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The Efficiency of Logistic Regression Compared to

Normal Discriminant Analysis

BRADLEY EFRON*

A random vector x arises from one of two multivariate normal distribu-
tions differing in mean but not covariance. A training set x;, X3, **+, X5
of previous cases, along with their correct assignments, is known,
These can be used to estimate Fisher's discriminant by maximum
likelihood and then to assign x on the basis of the estimated discrim-
inant, a method known as the normal discrimination procedure. Logis-
tic regression does the same thing but with the estimation of Fisher's
disriminant done conditionally on the observed values of x;, x2, -,
X.. This article computes the asymptotic relative efficiency of the two
procedures. Typically, logistic regression is shown to be between one
half and two thirds as effective as normal discrimination for statisti-
cally interesting values of the parameters.

1. INTRODUCTION AND SUMMARY

Suppose that a random vector x can arise from one
of two p-dimensional normal populations differing in
mean but not in covariance,

X~ N,(uy, ) with probmr; ,

. (1.1)
X ~ I,(uo, E) with probm ,

where mi + 1m0 =1 .

If the parameters 71, 7o = 1 — 71, w1, wo, = are known,
then x can be assigned to a population on the basis of
Fisher’s “linear discriminant function” [1].

Ax) = Bo + B8'x,

1"1 1 ! U
Bo=log— — = (w/Z7'u1 — w/'='yg) ,
o 2

(1.2)
' = (w1 — wo)' =71

The assignment is to population 1 if A(z) > 0 and to
population 0 if A(z) < 0. This method of assignment
minimizes the expected probability of misclassification,
as is easily shown by applying Bayes theorem. There is
no loss of generality in assuming ¥ nonsingular as we
have done, since singular cases can always be made
nonsingular by an appropriate reduction of dimension.

In usual practice, the parameters =i, mo, wo, 4o, =
will be unknown to the statistician, but a training set
(y1, X1), (Y2, X2), -+, (Yn, Xs) Will be available, where
y; indicates which population x; comes from, so

;=1 with prob
Y; . p ™1, (1.3)
0 with probm, ,

* Bradley Efron is professor, Department of Statistics, Stanford University,
Stanford, Calif. 94305. The author is grateful to Gus Haggstrom of RAND Corpora-
tion for helpful comments.

and, of course,

xi[?/j ~ m‘p(l’yp z) . (1.4)

The (y,, x;) are assumed independent of each other for
j=1,2, .-+, n In this case, maximum likelihood esti-
mates of the parameters are available,

f1=m/n, #o=mnn, (L.5)
h=%=X x/m, do=%=X xi/no,
yi=1 y;i=0

and
E=[X (x;— Z)(x; — &)’

y5=1
+ X & — Xo)(x; — &)']/n ,
yj=0
where n, = Y.7_;1yo and ny = n, — no are the number
of population 1 and population 0 cases observed, respec-
tively. Substituting these into (1.2) gives a version of
Anderson’s [1] estimated linear discriminant function,
say, A(x) = Bo + B'x, and an estimated discrimination
procedure which assigns a new X to population 1 or 0
as A(x) is greater than or less than zero. This will be
referred to as the “normal discrimination procedure.”
Bayes’ theorem shows that \(x), as given in (1.2), is
actually the a posteriors log odds ratio for Population 1
versus Population 0 having observed x,

m1(X;) .
AMx;) = log , mi(x;) = prob {y; = i[x,} ,
mo(X;) .
1=1,0. (1.6)
To simplify notation we will also write
mi; = Wi(Xj) and \ = log (7r1/1ro) . (17)

Given the values xi, X,, - - -, X,, the y, are conditionally
independent binary random variables,

prob {y; = 1|x;} = m;
= exp (8o + 8'x;)/[1 + exp (B0 + B'x)] , (1.8)

prob {y; = 0|x;} = m; = 1/[1 + exp (8o + 8'x;)].

To estimate (8o, B), we can maximize the conditional
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likelihood

Fo0.8(U1, =+, Yn|X1, + o0, Xn)
= H leyifoj(l—”i) ,

= , (1.9)
7~ exp [(8o + 8'x))y;]

o[+ exp (8o + 6'x)]’

with respect to (8o, 3). The maximizing values, call them
(Bo, B), give X(x) = B, + B'x as an estimate of the linear
discriminant function. The discrimination procedure
which chooses Population 1 or 0 as X(x) is greater than
or less than zero will be referred to as the “logistic re-
gression procedure.” An excellent discussion of such pro-
cedures is given in Cox’s monograph [2].

