
1 Integrating risk of different origin

1.1 Introduction

Maybe be the first thing that comes to your mind when asked to handle risks from many sources
is that you add them. Consider for example the so-called net asset value Yk of an insurance
company. A simplified form of it could be

Yk = V1k + V2k + V3k − PVxk, k = 0, 1, . . . ,
equity cash bonds liabilities

(1.1)

where a value put on the liabiltities is subtracted financial investments in equity, bonds and cash
(overhead costs might be a fifth term). Can simulation programs be developed independently for
each component? That would be naive. Financial variables certainely influence each other (as we
saw in Chapter 13) and liabilities too (Section 15.3 below). Adding contributions to a portfolio is
a multivariate exercise with many inter-dependent links.

It is an hierarchical exercise as well. If net assets is the target, an entire evaluation and modelling
process could be as complicated as follows:

Historical data
estimation−→ model

simulations−→ variables −→ net asset value.

The variables are those in (1.1), but they could (especially on the investment side) be the sum of
many sub-variables. How you cope with that and how you plan an entire analysis can only be learnt
by example. We start with life table risk in the next section, continues with liability risk due to
inflation and discounting, then financial risk and finally assets and liabiltities together. Computer
implementation will be indicated everywhere; i.e. how programs are planned, merged, modified
and extended. A number of numerical illutstrations are included on the way.

Error in parameters and models are only considered in the beginning. Should our projections
of risk include uncertainty of that kind? It can be done through the Bayesian approach of Section
7.6. Risk is then seen as an amalgam of liablity, asset and model uncertainty, but a full-scale
approach along these lines might lead to enormous technical complexity and perhaps a lack of
transparency in the final results. A simpler alternative is to vary key input conditions and examine
how simulations and evaluations react. The variability is often huge! Differences between portfolios
are usually more stable. To see this let ψ be a measure of financial risk with values ψ̂1 (for portfolio
1) and ψ̂2 (portfolios 2), both depending on estimated parameters. If ρ = cor(ψ̂1, ψ̂2), then

sd(ψ̂2 − ψ̂1)
.
= s(ψ̂1)

√
2(1− ρ) if sd(ψ̂1)

.
= sd(ψ̂2),

which is the argument behind anti-tetic sampling in Section 4.3; see (??). Here ρ might approach
one, and ψ̂2 − ψ̂1 is then much less variable than ψ̂1 and ψ̂2 themselves. One portfolio could be
superior to another over a wide range of conditions despite their level fluctuating strongly.

1.2 Life table risk

Introduction

The way life and pension insurance was launched in Chapter 12 relegated the stochastic part to
a subordinate role. There was good reason for concentrating on the average (see Section 3.4), yet
there is risk due both to the technical rate of interest (treated in the next section) and errors in
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Quantity Symbol Assumption

Portfolio size J J = 100000
Time increment Annual
Survival probabilities (annual) pl log(pl) = −0.0009 − 0.0000462e0.090761×l

Recuitement age l0 30 years
Maximum age le 120 years

Table 15.1 Demographic conditions behind the pension insurance portfolio
of this chapter.

the life tables (discussed here). Survival probabilities are always estimated from historical data.
Random error is then inevitable in principle although negligible for large countries. Smaller coun-
tries or sub-groups of the population may be different, and for disability schemes historical data
are often scarce. The impact of random error is discussed below.

Systematic error or bias is caused by the historical material being too old or applying to the
wrong social group. For example, survival probabilities from an entire population applied to white-
collar pension portfolios (with longer lifes) can only result in liabiltities being underestimated.
Future increases in longevity have the same effect. In the developed world life expectancy was dur-
ing the second half of the twentieth century raised around five years (same for women and men),
and this trend may well continue. The few remarks on bias in the last part of this section do scant
justice to a subject for which the general interest is rising, see references in Section 15.8.

Portfolio for numerical studies

In real life portfolios are the result of people leaving and being recruited in some disorderly manner,
but for laboratory studies a simple and transparent design is useful. One possibility is to distribute
J individuals on l0, . . . , le different age groups according to

Jl =
J
c

l−l0pl0
, l = l0, . . . , le where c =

le−l0∑

k=0

kpl0. (1.2)

Here c makes Jl0 + . . .+Jle = J (minor discrepancy due to rounding error). The survival probabili-
ties kpl0 were defined in Section 12.3. This portfolio will be used as a test case throughout the entire
chapter with the detailed conditions as in Table 15.1. Individuals come in at 30 years and may
stay up to 120 years if living that long. The survival probabiltities are of the Gomperz-Makeham
type and are those used in Sections 3.4 and 12.3. If you consult Figure 15.2, the resulting age
distribution is plotted there.

There is a simple probabilistic mechanism behind the portfolio. Suppose N individuals of age
l0 are recruted and remain until they die. After k years the expected number still there is kpl0N ,
and if this pattern goes on year after year, the relative number of individuals of age l will eventually
become l−l0pl0

as specified in (1.2).

Monte Carlo survival data

Random errors in life tables can be examined through theoretical results from statistics, but what
counts is the impact on actuarial calculations, and simulation is easier. Monte Carlo survival data
are then generated in the computer by imitating the real mechanism. A group of people is fol-
lowed over a given period of time and those who die decided randomly. The fastest way is to use
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Figure 15.1 Estimated and true mortalities ql = 1 − pl plotted against age l with the high age

groups to the right.

multinomial sampling through the method of guide tables in Chapter 4, but that involves much im-
plementation work. In practice the following straightforward procedure is likely to be good enough:

Algorithm 15.1 Simulated survival data

0 Input: {Jl}, {pl}, l0, le and K %K is the observation period

1 For l = l0, . . . , le let n⋆
l ← 0 %Initialise the counts

2 For l = l0, . . . , le do
3 Repeat Jl times
4 i← l %i tracks age of individual

5 For k = 1, . . . ,K do
6 Draw U⋆ ∼ uniform
7 If U⋆ < pi then

i← i+ 1 and n⋆
i ← n⋆

i + 1 %Individual alive at age l+ k

else leave k-loop %Individual dead

8 Return n⋆
l0
, . . . , n⋆

le
. %n⋆

l = the number of individuals

alive at age l

The two outer loops (Lines 2 and 3) take us through the entire portfolio whereas the inner one over
k traces individual life stories K periods ahead and updates the Monte Carlo number n⋆

l of persons
alive at age l. On output historical survival data n⋆

l satisfying n⋆
l ≥ n⋆

l+1 ≥ n⋆
l+2 ≥ . . . have been

generated.

