexp(h(S(t = s))]
N(t—s)
= E|exp(h( Y X))
i=1
= Y E|lng—sy—m} exp(h(d Xi))]
m>0 i=1
= D E[lng-s=m] E [exp(h(} Xz-)>]
m>0 i=1
= D E[n(-s=m] (Elexp(hX1))™.
m>0
On the other hand, if & is the adjustment coefficient, we find that
Efexp(hX1)] = !

E [exp(—heWh)]
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Here

Elexp(—hcWh)] = exp(—hey) A exp(—Ay)dy
0

= A exp(—(hc+ N)y)dy
0

= A/(he+N),

since W1 ~ Exp()\). So
he + A
Elexp(hX;)] = T

Thus

Elexp(A(S(t =) = Y E[Lings=m) (E [exp(hX)])"™
m>0

he+ X,
= > E[lwe—s=m] ()

m>0

_ Z e—)\(t—s) ()‘(t — S))m (]’LC + )‘)m

m! A
m>0

= e M exp((t — s)(he + N))
= exp((t — s)hc).

Therefore, we get that

Eexp(=hU(t))] S(s)] = exp(—h(u+ ct))exp(hS(s))exp((t — s)hc)
= exp(—h(u+cs))exp(hS(s))
= exp(—hU(s)),s < t.

(iii) It follows from (ii) for s = 0 that

Eexp(—hU(£))| S0)] = exp(—hU(0)) = exp(—h(u + ¢ - 0)) exp(hS(0))
exp(—hu).

So by using the properties of conditional expectations and taking the expectation on both
sides of the latter equation, we obtain that

E[exp(=hU(t))] = E [E [exp(=hU (1)) S(0)]] = exp(—hu),t > 0.
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