The logistic regression procedure must be less efficient
than the normal diserimination procedure under model
(1.1), at least asymptotically, as n goes to infinity,
since the latter is based on the full maximum likelihood
estimator for A(x). This article calculates the asymptotic
relative efficiencies (ARE) of the two procedures. The
central result is that, under a variety of situations and
measures of efficiency, the ARE is given by

e—t2

dz , (1.10)

o0
A2IS/
(2m)t —o T1€2%/2 + roemATI2

A=[(y— ) E (o1 —w) ]}, (1.11)

the square root of the Mahalanobis distance. Following
is a small tabulation of (1.10) for reasonable values of
A, with =y = 7y = } (the case most favorable to the
logistic regression procedure).

A ] 0 5 1 1.5 2 2.5 3 3.5 4
ARE ’ 1.000 1.000 .995 .968 .899 .786 .641 .486 .343
(1.12)

Why use logistic regression at all if it is less efficient
(and also more difficult to calculate)? Because it is more
robust, at least theoretically, than normal discrimination.
The conditional likelihood (1.9) is valid under general
exponential family assumptions on the density f(x) of x,
fx) = g(8,, mh(x, n) exp (8,'x) with probm ,

F®x) = g(8s, nh(x, 8) exp (0,x) with prob m, , (1.13)

where my + 79 = 1 .

Here, n is an arbitrary nuisance parameter, like X in
(1.1). Equation (1.13) includes (1.1) as a special case.
Unfortunately, (1.12) shows that the statistician pays
a moderately steep price for this added generality,
assuming, of course, that (1.1) is actually correct. Just
when good discrimination becomes possible, for A be-
tween 2.5 and 3.5, the ARE of the logistic procedure falls
off sharply. The question of how to choose or compromise
between the two procedures seems important, but no
results are available at this time. Another important

893

unanswered question is the relative efficiency under some
model other than (1.1), when we are not playing ball
on normal discrimination’s home court.

In many situations, the sampling probabilities =y, o
acting in (1.1) may be systematically distorted from

‘their values in the population of interest. For example,

if Population 1 is murder victims and Population 0 is
all other people, a study conducted in a morgue would
have m; much larger than in the whole population. Quite
often n; and ny are set by the experimenter and are not
random variables at all. These cases are discussed briefly
in Section 5.

~ Technical details relating to asymptotic normality
and consistency are omitted throughout the article.
These gaps can be filled in by the application of standard
exponential family theory, as presented, say, in [5],
to (1.1). For another comparison of normal discrimina-
tion and logistic regression, the reader is referred to [4].
In that article, and also in [37], the distributions of x
are allowed to have discrete components.

2. EXPECTED ERROR RATE

By means of a linear transformation X = a + Ax,
we can always reduce (1.1) to the case

X~ N,((4a/2)e, I) ,
X~ 3'(,,,(— (A/z)el: I) s

with prob
PO 0
with prob = ,

where w1 + 7 =1,

ande,’ = (1,0,0, - -+, 0);Iis the p X pidentity matrix;
and A = ((u1 — wo) =7 (y1 — wo))* as before.

The boundary B = {x:A(X) = 0} between Fisher’s
optimum decision regions for the two populations trans-
forms to the new optimum boundary in the obvious way,

B=({%: A% =0} = {&:Xx=a+Ax,xE B} . (2.2

Moreover, if x;, X5, -+, X, is an iid sample from
(1.1), and X, =a+Ax;, 7=1, 2, .-+, n, is the
transformed sample, then both estimated boundaries
B={x:A(x) =0} and B = {x:X(x) = 0} also trans-
form as in (2.2). In words, then, for both logistic regres-
sion and normal discrimination, the estimated dis-
crimination procedure based on the transformed data
is the transform of that based on the original data. All
of these statements are easy to verify.

Suppose we have the regions R, and R,, a partition
of the p-dimensional space E?, and we decide for popula-
tion 0 or population 1 as x falls into Ry or R;, respec-
tively. The error rate of such a partition is the prob-
ability of misclassification under assumptions (1.1),

Error Rate = m;, prob {x € Ry|z ~ 3, (u, E)}
+ mo prob {x € Ri|x ~ 91,(yo, T)} .

When the partition is chosen randomly, as it is by the
logistic regression and normal discrimination procedures,
error rate is a random variable. For either procedure, it
follows from the preceding that error rate will have the

(2.3
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same distribution under (1.1) and (2.1). Henceforth, we
will work with the simpler assumptions (2.1), calling
this the “standard situation” (with the basic random vari-
able referred to as “‘x’’ rather than “X’’ for convenience).

For the standard situation, Fisher’s linear disecriminant
function (1.2) becomes

AE@) = A + Az, . (2.4)

The boundary A(x) = 0 is the (p — 1)-dimensional
plane orthogonal to the z; axis and intersecting it at
the value

r= —\A . (2.5)

In the figure, the optimal boundary is labeled B(0, 0).
The figure also shows another boundary, labeled
B(dr, da), intersecting the z, axis at r 4+ dr, with normal
vector at an angle da from the z; axis. The differential
notation dr and da indicates small discrepancies from
optimal, which will be the case in the large sample theory.
The error rate (2.3) of the regions separated by B(dr, da)
will be denoted by ER(dr, da).

