
An example of integration

Introducton After the lecture on September 30, two students asked me
what it actually meant to integrate in the setting of MAT4300, relizing that
techniques based on antiderivation, as we use in calculus, do not apply now.
This question is important, and this note is en effort to start an explanation.
Comments to this note are wellcome.

Dag Normann

The note

Let X be the set of all subsets of the natural numbers N. If A ⊆ N, we let

f(A) =
∑
{2−n | n ∈ A}.

Does it make sense to evaluate the integral of f over X?

It certainly does not make sense unless we have a reasonable measure on X.

How could we possibly find a reasonable measure?
One way is to use a probability measure, and say that for each number n,
the probability that n ∈ A is just 1

2
. If these probabilities are independent

for different n we are led to the following reasonable definition.

Definition 1 If A and B are disjoint finite subsets of N with all together
k elements in A ∪ B, we let XA,B be the set of all sets C such that A is a
subset of C and B is disjoint from C. We let µ(CA,B) = 2−k.

If we then let X be the least σ-algebra containing all sets of the form XA,B,
we will be able to extend µ to a σ-additive measure on X. (At the moment
of writing, this has not yet been proved in class, but this is not of importance
for the rest of this note.)

It is obvious that we cannot use methods from calculus to evaluate∫
fdµ,

so we have to stick to other methods.
The function f is bounded by 1, defined over a set of measure 1 (X = X∅,∅),
and it is not too hard to show that it is measurable, so it must be integrable.
The tools we have are
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• Use combinatorics to compute the integral of some simple functions
below f .

• The simple functions could be the functions of the form

fk(A) =
∑
{2−n | n ∈ A ∧ n ≤ k}.

We only need sets of the form XA,B in order to see that fk is simple
and X-measurable.

• By induction we see that
∫

fkdµ = 1
2
− 2−k−1.

Here we only need the measure µ on sets of the form XA,B

• We then use the monotone convergence theorem to see that
∫

fdµ = 1
2
.

• To do so we must observe that f is the pointwise limit of the monotone
increasing sequence (fk).

• An other approach, after realizing that the integral must exist, is to
see that it must then be a solution to the equation

x =
1

4
+

x

2
.

The lesson of this example is that in order to evaluate integrals in general, we
have to combine our general knowledge of measure theory with insight into
how to calculate the integral of some simple functions and situation based
mathematical arguments (like setting up the equation).

If there is any interest for it, this note may be expanded in order to clarify
what it means to integrate in a more general context.
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