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Continuous problems

Today we will talk about continuous problems of the form

minimize f (x)

subject to x ∈ C,

where C ⊆ Rn for some n. Assumptions:
f is continuous.
C is connected – and closed.
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Continuous problems

Today we will talk about continuous problems of the form

minimize f (x)

subject to x ∈ C,

where C ⊆ Rn for some n.
An example you’ve seen: linear programming!
Question
How can we solve problems on this form?
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Continuous problems

Let’s talk classification again: Given (xi , yi) for i ∈ [n] and
yi ∈ {−1,1},xi ∈ Rp for all i , find β, α which best classifies the xi . That
is to say, we’d like βT xi − α = yi for i ∈ [n] – or at least that they have
the same sign.
Question
How do we get this?

We want yi(β
T xi − α) > 0 for all i ∈ [n].

Let l be a loss function, then we want to

minimize 1
n
∑n

i=1 l(yi , β
T xi − α) + 1

2∥β∥
2.

September 19, 2022 5 / 30



Continuous problems

Let’s talk classification again: Given (xi , yi) for i ∈ [n] and
yi ∈ {−1,1},xi ∈ Rp for all i , find β, α which best classifies the xi . That
is to say, we’d like βT xi − α = yi for i ∈ [n] – or at least that they have
the same sign.
Question
How do we get this?

We want yi(β
T xi − α) > 0 for all i ∈ [n].

Let l be a loss function, then we want to

minimize 1
n
∑n

i=1 l(yi , β
T xi − α) + 1

2∥β∥
2.

September 19, 2022 5 / 30



Continuous problems

Exponential loss
l(y ,u) = e−yu,

Logistic loss
l(y ,u) = log(1 + e−yu),

Hinge loss
l(y ,u) = max{0,1 − yu}.

Support Vector Machine:

minimize 1
2∥β∥

2 + 1
n
∑n

i=1 max(0,1 − yi(β
T xi − α))
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Convexity
Definition
A set C is convex if, for all x , y ∈ C, the line segment between x and y
is entirely in C.

Or put differently,
λx + (1 − λ)y ∈ C

for all λ ∈ [0,1].

Definition
A function f is convex if, for all x , y in its domain, the line segment
between (x , f (x)) and (y , f (y)) is above the graph of f .

Which is to say,

f (λx + (1 − λ)y) ≤ λf (x) + (1 − λ)f (y)

for all λ ∈ [0,1].

September 19, 2022 7 / 30



Convexity
Definition
A set C is convex if, for all x , y ∈ C, the line segment between x and y
is entirely in C.

Or put differently,
λx + (1 − λ)y ∈ C

for all λ ∈ [0,1].

Definition
A function f is convex if, for all x , y in its domain, the line segment
between (x , f (x)) and (y , f (y)) is above the graph of f .

Which is to say,

f (λx + (1 − λ)y) ≤ λf (x) + (1 − λ)f (y)

for all λ ∈ [0,1].
September 19, 2022 7 / 30



Convexity
Definition
The epigraph of f is the set {(x , y) : y ≥ f (x)}.

Theorem
f is convex if and only if its epigraph is.

Exercise
Prove it!

Properly understood, every convex set has an interior.

Theorem
If f is differentiable and defined on a convex set C, f is convex if and
only if

f (y) ≥ f (x) +∇f (x)T (x − y)

for all x , y ∈ C.
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Convexity

Definition
A convex combination of points x1, . . . , xn ∈ C is a combination

n∑
i=1

λixi ,

where
∑n

i=1 λi = 1 and each λi ≥ 0.

Theorem (Jensen’s inequality)
If f is convex and we apply it to a convex combination, we get

f

(
n∑

i=1

λixi

)
≤

n∑
i=1

λi f (xi).
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Convexity

Convex sets:
Half-space: {x ∈ Rp : aT x ≤ b}.
Ball: {x ∈ Rp : ∥x − c∥ ≤ d}.

Combination:
Convexity is preserved by intersection.
{Ax + b : x ∈ C}, where C is convex.

So for example polyhedra are convex.

September 19, 2022 10 / 30



Convexity

Convex sets:
Half-space: {x ∈ Rp : aT x ≤ b}.
Ball: {x ∈ Rp : ∥x − c∥ ≤ d}.

Combination:
Convexity is preserved by intersection.
{Ax + b : x ∈ C}, where C is convex.

So for example polyhedra are convex.