Letting

D =(a/2) =7, Dy= (4/2) + 7, (2.6)

we see that the error rate of the optimal boundary

B(0, 0) is
ER (0,0) = m®(—D,) + n@®(—Dy) , 2.7)

where

®(z) z—/’

—o0

o(t)dt and o(t) = (27)~texp (—12/2)

as usual. (We are tacitly assuming that the two regions
divided by B(dr, de) are assigned to populations 1 and 0,
respectively, in the best way.)

Optimum Boundary A(x) =0 in Standard Situation®

The Optimum Boundary B(0,0)

(A(x)=0)

Non-Optimum

Boundary B(dt,da)

//
dy \v//
7
-
//
/// dr da
le. L — | i X, axis
-A/2 o T <\A/2
4

 Also shown is some other boundary intersecting the z axis at r + dr and at
angle da.

Journal of the American Statistical Association, December 1975

Now, define
~dy = (Dy — d7) cos (da) , ©8)
do = (Do + d7) cos (da)
the distances from u; and w, to B(dr, da). Then,
ER (dr, da) = 7, ®(—d)) + mo®(—d,) . (2.9)

From the Taylor expansions,

cos (da) =1 — (da)?/2 + ---
and
®(—D + dr) = ®(—D) + ¢(D)dr

+ DeD)(@dr)*/2+ -+,
we get the following lemma.

Lemma 1: Ignoring differential terms of third and
higher orders,

ER (dr, da) = ER (0, 0)
+ (4/2)me(D1)[(d7)* + (de)*] . (2.10)

Equation (2.10) makes use of the fact that, by Bayes
theorem 71¢(D1)/mop(Do) = 1, or equivalently,

7r1<.0(D1) = Wo¢(Do) .

Suppose now that the boundary, B(dr, da) is given
by those x satisfying

(N + dBo) + (re; +dB)'x =0, (2.12)

dBo and dB = (dBy, dBs, - - -, dB,)’, indicating small dis-
crepancies from the optimal linear function (2.4). Again,
ignoring higher-order terms, we have

dr = (1/A)(—dBe + (\/A)dB)) ,

(2.11)

and so

¢ Z—i((dﬂ)ﬂ—zidﬁdﬂ + 2 )2) (2.13)
T _A2 0, A 0GP1 A? B1 . .

Similarly, expansion of

da = arctan [((d8" + -+ + (d8,))Y/(& + d8)]
gives

(d)* = ((dB2)* + (dBa)* + -+ + (dBr))/A* . (2.14)

Finally, suppose that under some method of estima-
tion, the (p 4 1) vector of errors (dBo, dB) has a limit-
ing normal distribution with mean vector 0 and
covariance matrix X/n,

d
£: \/n( @“) — 9,10, ) . (2.15)
The differential term which appears in Lemma 1,
(@n)* + (o)t = — [(dﬂ 2 — 22 4suap
Y] RN '
)\2
8 @8+ (dﬁp)”] , (2.16)

will then have the limiting distribution of 1/n times the
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normal quadratic form
1/4%) [z — (2N/A)zozr + (V/A)2ei2 + 222 + - -+ +2,2] ,

where z ~ M,.1(0, £). Assuming moments converge
correctly, which turns out to be the case for the logistic
regression and normal discriminant procedures, Lemma
1 gives a simple expression for the expected error rate
in terms of the elements o,; of =.

Theorem 1: Ignoring terms of order less than 1/n,
E{®r(dr, da) — ER(0,0)}

m1o(Dy) 2\ A2
= lenl [Goo——A—601+E811+622+"'+0pp:|.

(2.17)

The quantity E{Er(dr, da) — ER(0, 0)} is a measure of
our expeeted regret, in terms of increased error rate,
when using some estimated discrimination procedure.
In Section 3, we evaluate X for the logistic regression
procedure and the normal discriminant procedure and
then use Theorem 1 to compare the two procedures.

3. ASYMPTOTIC ERROR RATES OF THE TWO
PROCEDURES

First we consider the normal discriminant procedure
described after (1.5).

Lemma 2: In the standard situation, the normal

discriminant procedure produces estimates (8o, §)
= (\o, &e1) + (dBo, dB’) satisfying
dBo
£: Vn a8 — Hp41(0, X) , (3.1)
where
14 A%/4 —‘2"‘(70—#1) 0 ---0---0
A 1 =
Z2=— -*é(wo—m) 1+2A27|’l7l'0 0 :.--0:--0
mimo | 2
0 0 14+ A7 0 -+ 0
0 - 0 0 --- 01+ Atmymo

(3.2)
Proof: The density of a single (y, x) pair under (1.3)-
(1.4) is
fx.m.m,E (y’ x) = Tﬂ’ zl—l
Xexp[—3(x — 9)'E7(x — w)]- 2m)~2"2

A = log 71/, as before.