The example in Figure 15.1 is based on a portfolio of J = 100000 individuals with age distri-
bution as in (1.2). It was followed over K = 6 years under the Gomperz-Makeham regime in Table
15.1. Monte Carlo estimates p̂⋆

l = n⋆
l+1/n

⋆
l were computed from the simulated survival data. The

corresponding estimated mortalities q̂⋆
l = 1− p̂⋆

l have in Figure 15.1 been plotted (as dots) against
age l with the true values ql = 1 − pl as solid lines. Accuracy seems fair, but the real test is the
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impact on actuarial calculations of liabiltities and premium; see below. Note that errors go up for
the higher age groups, but the economic impact may not be severe since so few people are involved
anyway. A smoother curve would have be obtained by fitting a Gomperz-Makeham model, as ex-
plained in Section 12.3.

The life table bootstrap

The effect of estimation error on actuarial calculations is most conveniently analysed through the
bootstrap ideas of Chapter 7. Whether we are dealing with the equivalence premium π, a sequence
of liabilities {Xk} or the present value PV0, the operations involved in the original estimate can be
set down as follows:

{pl} - Z

history,

survival data

-

fitting

{p̂l} - {kp̂l} �
�

�
�*

H
H

H
Hj

π̂

{X̂k}, P̂V0

actuarial calculations

On the left the historical survival data (designated Z) have been generated from the true sur-
vival probabiltities {pl}. Our estimates {p̂l}, obtained from one of the methods in Section 12.3
are converted to estimated k-step probabilities {k p̂l} and then to estimates π̂, {X̂k} and P̂V0 of
equivalence premium, liabilities and present value.

The entire procedure can repeated from simulated historical data, generated from the estimated
survival probabilities {p̂l}. This is the bootstrap trick, the true probabiltities {pl} being unavailable.
The scheme now becomes:

{p̂l} - Z⋆

history,

survival data

-

fitting

{p̂⋆
l } - {kp̂⋆

l } �
�

�
�*

H
H

H
Hj

π̂⋆

{X̂ ⋆
k }, P̂V⋆

0

actuarial calculations

where all bootstrap analogies have been marked with ⋆. When this is repeated, m times, we
obtain replications π̂⋆

1 , . . . , π̂
⋆
m of π̂ and similar for the other quantities which allow us to examine

their variability; see Section 7.4. The detailed implementation is to generate bootstrap historical
data Z⋆ by Algorithm 15.1 and run the original sequence of operations with Z⋆ in place of Z.

The impact of random error

As an example consider an ordinary pension insurance portfolio where all individuals enter the
scheme at age l0, retires at lr on a pension s (same for all) and draws benefit until le. The esti-
mated equivalence premium π̂ is then solution of

π̂
lr−l0−1∑

k=0

dk
kp̂l0 = s

le−l0∑

k=lr−l0

dk
kp̂l0

where d = 1/(1 + r) is the discount, and the estimated present value becomes

P̂V0 =
le−l0∑

k=0

dkX̂k where X̂k = −π̂
lr−k−1∑

l=l0

Jl · kp̂l + s
le−k∑

l=lr−k

Jl · kp̂l;
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Quantity Symbol Assumption Quantity Symbol Assumption
Time step Annual Interest rate r 3% annually
Retirement lr 65 years Maximum age le Unlimited
Benefit s 20000 annually Payment details In advance
Premium π Equivalence

Table 15.2 Detailed policy clauses for the pension portfolio of Chapter 15

see Section 12.4. If the estimated survival probabiltities p̂l are those given in Table 15.1 and all
other portfolio conditions are as in Tables 15.1 and 15.2, the numerical values become

π̂ = 9.162 (unit: thousand) and P̂V0 = 30.961 (unit: billion).

Suppose the life table had been estimated from a portfolio of J = 100000 individuals followed
over six years (with age distribution as outlined above). Under the bootstrap scheme we generate
Monte Carlo survival data under the fitted model, compute bootstrap estimates kp̂

⋆
l0 and determine

eqivalence premium and reserve through

π̂⋆
lr−l0−1∑

k=0

dk
kp̂

⋆
l0 = s

le−l0∑

k=lr−l0

dk
kp̂

⋆
l0

and

P̂V0
⋆

=
le−l0∑

k=0

dkX̂ ⋆
k where X̂ ⋆

k = −π̂⋆
l=lr−k∑

l=l0

Jl kp̂
⋆
l + s

le−k∑

l=lr−k

Jl kp̂
⋆
l .

The life table estimates themselves might have been obtained non-parametrically or through likeli-
hood Gomperz-Makeham fitting; see Section 12.3. Both methods were tried which lead to estimated
standard deviations

sd(π̂) = 0.050, sd(π̂) = 0.011 and sd(P̂V0) = 0.13, sd(P̂V0) = 0.03,
Non-parametric Gomperz-Makeham Non-parametric Gomperz-Makeham

using m = 10000 replications (no more than 50 is necessary!). Gomperz-Makeham estimation pro-
duced evaluations four times more accurate, and this is also evident in Figure 15.2 right where the
density functions of the reserve have been plotted.

Bias against random error

When 100000 individuals were followed over 5 years, random error in premium and present value was
around 0.1% under Gomperz-Makeham fitting and four or five times more for the non-parametric
method. For entire countries such error becomes very small, but it is also possible to contemplate
the opposite and apply fitting methods to limited amounts of survival data from small or medium-
sized pension schemes. Consider the case of just 2000 individuals, 500 times smaller than in the
preceding example. A rough rule of the thumb is that random error now is around

√
500

.
= 22

times larger. This would correspond to an error of 2% if the Gomperz-Makeham model is used,
substantial and why is it of any interest when accurate country mortalities are available? Answer:
Because people who are insured or members of pension schemes often have much smaller mortali-
ties (there are examples among the exercises). Evaluations based on country averages would then
lead to systematic error (or bias) in actuarial evaluations that could be much larger than just 2%.
There is often a choice between a large (but wrong) population and the correct (but small) one.
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Figure 15.2 The age distribution of the pension portfolio (left) and the density function of the

reserve (right) due to random errors in the life table (detailed conditions in text).

