
Non-Life Insurance Mathematics (STK4540)
Løsningsforslag prøveeksamen

Problem 1 (i) Since the claim numbers are modelled by a Poisson process, the inter-
arrival times Wi, i ≥ 1 are i.i.d. with common distribution W1 ∼ Exp(λ). So by Exercises 1,
Problem 1 we know that the MLE λ̂ is given by

λ̂ =
n∑n

i=1Wi
.

The observed arrival times are W1 = 1 (the day 09/30/1990 is excluded),W2 = 1,W3 =
1,W4 = 1,W5 = 3,W6 = 1,W7 = 2. So n = 7 (sample size) and we get that

λ̂ =
7

10
= 0.7.

(ii) Recall that
Ψ(u) ∼ ρ−1F

∗
X1,I(u)

for u −→∞ (Th. 3.4.13).
Just as in the 1. assignment we want to approximate

F ∗X1,I(u) =
1

E∗[X1]

∫ u

0
P ∗(X1 > y)dy

by means of the empirical distribution function Fn.
So we see that

E∗[X1] ≈ 1

n

n∑
i=1

Xi
n=7
= 27.201.

On the other hand,
P ∗(X1 > y) ≈ 1− Fn(y).

Hence, ∫ u

0
P ∗(X1 > y)dy ≈

∫ u

0
(1− 1

n

n∑
i=1

1(−∞,y](Xi))dy

= u− 1

n

n∑
i=1

(max(u,Xi)−Xi) ≈ 20.821.

Using the latter, we find that
Ψ(100) = 78.183%.

Problem 2 (i) We apply Theorem 6.3.1 in Mikosch and obtain that

µ̂LB = (1− w)µ+ wX,
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where

w =
nλ

ϕ+ nλ
and X =

1

n

n∑
j=1

Xj .

Here:
1.

µ = E[µ(θ)] = E[θ]
hint
=

2.9

2
= 1.45.

2.
λ = V ar[µ(θ)] = V ar[θ]

hint
=

2.9

22
= 0.725.

3.
ϕ = E[V ar[X1 |θ]] = E[θ]

hint
=

2.9

2
= 1.45.

Thus
w

n=10
=

10 · 0.725

1.45 + 10 · 0.725
= 0.833 and X = 1.5.

Therefore, we get that
µ̂LB = (1− w)µ+ wX ≈ 1.492.

expected claim number (per year) given the observations.
The corresponding risk is given by

ρ(µ̂LB) = (1− w)λ = 0.167 · 0.725 ≈ 0.121.

(ii) We now assume in (i) that θ ∼ U(0, 1). Then
1.

µ = E[µ(θ)] = E[θ] =

∫ 1

0
ydy = 0.5.

2.

λ = V ar[µ(θ)] = E[(µ(θ))2]− µ2

= E[θ2]− µ2

=

∫ 1

0
y2dy − µ2 =

1

3
− 1

4
≈ 0.083.

3.
ϕ = E[V ar[X1 |θ]] = E[θ] = 0.5.

So
w

n=10
=

10 · 0.083

0.5 + 10 · 0.083
≈ 0.624 and X = 1.5.

Hence

µ̂LB = (1− w)µ+ wX

= 0.376 · 0.5 + 0.624 · 1.5 ≈ 1.124.
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Problem 3 Again by Theorem 6.3.1 in Mikosch we have that

µ̂LB = (1− w)µ+ wX,

where

w =
nλ

ϕ+ nλ
and Y =

1

n

n∑
j=1

Yj .

By Exercises 5, Prob. 2 we obtain that
1.

µ = E[p(θ)] = E[P (X1 > K |θ)] = E[(
λ′

K
)θ]

=

(
β

β − log(λ′/K)

)γ
≈ 0.216.

2.

λ = V ar[p(θ)] = V ar[(
λ′

K
)θ]

=

(
β

β − 2 log(λ′/K)

)γ
−
(

β

β − log(λ′/K)

)2γ

≈ 0.0447.

3.

ϕ = E[V ar[X1 |θ]] = E[p(θ)]− E[(p(θ))2]

=

(
β

β − log(λ′/K)

)γ
−
(

β

β − 2 log(λ′/K)

)γ
≈ 0.124.

So
w

n=10
=

10 · 0.0447

0.124 + 10 · 0.0447
≈ 0.783 and Y = 0.2.

Therefore, we get that
µ̂LB = (1− w)µ+ wY ≈ 20.387%

estimated probability for X1 > 10000 NOK given θ.
The corresponding risk is given by

ρ(µ̂LB) = (1− w)λ ≈ 0.0097.

Problem 4 As before we want to use Theorem 6.3.1 in Mikosch and get that

µ̂LB = (1− w)µ+ wX,

where

w =
nλ

ϕ+ nλ
and X =

1

n

n∑
j=1

Xj .

Here:
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1.