Let us write the distinct elements of X! as a
p(p + 1)/2 vector (¢, o', - - -, g'?, 02, ¢, ..., ¢??) and
indicate this vector as (e®, ¢®), where

e® = (62,03, .. -, a7?) . (3.4)
Standard results using Fisher’s information matrix
then give the following asymptotic distributions for the
maximum likelihood estimates in the standard situation.
L: \/n(x - )\) hd SL(O, (1/1!'01!’1)) s
£: \/’fb(ﬁ; - vi) - mp(oy (1/7"1)1))" =10, (35)
L: \/'n(G(‘) - 0'(1)) d 31,,(0, I+ Eu) .

(3.3)

¢l) = (a.ll’ 0'121 Ty a'lp) )

895

Moreover, A, @i, o, @ and ¢® are asymptotically un-
correlated. (We do not need the limiting distribution of
¢® for the proof of Lemma, 2.) Here, A\ = log =/, and
Ei; is the p X p matrix having upper left element one
and all others zero.

Differentiating (1.2) gives

9Bo

—_— = J— /E_l
N " owy T
R
o-l] if
vo ’ (3.6)
a3 a8
— =0 , = ¥! ,.
a P
a8 @ E;+E;
S =—X71, - = —— (41— vo) ,
duo do? 1+ 645

woi indicating the ¢th component of uo; likewise for u;,
with derivatives involving vectors taken componentwise
in the obvious way. Moreover, §;; = 1 or 0 as ¢ = j or
1 # j, and E,; is the matrix with one in the ¢ jth position
and zero elsewhere. In the standard situation, we have
the differential relationship

dx
—A —A d
1 —e/ —e/ 0 O v
(dﬂo) _ 2 2 duo (3.7
a3/ o I —I AL 0)|de®
dq(z)

Letting M be the matrix on the right side of (3.7),

A

d
£ Vn ( d630> — Np41(0, M[n ER s, s0 M) ,  (3.8)

where nE3z 5s0s0 18 the joint limiting covariance
matrix of (A, i1, §ho, 6@, ¢®), as indicated by (3.5).
Evaluation of (3.8) gives the result.

Next consider the logistic regression estimates defined
at (1.9).

Lemma 3: In the standard situation, the logistic re-
gression procedure produces estimates (8,, 3') = (o, Aey’)
+ (dB, d’) satisfying

dBo _
£: \/n @ - Eﬂ'P+1(0; x) ’ (39)
where
( Az '—Al 3
0---0
AAd,—4.2 AA,— A2
—A A
1 |4.4 lAonA OA:' -0
T | e ., (3.10)
TiTo l
0 0 —_ 0
) ] Ao
0 0 0 R
‘ A,
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A; = A(my, A) being defined by

’

0 e—A2/8xi x
Ai(m, ) = /‘ o(x)

o ,n.leAz/2 _I_ .n.oe—A:t/2

1=0,1,2 . (3.11)

Proof: The density (1.9) can be written in exponential
family form as

Y ynlxl, : ";xn)

= exp [(Bo, 8)T — ¥(80, B)] ,

» /1
TEZ( )yi;
i=1 \X;

(B0, 8) = ¥ log (1 + exp (B0 + B'x) .
i=1

Fo0.8(y1, Y2, -

(3.12)

The sufficient statistic T has mean vector and covariance
matrix

n 1
Eg T = X 1"1;’( ) CovgysT
i=1 X;
=X ‘nm)j(

=1

1) 1,x7) . (3.13)

J

Let F™ denote the sample cdf of x, x,, ---, x,, and

suppose that £: F® — F as n — . Then,
o1 1

lim — Covg, T =/ ( (L, x)m(x)m(x)dF (%) , (3.14)
n->00 E?» \X

where mo(x) =1 — m(x) = [1 + exp — (8o + §'x) ]
Exponential family theory says that the mapping from
the expectation vector Ejg, sT to the natural parameters
Bo, B has Jacobian matrix [Covg,, sT 1. Therefore, the
““delta method” gives

lim n Covg, s (ﬂ@a)

_ [ /E» C) a, x’)rl(x)wo(x)dF(x)]—l . (3.15)

Under the sampling scheme (2.1), F will be the
mixture of the normal populations 91,((A/2)e;, I) and
9M,((—A/2)ey, I) in proportions =, 7. In the standard
situation, mo(x) = 1 — m1(x) = [1 +exp — (A + Az)) .
We get

A A; 0---0

. 1 Al A 0--- 0
11-123 ;' COVﬂo,pT = mM1my ; 02 Ao.

