Non-Life Insurance Mathematics (STK4540)
Lgsningsforslag prgveeksamen

Problem 1 (i) Since the claim numbers are modelled by a Poisson process, the inter-
arrival times W, ¢ > 1 are 4.i.d. with common distribution Wy ~ Exp(\). So by Exercises 1,
Problem 1 we know that the MLE X is given by

_n
Z?:l Wi

The observed arrival times are W1 = 1 (the day 09/30/1990 is excluded), Wy = 1, W3 =
1, Wy =1, W5 =3,Ws =1,Wr =2. Son =7 (sample size) and we get that

=

(ii) Recall that

for u — oo (Th. 3.4.13).
Just as in the 1. assignment we want to approximate

* 1 “ *

by means of the empirical distribution function F,.
So we see that

1 -
E*[Xi]~ = Y X; "= 27.201.
i
On the other hand,
P (X1 >y)~1—F,(y).

Hence,

u u 1 n
/0 P* (X1 > y)dy %/0 (1- Ezl(—w,y](Xi))dy
=1

1 n
= u—— g (max(u, X;) — X;) ~ 20.821.
n
i=1

Using the latter, we find that
U (100) = 78.183%.

Problem 2 (i) We apply Theorem 6.3.1 in Mikosch and obtain that

fipp = (1 —w)p+ wX,



where

nA 1
= Y and X = —ZX]
7=1
Here:
L 2.9
hin .
p= E[u)] = E[f) "' o =145
2. .
A = Var[u(0)] = Var[o] "2 5o = 0725
3. .
o = E[Var[X, |0]] = B[] "2' =145
Thus

n=10 10-0.725 —
145+ 10. 0725 ~ )-833an g

Therefore, we get that o
brg=(1—-wp+wX ~1.492.

expected claim number (per year) given the observations.
The corresponding risk is given by

p(ipg) = (1 —w)A =0.167-0.725 ~ 0.121.

(ii) We now assume in (i) that 6 ~ U(0,1). Then
1.

p = Elu(0)] = E[0] = /O ydy = 0.5.

2.
A= Var[p(0)] = E[(u(0))*] — p?
= B - p?
1 1 1
2 2
= yedy — p“ = = — — ~ 0.083.
/ i
3.
¢ = E[Var[X;|0]] = E[f] = 0.5.
50 10-0.083
n=10 - U. ~
=0 Y 0624 and X = 1.5.
05110 0.083 ~ 024 an g
Hence
firp = (I-wp+wX

= 0.376-0.540.624-1.5 ~ 1.124.



Problem 3 Again by Theorem 6.3.1 in Mikosch we have that

fipp = (1 —w)p+wX,

where
ni — 1<
w = Y and Y = n;yj
By Exercises 5, Prob. 2 we obtain that
1.
)\/
po= Elp0)]=EPX:>K|0)] = E[(g)e]
B v
= (ﬂ — Iog()\’/K)> ~ 0.216.
2.
N = Varp(0)] = Var[( )
= Varlp(0)] = Var|(5)’]
_ 5 ! 5 L
= (=zmorm) ~ (o) =00
3.

p = ElVarlXi|0]]) = Elp(6)] — E[(p(6))*]

- <5—1O§()\//K)>7 - (B — 2105g(>\'/K)>7 ~ 0.124.

nzt0 10-0.0447 _
W= 1247 10 0.0447 ~ 783 and Y =0.2

So

Therefore, we get that o

estimated probability for X; > 10000 NOK given 6.
The corresponding risk is given by

p(tirg) = (1 —w)A =~ 0.0097.

Problem 4 As before we want to use Theorem 6.3.1 in Mikosch and get that
firp = (1 —w)p+wX,

where "
nA — 1
= dX=-— X.
v ©+nA o n; J

Here:



po= Elp@)] = E[Elexp(6 +721) |6]]
= Elexp(0)Elexp(rZ1) |0]]

0,21 independent

Elexp(0)E[exp(TZ1)]]
hint in Ex4, Prob.4 Elexp(0) eXp(%TQ)]
hint in Ex4, Prob.4 , 1
= xp(p' + 5 (7% + 0%))
~ 29.224.
2.
A = Var[u(9)] = E[(u(0))*] - 1®
= Bl(u(6))?) —
= E[(exp(0) exp(57%))*] — p*
= Elexp(26)] exp(r?) — p?
= exp(2y + 7%+ 20%) — 1
~ 554.063.
3.
¢ = E[Var[Xi|0] = E[E[X} 0] - E[(E[X10])’]
= E[E[exp(20 + 2721)|0]] — E[exp(26) exp(7?)]
[

FElexp(20)Elexp(27721)]] — Elexp(26) exp(7?)]
Elexp(26) exp(27?)] — Elexp(26) exp(7?)]
exp(2p 4 20% + 272) — exp(2p + 20% + 7%)
399.937.

So
8 -554.063

= ~ 0.917
399.937 4+ 8 - 554.063

and

i = (1-wp+wX

= 0.083-29.224 + 0.917 - 15.75 ~ 16.868 (in 1000 NOK).

