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Some remarks
• Angrist and Imbens will receive the Nobel Prize in Economics in 

December (together with David Card) for their work in 
Econometrics 

• The last 30-40 years, economists have pioneered in the study 
of causal relationships in observational data (non-randomized 
data). 

• Have economists beat statisticians at their own game?

• Breiman: statisticians should work more in category B!
• Econometricians: we work in category “super A” and have 

made huge advances in Causal Inference
• -> Where is your Nobel Prize, Breiman?
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The current paper

• Among the papers listed in the Nobel Prize 
announcement

• The paper transfers tools from Econometrics 
(the Instrumental Variable) to the Rubin 
Causal Model

• We give will give a short account of classical 
concepts in Econometrics before diving into 
the article.
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The Structural Equations Model
• A (linear) Structural Equations Model (SEM) is defined by a 

DAG 𝒢 consisting of nodes 1,… , 𝑝 and edges representing 
causal pathways, and a set of variables 𝑋! !"#

$ such that

𝑋! = (
%∈$'(!)

𝛽%,!𝑋% + 𝜖! (∗) ,

where the 𝜖!’s are independent and 𝑝𝑎(𝑖) is the parent set of 
node 𝑖 in 𝒢. 

• What makes the model structural is that ∗ is assumed to hold 
even when we intervene on the system and set some of the 
𝑋!’s to some fixed values. 

• The coefficient 𝛽%,! is interpreted as the causal effect of 𝑋% on 𝑋!.
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The Structural Equations Model
• We implicitly assume a structure from which the data is 

generated, which allows us to define causal effects in a 
meaningful manner. 

• A SEM implies a linear model, but the converse is not true

• SEMs have been a centerpiece Econometrics and the Social 
Sciences

• SEMs date back to Sewall Wright and Trygve Haavelmo
(Norwegian Economist, recipient of the Nobel Prize)
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Example of a SEM
• 𝒢: 

• 𝑈 = 𝜖+,
D= 𝛽+,,𝑈 + 𝜖,, 
𝑌 = 𝛽+,-𝑈 + 𝛽,,-𝐷 + 𝜖-.

• If we e.g. force 𝑈 = 𝑢 and D = 𝑑, then 𝑌 = 𝛽+,-𝑢 + 𝛽,,-𝑑 + 𝜖-. 
This is a stronger assumption than your usual linear regression 
model.

• Note that 𝐶𝑜𝑣 𝐷, 𝑌 = 𝛽,,- + 𝛽+,,𝛽+,- ≠ 𝛽,,-, hence the cliché 
“correlation ≠ causation”. 

D Y

U

𝛽!,#

𝛽$,#𝛽$,!
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Instrumental Variables (IV)
• Suppose we wish to estimate β.,/, the causal effect of D on Y,

but that we cannot observe U, which affects both D and Y (an 
unobserved confounder). 

• Without additional assumptions we cannot estimate the causal 
effect β.,/.

D Y

U

𝛽!,#

𝛽$,#𝛽$,!



Instrumental variables (IV)
• Assume we can observe a variable 𝑍 that only

causes 𝐷:

• Then 𝐶𝑜𝑣 𝑍, 𝑌 = 𝛽0,, 𝛽,,- and 𝐶𝑜𝑣 𝑍, 𝐷 = 𝛽0,,. Hence, 

𝛽,,- =
123 0,-
123 0,,

,

which we can estimate! We use 𝑍 as an instrument for 𝐷.
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D Y

U

𝛽!,#

𝛽$,#𝛽$,!

Z
𝛽%,!



Motivating scientific question for the 
article
• Say we want to investigate the causal effect 

of military service (D = 1) on future earnings 
𝑌 (Objective of Angrist (1990))

• There may be confounders 𝑈 that affect both 
military service 𝐷 and future earnings 𝑌.