0--0---0

(3.16)
.'Ao

from (3.14). The covariance matrix (3.10) for (dfo, d’)
follows from (3.15). The fact that (8o, ;') is consistent
for (8o, 8’) and asymptotically normal, which is the re-
mainder of Lemma 3, is not difficult to show, given the
structure (2.1). Like most of the other regularity prop-
erties, it will not be demonstrated here.

Journal of the American Statistical Association, December 1975

We can now compute the relative efficiency of logistic
regression to normal discrimination by Theorem 1.
Denote the errors for the two procedures by (d7, da)
and (d#, d@), respectively, and define the efficiency
measure,

. E{sr (dr, do) — ER (0, 0)}
Eff, (A, A) = lim : .
n»o B{BR (d7, da&) — ER (0, 0)}

Theorem 1, and Lemmas 2 and 3 then give

Eff, = @+ (p — 1)@2)/(@Qs + (p — 1DQ4) ,

where

(3.17)

(3.18)

A? A
(o —m)—| |1

0= <1 )\) 4 2
T\ a A ’
(1['0 - 1l'1)"2— 1+ 21I'o1l'1A2

Al>1
A N

> | >

Q: =1 + mmoA?,

0 _(1 )\) 1 <A2
PTN\"a) 404, — A2 \4,

0, = 1

T
Rewriting (3.18) gives a simple expression for Eff, (A, A)
as'a weighted average of the relative efficiencies when
p=1landp—ow.

(3.19)

Theorem 2: The relative efficiency of logistic regression
to normal discrimination is

Eff, (\, A)
_ q()‘) A) EHI (>\J A) + (p - 1) Effuo ()‘7 A)

, (3.20)
g\, A) + (p — 1)
where
Eff; (\, 4) = @/Qs and Eff, (\, 4) = Q:/Q: , (3.21)
as defined in (3.19), are the relative efficiencies when

p = 1 and p = =, respectively, and
q(\, A) = Qs/Qs . (3.22)

It is obvious from (3.18) that Eff, (\, A) = Q./Q; really
is the asymptotic efficiency as p — . For p = 1, (3.18)
gives Eff; (A, A) = Q,/Q;. This follows from Lemma 1
because da can always be taken equal to zero when
p =1

The case A = 0 gives a particularly simple answer
(since then 4, = 0).

Corollary: When \ = 0, i.e., when 7, = mp = &,
Eff, (\, 4) = Eff, (\, A) = 4o(1 + AY/4) ,

for all values of p.

(3.23)

Table 1 gives numerical values for the quantities in-
volved in Theorem 2. It is worth noting that usually
Eff; (\, A) > Eff, (\, A) when A % 0. However, ¢ is
near unity, so (3.20) shows that Eff, (\, A) will be
nearer Eff,, (A, A) than Eff; (), A), for p > 3.
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Relative Efficiencies of Logistic Regression to Normal

Discrimination®
m
(orm) A  Eff.  Eff, q A A, A;
5 2 899 899 1 450 0 .266
6 2 892 906 1.024 458 -.038  .273
667 2 879 913 1070 465 -.067 .287
75 2 855 915 1177 488 -.108  .319
9 2 801 804 1697 589 -.253  .487
.95 2 801 706 2233 674 -.375  .667
5 25 .786 .786 1 307 0 154
6 25 778 794 1013 311 -025 .158
667 25 762 806 1.038 .319 -.044  .167
75 25 733 819 1.09 337 -.074 .188
9 25 660 .750 1.379 423 -.181  .304
95 25 650 637 1671 501 -.282 .441
5 3 641 641 1 197 0 084
6 3 633 649 1.008 200 -.016 .087
667 3 618 662 1.023 206 -.027 .092
.75 3 589 682 1.057 219 -.046  .104
9 3 511 667 1225 282 -.117 175
95 3 492 588 1400 344 -189 265
5 35 486 486 1 120 0 044
6 35 479 493 1005 122 -.009 .045
667 35 467 505 1014 125 -.016  .048
75 35 442 526 1.035 134 -.027 .055
9 85 370 550 1142 176 -.070  .095
.95 35 348 516 1252 220 -.116  .147
5 4 343 343 1 069 0 022
6 4 338 348 1003 070 -.005 .022
667 4 328 358 1009 072 -.009 .024
75 4 309 375 1.024 077 -.014 027
9 4 252 416 1094 103 -.039 .048
.95 4 230 416 1.168 .131 -.065 .076

2 See (3.17), (3.19), (3.20), (3.21) for definition of terms.

4. ANGLE AND INTERCEPT ERROR

The terms “Eff, (A, A)” and “Eff; (A, A)” which
appear in (3.20), Theorem 2, have another interpreta-
tion. Eff, (\, A) is the asymptotic relative efficiency of
logistic regression to normal discrimination for estimating
the angle of the discriminant boundary,