Problem 5 (i) We want to calculate
ﬁB = E[E[Xl ‘9] ’Xla 7Xn] :

To this end, we shall compute the conditional density fy(y|X; = 21, ..., X\ =
of L. 5.2.3 (2) in T. Mikosch:

foly| X1 =1, ..., Xy = )
fo)fx, (@110 =y) ... fx,(xn |0 = y)

fX17 7Xn(x17" n)

4

x,) by means



1. fo(y):

2-fXA$‘9::y)1

3. fxuxn (21,0

X;,i>1 zz:d given 0 E[f[ P(Xl

Jj=1

foly) = Pﬁ(a)yaleﬁy,y > 0.

fx,(z|0=y)=ye Y7

7$n):

Fx, .. x,(T1,...,2n)
= P(Xl S 1, ,Xn S :Bn) = E[P(Xl S ZI1, ,Xn S Iy |9)]

n

z;|0)] = E[[J(1 - 7).

J=1

IN

So diferentiation w.r.t. zi,...,z, of Fx, _ x,(21,...,2,) combined with dominated conver-

gence gives

fxixn (@1, .y zp)
877,

8.%'16:(}71

Fx, . .x,(T1,...,2n)

= E[[] e ] = Elone 0i=1)]
j=1

_ / ¥ e Sy 5
0

/Ba
I(a)
ﬁa

a—1 —Byd
I‘(a)y € Y

0 n \atn
/ ylatm)—1,—y(B+3] 1 @) (B+225-1%)) d I'(a+n)
0

Tla+n) V(B + > a)e
I'a+n)

Hence,

(o)

CEDYRE

f@(y ‘Xl = T, ---7Xn = mn)

B [(atn)

[a) (B2 )
= fr(y,p)(y) (Gamma density)

with v :=a+n,3 =8+ Z;‘:l ;.



Therefore
E[E[Xl ‘9] |X1 =, ,Xn = fL‘n]
1
== [*|X1 :$1,...,Xn:$n]

- /0°°1 —
_ (ﬂ/W o (=11 ,—y-p (5) ! L'y -1)
I iy =1
1)

(v DYy
BV Iy -1) _ BT
() (B! F(V/)
[ (z+1)=2T(2) B
(v -1
B+
a+n—1

So "
R B"‘Zj:lm]‘_ 1+71

- - — 6000 NOK.
PB= " n=1 ~3410—-1

Corresponding risk p(fiy):

p(ig) = ElVar[p(0) | X1, ..., Xn]].
On the other hand,
Var[p(9) | X1, ..., Xu]
= B[((8)) | X1, e Xa] = (E[(6) | X1, oo, X))
So

p(i) = E[(u(0)*) — E[(E[u(0) X1, .., Xa))?]

n oy
= iy By

5"‘2?:1)(]
a+n—1

E( )]

= M;_D(ﬂ%ﬂﬁz + > EIXX;)
Jj=1 i,j=1

= (a+nl—1)2(52 + QBnE[%} + Y E[E[X7 0] + ) E[E[X.X,0]])

j=1 i,j=1
i#]

- M(ﬁ + 2ﬁnE[%} +nE[B[X7T 0] + Z E[E[X; |0] E[X; |6]])

'L,ij#:jl

1 1 1
= a2l + nBIELT 6] + (0 - m) Bl 5)

6



We have that

Thus

Further,

Similarly, we see that

So

E[(

a—+n
1

1

B+ X

(a+n-—1)

(a+n—1)

E[X?10 =y

oo
/ 22ye Y3 dz
0

_ o [T Y TB)
- ), Ry
'3 I'(3 2
BIBIX? 0] = 25[ ).
_ B[ am2)-1.-8 B2 ['(a—2)
~ T /0 e Ta— ™
Y TNa—-2) BT (a — 2)
T ) T T I
Pe+1)=20(z) B°T(a—2)
B (a— DT (a—1)
[(2+1)=2T(2) BT (o — 2)
N (a—1)(a—2)T(a—2)
ﬁ2
T (a—D(@-2)
— > 71ﬁ a—1_—By
AZ/FWW e dy
A e (a—1)—1 -8 Bt MNa-1)
- t@h T g
_ B T(a-1) B
() gt a-1
X
SRl
ﬁ 252 2
3(8°+ 200+ T M e Ty
B B2 32
3 (5% + 200 e T T e )



Altogether, we obtain that

p(Hr)
1 B+ X

= Blgl- Bl =)’
_ B
 (a=1(a—2)

_; 2 n B n 52 n2 52

s N A e s Ll 3 oy L o 3 o

~ 0.0417.

(ii) Using once again Theorem 6.3.1 in Mikosch we get that

fipg = (1—w)p+wX,

where
n — 1<
w = Y and X = n;Xj.
1. . 5 .
p=Elu(6)] = Bl5) & 2= =2
A = Varlu(0)] = B[(u(6))”] - (E[u(6)))?
1 1
= Elsl- (E[g])2
(i) B B
(a—1)(a—2) (a—l)
111
- 3-7-7%
3.
p = E[Var[Xl 16]] = BIB[XT 6] — E[(1(6))?]
9 2B(] - Bl
_ Ch _1
 (a=1D)(a—-2) 2
So

n=10 10-0.25

_ 00 0833 and X = 7.1
05+10-0.25 at

w
Altogether, we get that

Problem 6 See Problem 1, Exercises 7 for the solution.
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