µ = E[µ(θ)] = E[E[exp(θ + τZ1) |θ]]
= E[exp(θ)E[exp(τZ1) |θ]]

θ,Z1 independent
= E[exp(θ)E[exp(τZ1)]]

hint in Ex4, Prob.4
= E[exp(θ) exp(

1

2
τ2)]

hint in Ex4, Prob.4
= exp(µ′ +

1

2
(τ2 + σ2))

≈ 29.224.

2.

λ = V ar[µ(θ)] = E[(µ(θ))2]− µ2

= E[(µ(θ))2]− µ2

= E[(exp(θ) exp(
1

2
τ2))2]− µ2

= E[exp(2θ)] exp(τ2)− µ2

= exp(2µ′ + τ2 + 2σ2)− µ2

≈ 554.063.

3.

ϕ = E[V ar[X1 |θ]] = E[E[X2
1 |θ]]− E[(E[X1 |θ])2]

= E[E[exp(2θ + 2τZ1) |θ]]− E[exp(2θ) exp(τ2)]

= E[exp(2θ)E[exp(2τZ1)]]− E[exp(2θ) exp(τ2)]

= E[exp(2θ) exp(2τ2)]− E[exp(2θ) exp(τ2)]

= exp(2µ′ + 2σ2 + 2τ2)− exp(2µ′ + 2σ2 + τ2)

≈ 399.937.

So
w =

8 · 554.063

399.937 + 8 · 554.063
≈ 0.917

and

µ̂LB = (1− w)µ+ wX

= 0.083 · 29.224 + 0.917 · 15.75 ≈ 16.868 (in 1000 NOK).

Problem 5 (i) We want to calculate

µ̂B = E[E[X1 |θ] |X1, ..., Xn] .

To this end, we shall compute the conditional density fθ(y |X1 = x1, ..., Xn = xn) by means
of L. 5.2.3 (2) in T. Mikosch:

fθ(y |X1 = x1, ..., Xn = xn)

=
fθ(y)fX1(x1 |θ = y) ...fX1(xn |θ = y)

fX1,...,Xn(x1, ..., xn)
.
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1. fθ(y) :

fθ(y) =
βα

Γ(α)
yα−1e−βy, y > 0.

2. fX1(x |θ = y) :
fX1(x |θ = y) = ye−y·x.

3. fX1,...,Xn(x1, ..., xn) :

FX1,...,Xn(x1, ..., xn)

= P (X1 ≤ x1, ..., Xn ≤ xn) = E[P (X1 ≤ x1, ..., Xn ≤ xn |θ)]
Xi,i≥1 i.i.d. given θ

= E[

n∏
j=1

P (X1 ≤ xj |θ)] = E[

n∏
j=1

(1− e−θxj )].

So diferentiation w.r.t. x1, ..., xn of FX1,...,Xn(x1, ..., xn) combined with dominated conver-
gence gives

fX1,...,Xn(x1, ..., xn)

=
∂n

∂x1...∂xn
FX1,...,Xn(x1, ..., xn)

= E[

n∏
j=1

θe−θxj ] = E[θne−θ(
∑n
j=1 xj)]

=

∫ ∞
0

yne−y(
∑n
j=1 xj)

βα

Γ(α)
yα−1e−βydy

=
βα

Γ(α)

∫ ∞
0

y(α+n)−1e−y(β+
∑n
j=1 xj)

(β +
∑n

j=1 xj)
α+n

Γ(α+ n)
dy

Γ(α+ n)

(β +
∑n

j=1 xj)
α+n

=
βα

Γ(α)
· 1 · Γ(α+ n)

(β +
∑n

j=1 xj)
α+n

.

Hence,

fθ(y |X1 = x1, ..., Xn = xn)

=

βα

Γ(α)y
α−1e−βyyne−y·(

∑n
j=1 xj)

βα

Γ(α)
Γ(α+n)

(β+
∑n
j=1 xj)

γ+n

= fΓ(γ′,β′)(y) (Gamma density)

with γ′ := α+ n, β′ := β +
∑n

j=1 xj .
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Therefore

E[E[X1 |θ] |X1 = x1, ..., Xn = xn]

= E[
1

θ
|X1 = x1, ..., Xn = xn]

=

∫ ∞
0

1

y
· fΓ(γ′,β′)(y)dy

=
(β′)γ

′

Γ(γ′)

∫ ∞
0

y(γ′−1)−1e−y·β
′ (β′)γ

′−1

Γ(γ′ − 1)
dy

Γ(γ′ − 1)

(β′)γ′−1

=
(β′)γ

′

Γ(γ′)

Γ(γ′ − 1)

(β′)γ′−1
=
β′Γ(γ′ − 1)

Γ(γ′)

Γ(z+1)=zΓ(z)
=

β′

(γ′ − 1)

=
β +

∑n
j=1 xj

α+ n− 1
.

So

µ̂B =
β +

∑n
j=1 xj

α+ n− 1
=

1 + 71

3 + 10− 1
= 6000 NOK.