• We consider the Vietnam war. Why?
• There was a randomized draft, which we may 

use as an instrument
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Setting
• We consider the Rubin counterfactual framework (not SEM)
• Assume there exist two parallel universes: 
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𝑌! 0 ,
the future earnings of an 
individual when he is not 

sent to war

𝑌! 1 ,
the future earnings of an 

individual when he is 
sent to war



Setting
• The causal effect of war participation on earnings is defined by

𝛽 = 𝐸 (𝑌! 1 − 𝑌! 0 )
• We cannot observe 𝑌! 0 and 𝑌! 1 simultaneously
• We only observe 𝑌! = 𝑌!(𝐷!), where 𝐷! is the military service 

indicator of subject 𝑖 .
• Importantly, the variables 𝑌! 0 and 𝑌! 1 may correlate 

with 𝐷!, and it can be shown that 𝐸 𝑌! 𝐷! = 1) = 𝐸 𝑌! 1 is not
true in general, hence

𝛽 ≠ 𝐸 𝑌! 𝐷! = 1) − 𝐸 𝑌! 𝐷! = 0)
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• Let 𝑍! denote the indicator function of whether subject 𝑖 is 
drafted

• 𝑍! is randomly assigned and should affect 𝐷! (military 
participation) but should be independent of confounders 
𝑌! 0 , and 𝑌! 1 due to randomization.

• Informal illustration:

• This is reminiscent of an IV in the SEM framework
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D Y

U

Z

The Instrumental Variable



Formal model

• Counterfactual for war participation: 𝐷!(𝑧) for 𝑧 = 0,1
indicating draft or no draft. We observe 𝐷! 𝑍! = 𝐷!.

• Counterfactual for earnings: 𝑌!(𝑧, 𝑑) for
𝑧, 𝑑 ∈ {0,1}. We observe 𝑌! = 𝑌!(𝑍!, 𝐷!).

• We implicitly assume SUTVA (assumption 1), i.e., 𝐷!
only depends on 𝑍! and not 𝑍" for 𝑗 ≠ 𝑖, and 𝑌! only 
depends on 𝑍! and 𝐷!.

• The counterfactuals refer to “parallel universes” as 
before

26.10.2021 Per August Jarval Moen 15



Assumptions

• A2: Assignment of 𝑍H, … , 𝑍I is randomized
• A3: For all 𝑖, 𝑌J 𝑧, 𝑑 = 𝑌J(𝑧K, 𝑑) for all 𝑧, 𝑧K, 𝑑 ∈

0,1 . That is, being drafted (𝑍J = 1) only 
affects future earnings 𝑌J through military 
participation 𝐷J (“exclusion restriction”).

• A3 implies that we can write drop the 
functional dependence of 𝑌J 𝑧, 𝑑 on d, and 
write 𝑌J 𝑑 .
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Assumptions

• A4: For all i, 𝐸 𝐷J 1 − 𝐷J 0 ≠ 0. That is, 
being drafted has a causal effect on war 
participation.

• A5: For all 𝑖, 𝐷J 1 ≥ 𝐷J 0 (monotonicity). 
That is, no person will participate in war if not 
drafted, but not participate if drafted. 
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The main result
• Proposition 1. Under the given assumptions, 

𝐸 𝑌! 𝑍! = 1 − 𝐸 𝑌! 𝑍! = 0)
𝐸 𝐷! 𝑍! = 1 − 𝐸(𝐷!|𝑍! = 0) = 𝐸 𝑌! 1 − 𝑌! 0 𝐷! 1 = 1, 𝐷! 0 = 0).

• The RHS is the causal effect of war participation on earnings for the sub-
population of individuals who are “compliers”, i.e., the ones that serve in 
war if drafted, but not otherwise. Why only this sub-population? There 
may be individuals who do not serve even when drafted, and ones that 
serve regardless of being drafted or not.

• The LHS is an estimable quantity of observable variables!
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Proof.
• Step 1: The numerator.

𝐸 𝑌! 𝑍! = 1 − 𝐸 𝑌! 𝑍! = 0)
= 𝐸 𝑌! 𝐷! 𝑍! = 1 − 𝐸 𝑌! 𝐷! 𝑍! = 0) (1)
= 𝐸 𝑌! 𝐷! 𝑍! ) 𝑍! = 1 − 𝐸 𝑌! 𝐷! 𝑍! 𝑍! = 0 (2)
= 𝐸 𝑌! 𝐷! 1 ) 𝑍! = 1 − 𝐸 𝑌! 𝐷! 0 𝑍! = 0
= 𝐸 𝑌! 𝐷! 1 − 𝑌! 𝐷! 0 . (3)

• (1) is by definition of 𝑌! = 𝑌!(𝐷!), (2) is by definition of 𝐷! = 𝐷!(𝑍!), and (3) 
is by the random assignment of 𝑍!.