With the former random error is small and bias considerable whereas it is the opposite with the
latter (no bias and much random error). How that dilemma is resolved depends on the situation
and on personal judgment too.

The amount of historical data available also influences the choice of estimation method. For
countries (unless they are very small) results are almost exact in any case, and the inaccurate
non-parametric method avoiding all kinds of systematic error is a possibility. This becomes very dif-
ferent for small populations, and to dampen random error a parametric approach like the Gomperz-
Makeham model has to be used.

Modelling and incorporating longevity

Another source of bias occurs when people are living longer than we are aware of. The benefit
period in pension schemes will then last longer, causing financial concern. Such issues are conve-
niently analyzed by introducing a default sequence q0l of mortalities, say those we presently make
use of, and relate them to versions that vary with time. There are different ways of doing this.
One possibility is cohort-dependence where the mortality ql at age l is linked to the year of birth.
For the group of people (or cohort) born at t−i = −ih into the past we then write ql = ql(i).
Alternatively ql = qlk makes mortalities vary with time k to acommodate future reductions. Simple
models along these lines are

ql(i) = q0l e
−γi and qlk = q0l e

−γk ,
cohort version time dynamic version

(1.3)

where γi and γk are parameters that make the mortalities deviate from the default sequence q0l .
Positive γi or γk means that people from cohort i or at time k in the future tend to live longer than
presently assumed. In practice γi = γil or γk = γkl may depend on age l as well. This extension is
discussed among the exercises.
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Added average life (years)
0 1 2 3 4 5

Mortality parameter γ = 0 γ = .077 γ = .155 γ = .233 γ = .312 γ = .391
Net reserve (billion) 30.7 32.1 33.5 34.9 36.3 37.8

Table 15.3 Net reserve and parameter γ when people (on average) live longer than
we are aware of.

It is in either case easy to derive the k-step survival probabilities required for actuarial calculations
through a small revision of the recursion (??) in Section 12.3 which now becomes

k+1pl = {1− ql+k(l)} · kpl and k+1pl = (1− ql+k,k) · kpl

cohort version time dynamic version
(1.4)

for k = 0, 1, 2 . . ., starting for both schemes at 0pl = 1. Justification: We are (as usual) at time
t0 = 0, and people of age l was born at −l (and belong to cohort l). The probability that they
survive the period from k to k+ 1 is then 1− ql+k(l) whereas for the scheme on the right 1− ql+k,k

is the same quantity. Inserting the simple models (1.3) yields

k+1pl = (1− q0l e−γl) · kpl and k+1pl = (1− q0l e−γk) · kpl

cohort version time dynamic version

and we have computed kpl for all l and k, just as in Chapter 12. The entire machinery of that
chapter has now become available; see Section 12.4 in particular.

Impact of longevity: Numerical examples

Suppose the default mortalities {q0l } in (1.3) are those in Table 15.1, and that (unknown to us) the
real world differs. As a first model scenario let

γi = γ (independent of i),

with no demographic change over time. On average people live equally long, regardless of birth,
but if γ > 0, they do live longer than we are aware of. How much longer is shown in Table 15.3
where the parameter γ is adapted to a given increase1. For example, when γ = 0.077, there is
for each individual one year extra on average. Note the regular, almost proportional relationship
between γ and the added length of life. That is only an approximation.

The effect on the net reserve is shown on the last row of Table 15.3. Recall that we are (by
ignorance!) using the wrong model. Premium has therefore been calculated under the default
mortalitities {q0k} (which we believe in) whereas the payments are due the probabilities {qk(i)}
actually at work. All other conditions are as listed in Tables 15.1 and 15.2. One year longer life on
average corresponds to 1.3− 1.4 billion in added expenses, a striking increase. Five years leads to
an escalation of almost 25%, but we are not likely to be fooled that much.

The second example evaluates consequences of disregarding longlevity in another way. Using a
fixed sequence ql = q0l adapted to the mortalities we see today may seem obvious, but if people
in the future continue to live longer and longer (as they have in the past) pension liabiltities will
be underestimated. The effect of this can be calculated through the dynamic model on the right

1Computations have been run on an annual time scale using Algorithm 12.1.
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of (1.3). Possible selections of γ are γ = 0.194/50 = 0.038 and γ = 0.391/50 = 0.0742 correspond-
ing to an increase in longevity of 2.5 and 5 years over the next half century; see Table 15.3. The
effect on the estimated reserve is

Added longevity (years) 0 2.5 5
Reserve (billion) 30.7 32.0 33.4,

where the assessment on the very right reflects the development seen in many countries during
the second half of the twentieth century. Neglecting such increases in longevity corresponds in this
example to an underestimate of 5− 6% of the reserve.

1.3 Risk due to discounting and inflation

Introduction

Let {Xk} be a fixed payment stream with present value

PV0 =
∞∑

k=0

dkXk, dk ∼ the discount. (1.5)

The preceding section discussed uncertainties in {Xk}, and we shall now address the discount
sequence {dk}. Consider the following three specifications:

dk =
1

(1+r)k , dk = P (0:k), dk =
Qk

(1+r)k .

the technical rate fair value discounting inflation included
(1.6)

On the left is the traditional discount where the technical rate r is determined administratively.
Future interest rates is then irrelevant for the valuation of liabilities, but this changes with fair

value discounting in the middle where P (0:k) is the market price of a zero-coupon bond maturing
at tk = kh. The arbitrary technical rate is now replaced by a market view. There is a growing
trend in this direction which holds obvious attraction. Uncertainties in the term structure P (0:k)
are now passed on to the present value which is going to oscillate even if {Xk} is fixed.

There are also many situations where the liabilities depend on inflation. Defined benefit schemes,
for example, have often clauses linking pension rights and contributions to some price index. A
rough mathematical description takes Xk in fixed prices (say those at t0 = 0) whereas QkXk is the
actual payments at a future time tk. Here Qk is the price level with Q0 = 1. An inflation model
can be entered as in (1.6) right. Now dk isn’t a pure discount, but the approach enables you to
program the effect of inflation much in the same way as fair value. You simply modify the sequence
{dk} in the computer. Fair value discounting and inflation is specified through dk = P (0:k)Qk.