September 19, 2022 10 / 30



Convexity

Convex sets:
Half-space: {x ∈ Rp : aT x ≤ b}.
Ball: {x ∈ Rp : ∥x − c∥ ≤ d}.

Combination:
Convexity is preserved by intersection.
{Ax + b : x ∈ C}, where C is convex.

So for example polyhedra are convex.

September 19, 2022 10 / 30



Convexity
Convex functions:

Norms.
Powers ≥ 1.
− log is convex on the positive reals.

Combinations:
Nonnegative sums of convex functions are convex.
If f is convex, then f (Ax + b) is convex in x .
maxi fi(x) is convex if the fi are convex.
f ◦ g is convex if g is convex and f is convex and non-decreasing.

So for example the SVM objective is convex.

Theorem
A function f is convex if and only if f (x + λy) is convex for any given
x , y, λ ∈ R.
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Convexity
Why do we care about convexity?
Let f : C → R, and assume C is closed.

Definition
A point x∗ ∈ C is a local minimum of f if there is an ϵ such that for all
x ∈ C,

∥x − x∗∥ < ϵ ⇒ f (x) ≥ f (x∗).

Definition
A point x∗ ∈ C is a global minimum of f if, for all x ∈ C,

f (x∗) ≤ f (x).

Alternatively, x∗ is a global minimum if it is a local minimum and all
other local minima x satisfy f (x) ≥ f (x∗).
Question
What if C is open?
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Convexity

Now we assume f , C are convex.

Theorem
f obtains its minimum on C.

In fact we can do better:

Theorem
If x∗ ∈ C is a local minimum of f it is a global minimum.

Question
Why?

Theorem
If f is C1, x∗ is its global minimum if and only if ∇f (x∗) = 0.
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Convexity

Recall:

Definition (Extreme point)
z ∈ C is an extreme point of the set C if we cannot find x , y ∈ C, with
x , y ̸= z, and scalar λ ∈ [0,1] such that z = λx + (1 − λ)y .

Definition (Convex hull)
The convex hull of a set of points is the smallest convex set containing
the points.

Theorem (Krein-Milman)
If C is a convex, compact set, it has extreme points and is the closed
convex hull of said extreme points.
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Polyhedra, again

Recall that a polyhedron is a (convex) set of the form

P = {x ∈ Rp : Ax ≤ b}.

An extreme point of P satisfies p inequalities with equality*.

In this way, a combinatorial aspect of linear optimization appears.
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Convex optimization

Let’s go back:
minimize f (x)

subject to x ∈ C,

If f , C are convex this is known as a convex optimization problem.
Some over-simplifications:

Linear optimization problems can be solved in polynomial time
and have good theoretical properties.
Convex optimization problems can sometimes be solved efficiently
and have good theoretical properties.
General continuous optimization problems do not have good
theoretical properties and can only be solved in special cases.

Question
What does solving mean here?
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Convex optimization
Methods for convex optimization problems include1:

The ellipsoid method.
Gradient methods.
Interior-point methods.

Let’s say that C is defined by inequalities:

C = {x ∈ Rn : ci(x) ≤ 0 for i ∈ [m]}.

Hence the problem is:

minimize f (x)

subject to ci(x) ≤ 0, (i ∈ [m])

Question
Which conditions must the ci satisfy?

1Recall lecture 1!
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Descent directions

Now say that x ∈ C and let s be some small step. For x + s to be
better than x , we must have

f (x + s) < f (x) ⇒ f (x + s)− f (x) < 0.

This is “approximately”
∇f (x)T s < 0.

Question
Is this intuitive?

Similarly, for each i we need

0 ≥ ∇ci(x)T s.
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Descent directions

So does there exist such an s?
If x is in the interior, then yes if x is not a local minimum.
If x is on the boundary, it is not so easy.

Let’s say ci(x) = 0 for i ∈ [m′]. Then we need

∇ci(x)T s ≥ 0,

for i ∈ [m′]. So can we find s with x + s ∈ C and

∇f (x)T s < 0, ∇ci(x)T s ≤ 0 for i ∈ [m′]?

If not x is a local minimum*.
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The Lagrangian

Our primal problem is

minimize f (x)

subject to ci(x) ≤ 0, (i ∈ [m]).

We define the Lagrangian

L(x , λ) = f (x) +
m∑

i=1

λici(x),

and the Lagrange dual

g(λ) = inf
x

L(x , λ).
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Duality

Let p∗ be the optimal value of the primal problem.