Step 1 in the proof is based on the lecture notes of Zhiyang Jia in the 
course ECON4137 at the University of Oslo, spring 2020. 
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Proof.
• Step 1: continued. Now, 

𝐸 𝑌! 𝐷! 1 − 𝑌! 𝐷! 0
= 𝐸 𝑌! 𝐷! 1 − 𝑌! 𝐷! 0 𝐷! 1 = 1, 𝐷! 0 = 0 𝑃 𝐷! 1 = 1, 𝐷! 0 = 0
+ 𝐸 𝑌! 𝐷! 1 − 𝑌! 𝐷! 0 𝐷! 1 = 1, 𝐷! 0 = 1 𝑃 𝐷! 1 = 1, 𝐷! 0 = 1
+ 𝐸 𝑌! 𝐷! 1 − 𝑌! 𝐷! 0 𝐷! 1 = 0, 𝐷! 0 = 0 𝑃 𝐷! 1 = 0, 𝐷! 0 = 0
+ 𝐸 𝑌! 𝐷! 1 − 𝑌! 𝐷! 0 𝐷! 1 = 1, 𝐷! 0 = 0 𝑃 𝐷! 1 = 0, 𝐷! 0 = 1

• Above we condition on subpopulations. Due to monotonicity, 𝑃(
)

𝐷! 1 =
0, 𝐷! 0 = 1 = 0. Since we condition on which values 𝐷!(𝑧) takes, we get

= 𝐸 𝑌! 1 − 𝑌! 0 𝐷! 1 = 1, 𝐷! 0 = 0 𝑃 𝐷! 1 = 1, 𝐷! 0 = 0
+ 𝐸 𝑌! 1 − 𝑌! 1 𝐷! 1 = 1, 𝐷! 0 = 1 𝑃 𝐷! 1 = 1, 𝐷! 0 = 1
+ 𝐸 𝑌! 0 − 𝑌! 0 𝐷! 1 = 0, 𝐷! 0 = 0 𝑃 𝐷! 1 = 0, 𝐷! 0 = 0
= 𝐸 𝑌! 1 − 𝑌! 0 𝐷! 1 = 1, 𝐷! 0 = 0 𝑃 𝐷! 1 = 1, 𝐷! 0 = 0
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Proof.
• Step 2: The denominator. We get that

E 𝐷! 𝑍! = 1 − 𝐸 𝐷! 𝑍! = 0
= 𝐸 𝐷! 1 𝑍! = 1) − 𝐸 𝐷! 0 𝑍! = 0) (1)
= 𝐸 𝐷! 1 − 𝐷! 0 2
= 1 ∗ 𝑃 𝐷! 1 = 1, 𝐷! 0 = 0 − 1 ∗ 𝑃 𝐷! 1 = 0, 𝐷! 0 = 1
= 𝑃 𝐷! 1 = 1, 𝐷! 0 = 0 ,

where (1) is by definition of 𝐷! = 𝐷!(𝑍!) and (2) is due to random 
assignment of 𝑍! .
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Proof.
• Step 3: Combining step 1 and 2 we obtain

𝐸 𝑌! 𝑍! = 1 − 𝐸 𝑌! 𝑍! = 0)
𝐸 𝐷! 𝑍! = 1 − 𝐸(𝐷!|𝑍! = 0)

=
𝐸 𝑌! 1 − 𝑌! 0 𝐷! 1 = 1, 𝐷! 0 = 0 𝑃 𝐷! 1 = 1, 𝐷! 0 = 0

𝑃 𝐷! 1 = 1, 𝐷! 0 = 0

= 𝐸 𝑌! 1 − 𝑌! 0 𝐷! 1 = 1, 𝐷! 0 = 0 ,

as desired. 
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Results from the study (Angrist 1990)

• 8𝛽 = −435.8
0.159 = −2741 (dollars), with SE 1324

for men born in 1950, income year 1981.

• Interpretation: The estimated average causal 
effect of Vietnam war participation on 
earnings in 1981 for compliers born 1950 is a 
reduction of 2741$ per year
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Concluding remarks

• The paper shows how causal inferences can be 
made in an observational study, with transparent 
assumptions

• Predictive power is not the main objective. We are in 
category “super A” since we need strong 
assumptions

• The economists have pioneered in many areas of 
Causal Inference. Maybe statisticians have 
something to learn from Economists?
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Nils sin 
niese (?)!https://www.aftenposten.no/meninger/debatt/i/8QR13r/nei-

det-er-ikke-noedvendigvis-en-sammenheng-mellom-parker-
og-doedsfall

https://www.aftenposten.no/meninger/debatt/i/8QR13r/nei-det-er-ikke-noedvendigvis-en-sammenheng-mellom-parker-og-doedsfall
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