These present value calculations hinges on models for bond prices and inflation, and we are in
the realm of financial modelling. The traditional machinery of annuities (Section 12.4) are now less
natural as it is more convenient to work with the payment stream {Xk} directly.

Fair value accounting

Discounts dk = P (0:k) are at t0 = 0 (today) observed in the financial market, but future ones are
unknown and may lead to considerable fluctuations in valuation even if the liabilities themselves
are fixed. A theoretical model for the bond prices is then needed. A simple version (and the only
one to be considered) is to let P (r0, T ) be the value of a zero-coupon, unit faced bond expiring at
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Black-Karisinsky real rate Vasicĕk term structure
Low rate ξ = 2.5% a = 0.7 σ = 0.15 ξq = 2% aq = 0.357 σq = 0.0045
Medium rate ξ = 4.5% a = 0.7 σ = 0.25 ξq = 4% aq = 0.357 σq = 0.0137

Table 15.4 Interest rate scenarios for experiments in Section 15.3 and 15.4

T given the current floating rate of interest r0. The present value of the liabilities {Xk} at time tk
is then

PVk =
∞∑

i=0

P (rk, ti)Xk+i, k = 0, 1, . . . , (1.7)

where Xk+i acts on PVk through a discount of length ti. Note that market prices P (0:k) and the-
oretical prices P (r0, tk) are both available in the beginning, and it is common to ensure that they
are equal; see references in Section 15.8. In the preceding chapter P (rk, ti) was written P (k:k+ i).

A model for the floating rate rk is needed to simulate fair values. Algorithm 15.2 below details the
use of the Black-Karisinsky introduced in Section 5.6, but other models would require only minor
adjustments. The simulations starts from the current rate of interest r0 observed in the market,
and its is assumed that the cash flow {Xk} lasts until K.

Algorithm 15.2 Fair value accounting through Black-Karisinky

0 Input: {Xk}, K,P (r, T ), r0 and a, σ, ξ, σx = σ/
√

1− a2 %a, σ, ξ for {rk}
1 X∗ ← log(r0/ξ) + σ2

x/2 %Initial for {Xk}
2 For k = 0, 1, . . . K do
3 PV∗

k ← 0 and r∗ ← ξ exp(−σ2
x/2 +X∗) %r∗ new floating rate

4 Repeat (i = 0, . . . ,Ke−k) PV∗

k ← PV∗

k + Xk+iP (r∗, ti) %No liabiltities after Ke

5 Draw ε∗ ← N(0, 1) and X∗ ← aX∗ + σε∗ %X∗ for next round

6 Return PV∗

0, . . . ,PV∗

K %PV∗

0 = PV0 is fixed

Note that two different money market models are involved, and a natural question is the link
between them. Should the risk-neutral model underlying the theoretical bond prices P (r, T ) be
selected so that it is consistent with the one for the real rates {rk}? The issue was discussed in
Section 14.7 where it emerged that the so-called market price of risk lies between them. This is a
general process, not easy to pin down, and different pairs of models for P (r, T ) and {rk} simply
correspond to a certain specification of it. The following illustration is based on such a pragmatic
position.

An example

The simulations in Figure 15.3 has been run with the Black-Karisinsky model for the real rate {rk}
and the Vasicĕk model for the bond prices. The latter means that

P (r, T ) = eA(T )−B(T )r

where

B(T ) =
1− e−aqT

aq
and A(T ) = (B(T )− T )

(
ξ −

σ2
q

2a2
q

)
−
σ2

qB(T )2

4aq
;
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Figure 15.3 Simulated fair value accounting (20 replications) for the pension portfolio defined in

Table 15.1 and 15.2.

see (??) and (??)2. The initial, observed rate was in either case rate r0 = 2%. Parameters for the
two interest rate models were those shown in Table 15.4, and the cash flow that of the pension
portfolio in Section 15.2 with the age distribution kept constant over time3. We are then assuming
a constant entry of new members into the lowest age group each year (the mechanism was explained
in Section 15.2).

The idea was to keep the discount sequence itself the only source of variation. Its impact on
the simulated values in Figure 15.3 is considerable. With the high rate scenario on the right there
are stronger oscillations at a lower level than when the interest rate level is lower on the left, but
there is random variation up to a couple of billions even in the latter case. The low interest rate
level in the beginning is easily discernible. Both sets of Monte Carlo fair values decline after a few
years to a stationary fluctuating pattern in a familiar manner seen on many other occasions.

A first look at inflation

The impact of inflation on pension liabiltities is so severe that a good deal can be gauged through a
fixed rate ξ. We are then assuming that the price level at time tk is Qk = (1 + ξ)k and the present
value of the entire, inflated payment stream now becomes

PV0 =
∞∑

k=0

QkXk

(1 + r)k
=

∞∑

k=0

(1 + ξ)k

(1 + r)k
Xk.

2The Vasicĕk volatitities σq have been selected to make the standard deviation of the annual changes in

rk equal under both models, precisely σq = ξ
√
eσ2

x − 1 ·
√

2aq.
3This means that Line 4 in Algorithm 15.2 must be replaced by the statement

Repeat (i = 0, . . . ,Ke) PV∗

k ← PV∗

k + XiP (r∗, ti),

using the same cash flow for each k
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If rξ is defined as as the solution of the equation 1 + rξ = (1 + r)/(1 + ξ), then

PV0 =
∞∑

k=0

Xk

(1 + rξ)k
where rξ =

r − ξ
1 + ξ

, (1.8)

and a fixed rate of inflation changes the technical rate of interest from r to an inflation adjusted
one rξ, which could even be negative.

The expression for rξ suggests that inflation carries much economic significance. Suppose, for
example, that r = 3% and ξ = 2%. Then rξ = 0.98%, much smaller than r. If contributions
and benefits under the scheme in Section 15.2 both grows by Qk, the net reserve under an non-
inflationary and inflationary scenario becomes

PV0 = 30.7 and PV0 = 39.0,
ξ = 0 ξ = 2%

a huge increase due to inflation, despite all contributions being adjusted too. Clearly inflation is
not an issue to be taken lightly!