Corresponding risk ρ(µ̂L):

ρ(µ̂L) = E[V ar[µ(θ) |X1, ..., Xn]].

On the other hand,

V ar[µ(θ) |X1, ..., Xn]

= E[(µ(θ))2 |X1, ..., Xn]− (E[µ(θ) |X1, ..., Xn])2.

So

ρ(µ̂L) = E[(µ(θ))2]− E[(E[µ(θ) |X1, ..., Xn])2]

= E[
1

θ2 ]− E[(
β +

∑n
j=1Xj

α+ n− 1
)2].

1.

E[(
β +

∑n
j=1Xj

α+ n− 1
)2]

=
1

(α+ n− 1)2
(β2 + 2β(

n∑
j=1

E[Xj ]) +
∑
i,j=1

E[XiXj ])

=
1

(α+ n− 1)2
(β2 + 2βnE[

1

θ
] +

n∑
j=1

E[E[X2
j |θ]] +

∑
i,j=1
i 6=j

E[E[XiXj |θ]])

=
1

(α+ n− 1)2
(β2 + 2βnE[

1

θ
] + nE[E[X2

1 |θ]] +
∑
i,j=1
i 6=j

E[E[Xi |θ]E[Xj |θ]])

=
1

(α+ n− 1)2
(β2 + 2βnE[

1

θ
] + nE[E[X2

1 |θ]] + (n2 − n)E[
1

θ2 ])
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We have that

E[X2
1 |θ = y]

=

∫ ∞
0

z2ye−yzdz

= y

∫ ∞
0

z3−1e−yz
y3

Γ(3)
dz

Γ(3)

y3

= y · 1 · Γ(3)

y3
=

Γ(3)

y2
=

2

y2
.

Thus
E[E[X2

1 |θ]] = 2E[
1

θ2 ].

Further,

E[
1

θ2 ] =

∫ ∞
0

y−2 βα

Γ(α)
yα−1e−βydy

=
βα

Γ(α)

∫ ∞
0

y(α−2)−1e−βy
βα−2

Γ(α− 2)
dy

Γ(α− 2)

βα−2

=
βα

Γ(α)

Γ(α− 2)

βα−2 =
β2Γ(α− 2)

Γ(α)

Γ(z+1)=zΓ(z)
=

β2Γ(α− 2)

(α− 1)Γ(α− 1)

Γ(z+1)=zΓ(z)
=

β2Γ(α− 2)

(α− 1)(α− 2)Γ(α− 2)

=
β2

(α− 1)(α− 2)
.

Similarly, we see that

E[
1

θ
] =

∫ ∞
0

y−1 βα

Γ(α)
yα−1e−βydy

=
βα

Γ(α)

∫ ∞
0

y(α−1)−1e−βy
βα−1

Γ(α− 1)
dy

Γ(α− 1)

βα−1

=
βα

Γ(α)

Γ(α− 1)

βα−1 =
β

α− 1
.

So

E[(
β +

∑n
j=1Xj

α+ n− 1
)2]

=
1

(α+ n− 1)2
(β2 + 2βn

β

α− 1
+ n

2β2

(α− 1)(α− 2)
+ (n2 − n)

β2

(α− 1)(α− 2)
)

=
1

(α+ n− 1)2
(β2 + 2βn

β

α− 1
+ n

β2

(α− 1)(α− 2)
+ n2 β2

(α− 1)(α− 2)
).
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Altogether, we obtain that

ρ(µ̂L)

= E[
1

θ2 ]− E[(
β +

∑n
j=1Xj

α+ n− 1
)2]

=
β2

(α− 1)(α− 2)

− 1

(α+ n− 1)2
(β2 + 2βn

β

α− 1
+ n

β2

(α− 1)(α− 2)
+ n2 β2

(α− 1)(α− 2)
)

≈ 0.0417.

(ii) Using once again Theorem 6.3.1 in Mikosch we get that

µ̂LB = (1− w)µ+ wX,

where

w =
nλ

ϕ+ nλ
and X =

1

n

n∑
j=1

Xj .

1.

µ = E[µ(θ)] = E[
1

θ
]
(i)
=

β

α− 1
=

1

2
.

λ = V ar[µ(θ)] = E[(µ(θ))2]− (E[µ(θ)])2

= E[
1

θ2 ]− (E[
1

θ
])2

(i)
=

β2

(α− 1)(α− 2)
− (

β

α− 1
)2

=
1

2
− 1

4
=

1

4
.

3.

ϕ = E[V ar[X1 |θ]] = E[E[X2
1 |θ]]− E[(µ(θ))2]

(i)
= 2E[

1

θ2 ]− E[
1

θ2 ]

=
β2

(α− 1)(α− 2)
=

1

2
.

So
w

n=10
=

10 · 0.25

0.5 + 10 · 0.25
≈ 0.833 and X = 7.1.

Altogether, we get that

µ̂LB = (1− w)µ+ wX ≈ 5998 NOK.

Problem 6 See Problem 1, Exercises 7 for the solution.
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