Theorem (Weak duality)
For λ ≥ 0,

g(λ) ≤ p∗

Indeed, for any x ∈ C,

g(λ) = inf
x

L(x , λ) ≤ f (x) +
m∑

i=1

λici(x),

and as x ∈ C, λ ≥ 0 we see that

g(λ) ≤ f (x).
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Duality

This motivates us to define the dual problem:

maximize g(λ)

subject to λi ≥ 0, (i ∈ [m]).

This is a convex optimization problem!*

If we let d∗ be the optimal value of the dual, we see that weak duality
simply says

d∗ ≤ p∗.

But can we go further?
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Duality

Definition
We say that strong duality holds for a primal-dual pair if

p∗ = d∗.

Definition
We say that Slater’s condition holds if there is a strictly feasible x in the
primal, i.e. an x such that

ci(x) < 0,

for i ∈ [m].

Theorem
If the primal problem is convex and Slater’s condition holds, we have
strong duality.

September 19, 2022 23 / 30



Duality

Definition
We say that strong duality holds for a primal-dual pair if

p∗ = d∗.

Definition
We say that Slater’s condition holds if there is a strictly feasible x in the
primal, i.e. an x such that

ci(x) < 0,

for i ∈ [m].

Theorem
If the primal problem is convex and Slater’s condition holds, we have
strong duality.

September 19, 2022 23 / 30



Duality

Definition
We say that strong duality holds for a primal-dual pair if

p∗ = d∗.

Definition
We say that Slater’s condition holds if there is a strictly feasible x in the
primal, i.e. an x such that

ci(x) < 0,

for i ∈ [m].

Theorem
If the primal problem is convex and Slater’s condition holds, we have
strong duality.

September 19, 2022 23 / 30



KKT conditions

Assume the ci are differentiable*, and that x∗ is primal optimal and λ∗

is dual optimal.
Then we have (why?):

∇L(x∗, λ∗) = 0.

That is,

∇f (x∗) +
m∑

i=1

λi∇ci(x) = 0.

We also have feasibility for both x∗ and λ∗.
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KKT conditions
We have derived (almost!) the Karush-Kuhn-Tucker conditions:

∇f (x∗) +
∑m

i=1 λ
∗
i ∇ci(x∗) = 0,

ci(x∗) ≤ 0, (i ∈ [m]),
λ∗

i ≥ 0, (i ∈ [m]),
λ∗

i ci(x∗) = 0, (i ∈ [m]).

Exercise
Show that such x∗, λ∗ must be optimal to the original problems.

Theorem
If

the primal problem is convex,
the objective and constraints are differentiable,
and Slater’s condition applies,

the KKT conditions are necessary and sufficient for optimality.
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Support Vector Machine

Recall:
We are given (xi , yi) for i ∈ [n] and yi ∈ {−1,1},xi ∈ Rp for all i .
We want to find β, α such that for all i , yi(β

T xi − α) > 0.
For this purpose we wish to solve

minimize 1
2∥β∥

2 + 1
n
∑n

i=1 max(0,1 − yi(β
T xi − α))

Question
Are the KKT conditions necessary and sufficient for optimality here?
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Support Vector Machine

minimize 1
2∥β∥

2 + 1
n
∑n

i=1 max(0,1 − yi(β
T xi − α))

Equivalent formulation:

minimize 1
2∥β∥

2 + 1
n
∑n

i=1 wi

subject to yi(β
T xi − α) ≥ 1 − wi ,

wi ≥ 0.

Question
Why is this equivalent?

Question
Are the KKT conditions necessary and sufficient for optimality here?
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Exercises

Exercise
Prove that for a closed, compact convex set, the convex hull is the set
of convex combinations of its extreme points.

Exercise
Prove Jensen’s inequality.

Exercise
What is the dual of a linear program?

minimize cT x

subject to Ax ≤ b
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Exercises
Exercise
From Boyd, Vandenberghe.

What is the dual of this problem?

minimize xT x

subject to Ax = b

Hint: The Lagrangian is the same, but equality constraints get “free”
dual variables.

Exercise
Derive the dual of the following formulation:

minimize 1
2∥β∥

2 + 1
n
∑n

i=1 wi

subject to yi(β
T xi − α) ≥ 1 − wi ,

wi ≥ 0.
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