Simulating present values under stochastic discounts

If the rate of inflation had been fixed and known (as above), we could have planned for it. In real life
there is a strong stochastic component which creates uncertainty. In Section 15.6 stochastic rates
of inflation will be incorporated into simulations of the future. Here we shall follow the different
line of working with stochastic discounts {dk} due to inflation or rates of interest and examine how
much they make present values vary.

With inflation our tool is the Wilkie model of Chapter 13 which is of the form

Xk = aXk−1 + σεk, Ik = (1 + ξ)eXk − 1, Qk = Qk−1(1 + Ik)
linear driver process rate of inflation price index

where ξ, a and σ are parameters and {εk} is independent and N(0, 1). The fluctuations in Xk

around zero make the rate of inflation Ik oscillate around its median ξ. It is easy to combine this
with the liabiltities in (1.5) when dk is as in (1.6) right. Then

dk =
Qk

(1 + r)k
=

1 + Ik
1 + r

· Qk−1

(1 + r)k−1
=

(1 + ξ)eXk

1 + r
· dk−1 =

eXk

1 + rξ
· dk−1,

where rξ is the inflation adjusted rate of interest defined in (1.8). This leads to the recursion

Xk = aXk−1 + σεk and dk = dk−1e
Xk/(1 + rξ),

linear driver process discount
(1.9)

which runs over k = 1, 2, . . ., starting at

X0 = log

(
1 + I0
1 + ξ

)
, and d0 = 1.

Simulation is a straightforward through the following algorithm:

Algorithm 15.3 Present values under Wilkie inflation

0 Input: {Xk}, Ke, r, I0 and a, σ, ξ, rξ = (r − ξ)/(1 + ξ) %a, σ, ξ for {Ik}
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1 X∗ ← log{(1 + I0)/(1 + ξ)}, d∗ ← 1, PV∗ ← X0 %Initialising

2 For k = 1, . . . Ke do
3 Draw ε∗ ← N(0, 1) and X∗ ← aX∗ + σε∗ %Updating X∗

4 d∗ ← d∗ exp(X∗)/(1 + rξ) and PV∗ ← PV∗ + d∗Xk %Discount and PV

5 Return PV∗

With minor changes the program also works with stochastic rates of interest. We may now write
dk = dk−1/(1+ rk) where rk is the rate of interest between tk−1 and tk. Under the Black-Karisinky
model the analogy to the scheme (1.9) is

Xk = aXk−1 + σεk, and dk = dk−1/(1 + ξe−σ2
x/2+Xk),

linear driver process discount
(1.10)

where σx = σ/
√

1− a2. In Algorithm 15.3 only the discount update on Line 4 and the initialisation
of X∗ on Line 1 need be altered (see Line 1 in Algorithm 15.2 for the latter).

Numerical examples

Uncertainty generated by stochastic discounts is illustrated in Figure 15.4 on the pension portfolio
introduced in Section 15.2. The inflation scenarios on the left are

ξ = 2%, σ = 2%, a = 0.58 and ξ = 2%, σ = 1%, a = 0.58,
Scenario I Scenario II

where the parameters have been changed from those given by Wilkie for the 20th century, see Sec-
tion 13.5. Median inflation was cut down from 4.8% to 2% and the volatility was reduced too.
Scenario I has the same flavour as the orginal Wilkie model in that it allows a high chance of
negative inflation (this model would have many critics!).

It is evident from Figure 15.4 left (based on m = 10000 simulations) that randomness in the
inflation model has lead to a considerable spread in values, but there is another effect too. The
mean has been pushed upwards! It was 39 billion with fixed inflation and is much higher now.
That expectation goes up is a common consequence of introducing stochastic models (it can be
proved mathematically through the Jensen inequality in Table A.1 in Appendix A). Note that the
inflation models portray a fairly tranquil, stable economy with low price growth. The impact is
huge nevertheless!

The effect of a stochastic rate of interest is shown in Figure 15.4 right using the Black-Karisinsky
model with parameters

ξ = 3%, σ = 0.15, a = 0.7 and ξ = 5%, σ = 0.25, a = 0.7.
Low interest rate scenario High interest rate scenario

Note that the mean of 3% on the left coincides with the technical rate used earlier which lead
to PV= 30.6 billion. The moste likely values are now several billions higher, another example of
higher expectation due to randomness. Variability increases with the rates of interest.

1.4 Simulating assets protected by derivatives

Introduction

The rest of the chapter is devoted to the asset part. Models were introduced in Chapter 13, but

12
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Figure 15.4 Estimated density function of the reserve for the portfolio described in the text, infla-

tion risk (left) and interest rate risk (right)

their performance when options protect the downside have not been considered. Premium is then
siphoned off in the beginning in exchange for higher earnings and less uncertainty later. We shall in
this section show how these strategies are built into simulation programs and examine their effect.
Expenses for the option up-front will be subtracted the underlying asset. Let v′0 be the value after
the premium has been covered. Then

v′0 = v0 − πv′0,
original value premium payed

where v0 is the original value and πv′0 is the amount paid for the option. Throughout this section
π = π(1) is the option price per unit capital protected and given by the pricing formulas of Chapter
14. Solving the equation yields v′0 = v0/(1 + π), an investment that will perform better from a
lower level than the original asset v0.

Equity returns with options

Let v0 be an equity investment with return R. Its value after one period is V = (1 +R)v0. When
protected by financial derivatives the original asset is reduced to v′0 = v0/(1 + π), but the extra
pay-off H(R)v′0 from the option now adds to the ordinary return R itself. At the of the period the
two alternative strategies yield

V = (1 +R)v0 and V = {1 +R+H(R)}v0/(1 + π).
without derivatives derivatives used

Let RH be the return on the original investment v0 when derivatives are used. Then V = (1+RH)v0
and from the expression on the right

RH =
R+H(R)− π

1 + π
, (1.11)
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Figure 15.5 The density functions of equity returns with and without put options under conditions

in the text, annual case is to the left and the ten-year one to the right.

which reduces to the ordinary return R when H(R) (and hence π) is zero.

As an example, consider a put option with guarantee rg. Then

H(R) = max(rg −R, 0) and R+H(R) = max(R, rg)

so that

RH =
max(R, rg)− π

1 + π
with minimum RH ≥

rg − π
1 + π

,

where the premium π is given by (??) in Section 3.5; see also below. The exact distribution of Rh

is available under the standard log-normal model R = exp(ξ + σε) − 1 with ε ∼ N(0.1) (Exercise
15.4.1), but Monte Carlo is just as easy, and we need to learn how it’s done in any case to handle
more complex problems later; see Algorithm 15.4 below.