Eff. O\, 4) = lim 2208,

n+o Var (da)

(See the figure and the definitions preceding (3.17).)
Likewise, Eff; (A, A) is the asymptotic relative efficiency
for estimating the intercept of the discriminant boundary,

Var (d%
Eff, (O, 4) = Tim L2297,
n-w Var (d7)

These results follow immediately from (2.13), (2.14),
(3.2), (3.10) and (3.21).
Comparing (2.14) with Lemmas 2 and 3 shows that

(4.1)

4.2)

£ n-(da)r— 1+ A’mmo)xPp-1,
1l'x‘)!‘oA2
) . 4.3)
£ n-(da):—- — x%p1 .
( a) 1l'11roA2 Ao Xt

The asymptotic relative efficiency of logistic regression
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to normal discrimination in terms of angular error is thus
ARE = (1 + A’mmo)Ao
1+ A% ©

emANE -
(2".)} e 1!'1€Az/2 + roe—Az/2

e-—a:’l2

dz , (44)

in the strong sense that a sample of size 7 using logistic
regression produces asymptotically the same angular
error distribution as a sample of size # = ARE-7, using
normal discrimination. From (1.12), we see that if
A=0, A=25 for example, 7 = 1,000 is approxi-
mately equivalent to 7 = 786. (“Eff,” in the table is
also “ARE’ as given by (4.4).)

The corresponding statement for intercept error is not
true because the two matrices involved in the definition
of @, and Q;, (3.19), are not proportional. We have to
settle for the weaker second-moment efficiency state-
ment (4.2). However, when A = 0,i.e.,, whenm, = m = 3,
(2.13) and Lemmas 2 and 3 show that

£: n-(d7)?— (4/4) (1 + AY4)x%, ,

L n. (d’?)2 d (4/A2) (1/Ao)X21 . (4.5)

In this case, (4.4) with = = m, = } again gives the
ARE in the strong sense of asymptotically equivalent
sample sizes.

Combining (4.3) and (4.5) with Lemma 1 shows that
when A = 0 (and so D; = A/2),

£: n{ER (d%, d@) — ER (0,0)} —
(SO(A/z)/A) (1 + A2/4)x2p (4.6)
£: n{Er (d7,da) — ER (0, 0)} — (¢(4/2)/8)(1/A)X?5 .

Thus, error rates for samples of size 7 and # = ARE-7
will have asymptotically equivalent distributions, with
ARE given by (4.4), = = m = 3. This is not true for
71, mo # 3, but as the dimension p gets large, it is. That
is, error rates for the two procedures will have the same
asymptotic distribution if # = ARE-7%, ARE given by
(4.4), when p — and 71/p —. A simple proof of this
follows from (2.16) and Lemmas 2 and 3.

The angular error, da, unlike the error rate, is not
invariant under linear transformations. Formulas (4.1),
(4.3), and (4.4) refer to a ‘“‘standardized angular error”
defined after we have made the linear transformations,
which take the general model (1.1) into the standard
situation (2.1). However, it is easy to show that (4.1)
and (4.4) (but not (4.3)) also hold for the true, un-
standardized, angular error. This true error will be
some quadratic form in the standardized coordinates
dBs, dBs, -+, dB,, not depending on which procedure is
used. The result follows, because for both procedures,
(dBs, - -+, dB,) has a limiting normal distribution with
covariance matrix proportional to the identity. (Actually
(4.3) holds with “x?,_,” replaced by a certain weighted
sum of independent X% variates.)

There are two good reasons to be interested in angular
error. First, under the fixed sampling proportion setup
of Section 5, it is the only error of interest. Second,
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there is the well-known fact that minimizing
> i-1ly: — (a + b’x;) J? over all choices of the constant
a and vector b gives b equal to §. (But a does not equal
Bo.) This connects normal discrimination with ordinary
least squares analysis and provides some justification,
or at least rationale, for using § outside the frame-
work (2.1).

Other efficiency comparisons between the two pro-
cedures, e.g., in estimating the slope ||g|| of the dis-
criminant function, can be obtained from Lemmas 2
and 3. ’

5. DISTORTED SAMPLING PROPORTIONS

It may happen that the true probabilities #; and 7,
for populations 1 and 0 are distorted in a known way to
different values 7, and 7y by the nature of the sampling
scheme employed. Letting A = log ;/mo, A = log #1/#,,
suppose that for some known constant c,

A=XA+c. (5.1)

For example, experimental constraints might cause the
statistician to randomly exclude from his training set
nine out of ten population 0 members, in which case
¢ = log 10. The normal discrimination procedure de-
scribed at (1.5) is then modified in the obvious way. A
new x is assigned to Population 1 or 0 as A(x) is greater
or less than c. The logistic regression procedure (1.9) is
similarly modified.