Density functions for R and RH are compared on the left of Figure 15.5 using the parameters

rg = 7%, r = 3%, ξ = 7%, σ = 0.25,

which yields π = 12.17% as premium. The downside can’t decrease below RH ≥ (0.07−0.1217)/(1+
0.1217) = −3.4%. but the up-side is reduced too, and the average return turned out to have become
smaller. Only in about one third (32%) of the simulated scenarios did the option strategy come
out best.

Equity options over longer time horizons

Using derivatives to back investments in equity over many years introduces several complications.
One of them is that equity options rarely are more than annual, and the downside can only be pro-
tected through a roll-over strategy where contracts are renewed periodically, for example once a
year. This gives a sequence of returns RH1, RH2, . . . similar to RH above, now applying to different
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periods. In the simplest case where interest rate r and volatility σ do not vary with time Monte
Carlo may be run out as follows:

Algorithm 15.4 Equity protected by puts

0 Input: K, ξ, σ, rg, r, π %π option price (??)

1 V ∗ ← 1, %Initial asset immaterial

2 For k = 1, . . . K do
3 Draw ε∗ ← N(0, 1) and R∗ ← exp(ξ + σε∗)− 1 %Ordinary return

4 If (R∗ < rg) then H∗ ← rg −R∗ else H∗ ← 0 %Option payment

5 R∗

H ← (R∗ +H∗ − π)/(1 + π) and V ∗ ← V ∗(1 +R∗

H) %The asset evolves

6 Return R∗

0:K ← V ∗ − 1 %K-step return

You may replace the put option by a general derivative by modifying option premium (π) and
option pay-off (Line 4). The algorithm assumes that money received for the options are re-invested
in stock.

Ten-year returns with and without put options are shown in Figure 15.5 right under the same
conditions as on the left. Contracts are now rolled over ten times, but the results have the same
flavour as before. Put options provide a more stable return in exchange for a reduced upside and
lower average. The use of derivatives wasn’t profitable in more than one out of three simulated
scenarios.

In practice the rate of interest r = rk and even the volatility σ = σk vary with time which means
that the value of the portfolio evolves according to

Vk = (1 +RHk)Vk−1 where RHk =
max(Rk, rg)− πk

1 + πk

for which

πk = (1 + rg)e
−rkΦ(ak)−Φ(ak − σk), ak =

log(1 + rg)− rk + σ2
k/2

σk
;

see (??). When Algorithm 15.4 is extended to deal with this more general situation, the primary
issue is a joint model for the series {Rk, rk, σk} from which simulations {R∗

k, r
∗

k, σ
∗

k} can be drawn,
and plugged into the preceding recursion. In Algorithm 15.4 r and σ are removed from the list of
input quantities and replaced by simulated versions. Details are given among the exercises.

Money market investments with floors and caps

Protection against low returns is in the money market offered through floors. We are now dealing
with multi-period contracts paid for in advance, and it is no longer convenient to organize Monte
Carlo experiments through a sequence of one-period returns as above. In exchange for a premium in
the beginning the option holder receives in period k an amount H(rk), and the account Vk evolves
according to the recursion

Vk = (1 + rk)Vk−1 +H(rk), k = 1, 2, . . . starting at V0 =
v0

1 + π
.

Here π is the premium per unit capital protected and lowers the initial account to v0/(1 + π) as
explained earlier. For a floor contract

H(rk) = max(rg − rk, 0)
v0

1 + π
,
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Figure 15.6 The density functions of ten year returns from floating rate of interest with and

without floor contracts under the conditions in the text.

where rg is the guarantee. Compensations are received whenever the floating rate rk falls below an
agreed rg.

Monte Carlo programs are below outlined for floor contracts, but derivatives with general pay-
off functions H(rk) (caps is an example) are almost the same. Start by calculating the premium
which for a floor is

π =
K∑

k=1

P (0:k){rgΦ(−ak + σk)− r0(k)Φ(−ak)}

where

ak =
log(r0(k)/rg) + σ2

k/2

σk
and r0(k) =

P (0:k−1)

P (0:k)
− 1;

see (??) and (??). We need the bond prices P (0:k) and volatilities σk for the risk-neutral model
for rk. A simulation is organized by first computing π from a given term structure P (0:k). Sub-
sequently a Monte Carlo sequence V ∗

k is generated by inserting Monte Carlo floating rates r∗k into
the recursion. Caps are handled essentally as floors (Exercise 15.4.?)

The numerical experiment reported in Figure 15.6 compares ten-year returns from the floating
rate of interest with and without a floor strategy that applies to the entire period. Premium for
the option was π = 0.658%4. The model for the floating rate was Black-Karisinsky with a = 0.7
σ = 0.25 and ξ = 4.5% (left) or ξ = 6% (right). Density functions plotted are based m = 10000
simulations used. The main effect of the derivative is that it protects the downside, the very idea
of course. Note the stronger skewness of the distributions with the higher mean rate on the right.

4This number was based on the Vasicĕk term structure with parameters ξq = 4%, aq = 0.7 and σq = 0.0137
and with σk = 0.25× (1− 0.72k) for the volatiltities.
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Interest rate swaps and swaptions

These are among the most widely used instruments in modern finance. The floating rate of interest
is then exchanged for a fixed one in an arrangement where no fee or premium is paid upfront; see
Section 14.6. Suppose the contracts are agreed at tK = Kh, apply to the entire account VK at that
time and run from a future tJ+1 = (J + 1)h to tL = Lh where K ≤ J < L. The receiver swap
recursion then becomes

Vk = (1 + rk)Vk−1 if k ≤ J
= (1 + rk)Vk−1 + (sK − rk)VK if J < k ≤ L, (1.12)

starting at V0 = v0. Here sK = sK(J :L) is the swap rate at tK for the period from tJ to tL and
given by the expression

sK =
P (rK , tJ − tK)− P (rK , tL − tK)

P (rK , tJ+1 − tK) + . . .+ P (rK , tL − tK)
; (1.13)

see (??). As before P (r, T ) is the price of a zero-coupon, unit-faced bond expiring at T when the
current rate of interest is r. The swap adds a second term to the recursion after tJ . A payer swap
is the same except for sK − rk being replaced by rk − sK .

Options on swaps (or swaptions) give one of the parties the right to choose whether or not to
switch interest rates at a later date; see Section 14.6. In a receiver swaption the option holder (if
he wants to) is entitled to trade the floating rate rk for a fixed, agreed rate sg. Payer swaptions are
the opposite. Now (if the right is exercised) sg is paid and the floating rate received. The account
of the option holder evolves much like that of a swap. Suppose the option is purchased at t0 = 0,
reducing the original capital to V0 = v0/(1 + π). If that is the amount covered by the contract, the
account using a receiver swaption evolves according to

Vk = (1 + rk)Vk−1 if k ≤ J
= (1 + rk)Vk−1 + {max(sK , sg)− rk}v0/(1 + π) if J < k ≤ L. (1.14)

Note that the maximum of the fixed rate sg and the market rate sK = sK(J,L) is obtained after
tJ (the option holder decides to swap whenever his terms are better than those of the market). If
sg ≤ sK , receiver swaptions are worth nothing, and strategies with fixed fixed rates and floating
rates are both possible (the former is assumed above).

Programming swap and swaption strategies has much in common with fair value accounting in
Algorithm 15.2. We need an interest rate model (Black-Karisinsky is used in Algorithm 15.5) and
a theoretical expression P (r, T ) for bond prices. Commands for a receiver swaption are organized
as follows:

Algorithm 15.5 Receiver swaptions using Black-Karisinky

0 Input: v0, r0, K ≤ J < L, P (r, T ), sg, π and a, σ, ξ, σx = σ/
√

1− a2

1 V ∗

0 ← v0 and X∗ ← log(r0/ξ) + σ2
x/2 %Initialization

2 For k = 0, 1, . . . L do
3 Draw ε∗ ← N(0, 1) and X∗ ← aX∗ + σε∗

4 r∗ ← ξ exp(−σ2
x/2 +X∗) and V ∗

k ← (1 + r∗)V ∗

k−1 %r∗ new floating rate

5 If k = K then

s∗ ← P (r∗, tJ − tK)− P (r∗, tL − tK)

P (r∗, tJ+1 − tK) + . . . + P (r∗, tL − tK)
%s∗ the swap rate

17



10 20 30 40 50

0
2

0
0

0
0

0
4

0
0

0
0

0
6

0
0

0
0

0
8

0
0

0
0

0
1

0
0

0
0

0
0

1
2

0
0

0
0

0
1

4
0

0
0

0
0

Ten−year returns (%)

Solid: Account

Dashed: Swap

Dots: Swaption

Low interest rate scenario

20 40 60 80 100

0
e

+
0

0
1

e
+

0
5

2
e

+
0

5
3

e
+

0
5

4
e

+
0

5
5

e
+

0
5

Ten−year returns (%)

Solid: Account

Dashed: Swap

Dots: Swaption

Medium interest rate scenario

Figure 15.7 Density functions of ten year returns of a cash account compared to returns when

using swaps and swaptions under the conditions in the text.

and if s∗ < sg then s∗ ← sg %Switch to sg if larger

6 If k > J then V ∗

k ← V ∗

k + (s∗ − r∗)V ∗

K %Receiver swap, subtract

last term for payer swap

7 Return V ∗

0 , . . . , V
∗

L %V ∗

0 = v0 fixed

The logic is much like the simulation of an ordinary cash account except for a swap rate being
generated at tK and used from tJ and onwards. If you want a swap instead insert sg = 0 and π = 0
and use the same commands. Simple variations provide payer versions; see exercises.

Swaptions: Examples and practical issues

The premium for a payer swaption is

π = {P (r0, tJ+1) + . . .+ P (r0, tL)}{sgΦ(−aK + σK)− s0Φ(−aK)}

where

aK =
log(s0/sg) + σ2

K/2

σK
and s0 =

P (r0, tJ)− P (r0, tL)

P (r0, tJ+1) + . . .+ P (r0, tL)
;

see (??) and (??) in Section 14.6. Here s0 = s0(J :L) is the swap rate at t0 = 0 and a special
case of (1.13). The standard deviation σK = sdQ(SK |r0) is that of SK under risk-neutrality and
in practice taken from the market. For computer experiments we might also apply Monte Carlo to
the expession (1.13); see Exercise ?? for details.

Density functions of ten-year returns with swaps, swaptions and no derivatives at all have been
plotted in Figure 15.7. The swaps took place after five years, and the swaption contract agreed in
the beginning. Interest rate scenarios were the low and medium one in Table 15.4. With additional
conditions r0 = 3% and sg = 4%. this lead to
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s0 = 2.09% sK = 0.115 π = 7.92% s0 = 3.93% sK = 0.185 π = 1.22%,
Low interest rate scenario Medium interest rate scenario

where Monte Carlo was used to determine σK . Comparing the distribution in Figure 15.7 re-
veals the familiar picture of a swaption reducing the downside at the expense of a smaller upside,
but it improved the final result in only one out of four cases. Note that a pure cash account almost
always outperforms a swap in the low rate scenario on the left.

1.5 Simulating asset portfolios

Introduction

Long-term fincial risk is influenced by a myriad of details regarding investment tools, options,
strategies and portfolio re-adjustments. Such arrangenments and re-arrangements must find their
way into the computer in an orderly manner, and it is the objective of this section to indicate how.
Suppose there are J assets V1, . . . , VJ followed over K periods of time. These are components of a
system that should be planned and developed to allow local changes without interfering with the
rest. The first part of this section defines such a scheme. Applications are lifted into it during the
second part. There are then specific strategies and clauses to be programmed, and there is an asset
model. The Wilkie model (Chapter 13) is used below, and the detailed implementations reflect its
idiosyncracies. Simulations are always annual and run from a ’typical spot’ of the economy (see
Section 13.7). When interpreting the numerical examples, bear in mind that the Wilkie inflation
and rates of interests are higher than many would expect for the twenty-first century.