Theorem 2 remains true as stated except for the
following modification. The vector (1, \/A) (and its
transpose), which appears in the definitions of Q; and Qs
in (3.19), is replaced by (1,\/A). The constants
A; = A;(\, A), which appear in Q;, are not changed to
A:(\, A). The proof of this is almost exactly the same as
the proof of Theorem 2.

Eff, (A, 4), the angular efficiency, remains unchanged,
which is not surprising, since the diserimination boundary
for any choice of ¢ is parallel to that for ¢ = 0. Only the
intercept is changed. When =, = =, = .5, the effect of
choosing ¢ # 0 is to reduce Eff; (\, A), the intercept
efficiency of logistic regression compared to normal dis-
crimination, as shown in the following tabulation.

A=2 m=.5 A=3, m=.5

c 0 +1
Eff,

+2 +3 0 +£1 +2 =3
899 869 .836 .819 641 .604 .550 .516 (5.2)

Eff, for other values of ¢, 71, A can be obtained using the
entries 4y, 4;, 4. in the table.

Most frequently, the sample sizes 7, and n, are set by
the statistician and are not random variables at all. The
usual procedure in this situation is to estimate only the
angle, not the intercept, of the discrimination boundary.
In terms of the figure, the statistician uses the data to
select a family of parallel boundaries B(-, da). The
value of the intercept dr is chosen on a priori grounds by
just guessing what \ is, or may not be formally selected
at all.

Journal of the American Statistical Association, December 1975

Either normal discrimination or logistic regression
may be used to estimate the veetor g in (1.2). It can be
shown that df and dj still have the limiting distributions
indicated in Lemmas 2 and 3, with #; and =, replaced by
r1 = ny/n and 1y = no/n. In terms of angular error, the
ARE (4.4) still gives the asymptotic relative efficiency of
logistic regression to normal discrimination in the strong
sense of Section 4. The quantities =, = in (4.4) are
replaced by r, = ni/n, ro = no/n, where these propor-
tions are assumed to exist and do not equal zero in the
limit.

The estimates 1, #ho, £, given in (1.5), are maximum
likelihood, whether n;, ny are fixed or random. It follows
that 3’ = (#i1 — #0)’E~!, which we can still call the
normal discrimination estimate, is maximum likelihood
in either case. Standard maximum likelihood argumertts,
similar to the proof of Lemma 2, show that df is dis-
tributed as stated in Lemma 2, with ;, my replaced by
71y To.

Let Ty = 3.7_,y; be the first coordinate of T in (3.12),
and let T, be the remaining p coordinates. Given that
T, = n,, the conditional density of yi, y2, -+, ¥ is an
exponential family with natural parameter g3 and suffi-
cient statistic T,

S Ynl Ty = Ny, X1, Xy -+, Xa)
=exp [B'T: — ¢»,(8)], (5.3)

where ¢,,(8) is chosen to make (5.3) sum to unity over
all choices of yy, - -+, y» with X7, y; = n;. The analog
of the logistic regression procedure is to select § to
maximize the likelihood (5.3). A modification of the proof
of Lemma 3, which will not be presented, shows that
dg is distributed as stated there, with ;, o replaced by
Ty To.

In practice, the simplest way to apply logistic regres-
sion when 7; and n, are fixed is simply to ignore this fact.
The standard programs maximize (1.9) over the possible
choices of 8o, 8, and then present the maximizer § as the
estimate of §. This method can be shown to be asymp-
totically equivalent to the conditional maximum likeli-
hood estimator based on (5.3).

fﬂ(yl, Yoy - -
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REFERENCES

[1] Anderson, T.W., An Introduction to Multivariate Statistical
Analysis, New York : John Wiley & Sons, Inc., 1958.

[2] Cox, D.R., Analysis of Binary Data, London: Chapman and
Hall, Ltd., 1970.

[3] Dempster, A., “Aspects of the Multinomial Logit Model,”
Multivariate Analysis, 3 (March 1973), 129-42.

[4] Halperin, M., Blackwelder, W.C. and Verter, J.I., “Estimation
of the Multivariate Logistic Risk Function; A Comparison of
the Discriminant Function and Maximum Likelihood Ap-
proaches,” Journal of Chronic Diseases, 24 (January 1971),
125-58.

[6] Lehmann, E., Testing Statistical Hypotheses, New York: John
Wiley & Sons, Inc., 1959.

This content downloaded from
77.18.58.51 on Tue, 12 Oct 2021 19:21:46 UTC
All use subject to https://about.jstor.org/terms



	Contents
	p. 892
	p. 893
	p. 894
	p. 895
	p. 896
	p. 897
	p. 898

	Issue Table of Contents
	Journal of the American Statistical Association, Vol. 70, No. 352 (Dec., 1975) pp. 749-980
	Front Matter [pp. ]
	Volume Information [pp. ]
	Applications
	Are Price Expectations Normally Distributed? [pp. 749-754]
	A New Model for Scaling Response Patterns: An Application of the Quasi-Independence Concept [pp. 755-768]
	Directed Ridge Regression Techniques in Cases of Multicollinearity [pp. 769-775]
	Selection of Variates for the Two-Group Multinomial Classification Problem [pp. 776-781]
	Discrimination and Classification Using Both Binary and Continuous Variables [pp. 782-790]
	Small-Sample Behavior of Some Multisample Nonparametric Tests for Scale [pp. 791-796]
	A Simultaneous-Equations Model of Urban Growth and Migration [pp. 797-810]
	䅮⁁汴敲湡瑥⁍畬瑩湯浩慬⁁獳敳獭敮琠潦⁴桥⁁捣畲慣礠潦⁴桥 으獵瀾㈼⽳異㸠呥獴⁯映䝯潤湥獳⁯映䙩琠孰瀮‸ㄱⴸㄳ�
	The Randomized Response Technique: A Test on Drug Use [pp. 814-818]
	Constructing Orthogonal Replications for Variance Estimation [pp. 819-821]

	Theory and Methods
	Minimum Bayes Risk t-Intervals for Multiple Comparisons [pp. 822-831]
	A Multiple Comparison Procedure for Classifying all Pairs Out of k Means as Close or Distant [pp. 832-838]
	On the Two-Phase Ratio Estimator in Finite Populations [pp. 839-845]
	The Up-and-Down Method for Small Samples with Two Specimens "in Series" [pp. 846-851]
	Optimum Sample Size for Choosing the Population Having the Smallest Variance (Large Sample Size Results) [pp. 852-858]
	The Effect of Bias on Estimators of Relative Risk for Pair-Matched and Stratified Samples [pp. 859-864]
	Confidence Interval Estimation of Survival Probabilities for Censored Data [pp. 865-871]
	Comparison of Estimators of Heteroscedastic Variances in Linear Models [pp. 872-879]
	The Small-Sample Variance of the Pitman Location Estimators [pp. 880-888]
	One-Sided Simultaneous Confidence Bounds on Regression Surfaces with Intercepts [pp. 889-891]
	The Efficiency of Logistic Regression Compared to Normal Discriminant Analysis [pp. 892-898]
	Simple Linear Estimation of the Parameters of the Logistic Distribution from a Complete or Censored Sample [pp. 899-902]
	A Note on the Uniqueness of Roots of the Likelihood Equations for Vector-Valued Parameters [pp. 903-904]
	Isotonic Estimation of the Probability of Extinction of a Branching Process [pp. 905-912]
	Estimating Population Size with Exponential Failure [pp. 913-922]
	A Generalized Binomial Group Testing Problem [pp. 923-926]
	Testing a Subset of the Parameters of a Nonlinear Regression Model [pp. 927-932]
	Size and Power of Tests for Equality of Means of Two Normal Populations with Unequal Variances [pp. 933-941]
	䌼獵戾α㰯獵戾⁍整桯搠景爠呥獴楮朠景爠卩杮楦楣慮捥⁩渠瑨攠爠휠挠䍯湴楮来湣礠呡扬攠孰瀮‹㐲ⴹ㐷�
	䄠呷漭䵯浥湴⁃桩ⵓ煵慲攠䅰灲潸業慴楯渠景爠瑨攠却慴楳瑩挠䱯朠⡸̄⽸̃⤠孰瀮‹㐸ⴹ㔰�
	On Bivariate Power Series Distributions Associated with Lagrange Expansion [pp. 951-954]

	[List of Book Reviews] [pp. 955]
	Book Reviews
	Review: untitled [pp. 956]
	Review: untitled [pp. 956-957]
	Review: untitled [pp. 957-959]
	Review: untitled [pp. 959]
	Review: untitled [pp. 959-960]
	Review: untitled [pp. 960-961]
	Review: untitled [pp. 961]
	Review: untitled [pp. 961-962]
	Review: untitled [pp. 962]
	Review: untitled [pp. 963]
	Review: untitled [pp. 963]
	Review: untitled [pp. 963-964]
	Review: untitled [pp. 964]
	Review: untitled [pp. 964]
	Review: untitled [pp. 964]
	Review: untitled [pp. 964-965]
	Review: untitled [pp. 965]
	Review: untitled [pp. 965]
	Review: untitled [pp. 965-966]
	Review: untitled [pp. 966]
	Review: untitled [pp. 966-967]
	Review: untitled [pp. 967]
	Review: untitled [pp. 967]
	Review: untitled [pp. 967-968]
	Review: untitled [pp. 968]
	Review: untitled [pp. 968]

	Publications Received [pp. 968-970]
	Back Matter [pp. ]