Defining the strategy

Financial portfolios were introduced in Section 1.4 (see also Section 5.3). They are defined through
a set of weights w1, . . . , wJ expressing the relative value of investments. In mathematical terms

wj =
Vj

V where V = V1 + . . .+ VJ , (1.15)

and as the value of V1, . . . , VJ fluctuate over time so do w1, . . . , wJ . An investment strategy is a
rule that determines the weights. A simple possibility is fixed weights, say wj0, . . . , wJ0 selected
in advance. The weights are then at all times

wj = wj0, j = 1, . . . , J,

and as the relative values of the investments vary, buying and selling is undertaken to achieve the
right assets mix. Such rebalancing of the portfolio is not free of charge; see below.

The opposite strategy is known as buy and hold. Now the weights w1, . . . , wJ are allowed to
oscillate freely from one point in time to another with no intervention. This saves us from expenses
of selling and buying, but the risk could be high in cases where the equity share of the portfolio
grows. An intermediate position is to require

aj ≤ wj ≤ bj , j = 1, . . . , J,

where aj ≤ bj define lower and upper limits on the weights. Now the portfolio is rebalanced only
when some of the asset weights are outside the interval permitted. To investigate the consequences
of imposing such restraints you need specific rules for changing the portfolio. A simple example is
the following.
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Suppose the only restriction is a ceiling on equity, say asset 1 so that we require w1 ≤ b1.
When this condition is violated, the weight on equity must be trimmed down, affecting all other
weights too. Suppose V1, . . . , VJ are the values of the investments prior to a possible rebalance and
V = V1 + . . .+ VJ the portfolio value. The weights w1, . . . , wJ after rebalancing could then be

wj =
Vj

V , j = 1, . . . , J, if V1 ≤ b1V (1.16)

w1 = b1, wj =
1− b1
V − V1

Vj j = 2, . . . , J, if V1 > b1V.

If V1 > b1V, then

w1 + . . .+ wJ = b1 +
1− b1
V − V1

(V2 + . . .+ VJ) = b1 + (1− b1) = 1,

and the new set of weights add to one as before. Other rules can easily be constructed. The
preceding one is simple and plausible and will be tested below.

Expenses due to rebalancing

Purchasing and liquidating assets are not free of charge, and we should be able to build such
expenses into simulations. A standard cost function when changing Vj into Yj is

Cj = γj|Yj − Vj| j = 1, . . . , J ; (1.17)

i.e. proportional to the amount bought or liquidated. A possible value for the coefficient could be
γj = 0.1%. Suppose w1, . . . , wJ are the desired weights. Then Yj = wjY where Y is the value of
the portfolio after the rebalance expenses have been subtracted. But if V = V1 + . . . + VJ is the
value prior to these operations, then

Y = V −
J∑

j=1

Cj = V −
J∑

j=1

γj |Yj − Vj | = V −
J∑

j=1

γj |wjY − Vj |

and Y is determined from the equation

Y +
J∑

j=1

γj|wjY − Vj| = V. (1.18)

There is always a unique solution. Indeed, let

g(y) = y +
J∑

j=1

γj|wjy − Vj |.

Then,

g′(y) ≥ 1−
J∑

j=1

γjwj > 1−
J∑

j=1

wj = 0 for y 6= Vj/wj , j = 1, . . . J,

since 0 ≤ γj < 1 for all j and the sum of the portfolio weights wj are one. It follows that the func-
tion g(y) is strictly increasing, and (1.18) has a single solution. A numerical method is necessary
to determine it. One possibility is the bisection algorithm in Appendix C.
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A skeleton algorithm

Portfolios have to be followed over many periods. Let V1k, . . . , VJk be the value of the assets at
time tk with Vk = V1k + . . . + VJk as their sum. The following skeleton algorithm outlines how a
simulation can be planned:

Algorithm 15.3 Dynamic asset portfolio

0 Input: Initial portfolio (v10, . . . , vJ0), rebalancing cost (γ1, . . . , γJ), asset model
1 V ∗

j0 ← vj0 (j = 1, . . . , J) %Initialisation

2 Repeat for k = 1, 2 . . . ,K
%Asset development next

3 Generate V ∗

1k, . . . , V
∗

Jk from V ∗

1k−1, . . . , V
∗

Jk−1 %Model needed here

%If rebalancing is carried out:

4 Desired weights w∗

1, . . . , w
∗

J from V ∗

1k, . . . , V
∗

Jk %Depends on strategy

%If rebalancing costs are ignored, take Y∗ ← V ∗

1k + . . .+ V ∗

Jk, skip next line

5 Determine Y∗ from Y∗ +
∑J

j=1 γj |w∗

jY∗ − V ∗

jk| =
∑J

j=1 V
∗

jk %Numerical method

6 V ∗

jk ← w∗

jY∗ (j = 1, . . . , J) %Rebalance completed

7 V∗k ← V ∗

1k + . . .+ V ∗

Jk

8 Return V∗1 , . . . ,V∗K .

An asset model (such as Wilkie’s) is needed on Line 3. If derivatives are used, the type of schemes
described in Section 15.4 must be added. The weights on Line 4 are random and depend on how
the investments evolve. Their computation from the current values of the assets depend on the
strategy assumed, for example (1.15) above if a ceiling on the first asset is imposed. The portfolio
values returned assume that expenses due to rebalancing have been subtracted, but those do not
always weigh heavily, and if you want them to be ignored, take Y∗ = V ∗

1k + . . .+ V ∗

JK on Line 5.

Portfolio returns may be required in real terms. If so, we need the price level Qk which must
be simulated jointly with the assets; consult Section 13.6. Monte Carlo nominal and real portfolio
returns then become

R∗

0:k =
V∗k
V∗0
− 1 (nominal) and

R∗

0:k −Q∗

k

1 +Q∗

k

(real); (1.19)

see (??).

Example 1: Equity and cash

As a first example consider a portfolio of equity (V1k) and cash (V2k) with implementation adapted
to the the Wilkie model. The equity and money market are then driven by

• dividend inflation Id
k ,

• equity yield yk

• long rate of interest r̄k(:K)
• interest ratio Fk

see (??)- (??) and also (??) which yield the recursions

V1k =
Dk

yk
where Dk = (1 + Id

k )yk−1V1k−1, (1.20)
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100000 simulations used

No derivative used Annual guarantee 3% on equity
Equity weights 5% 25% 50% 75% 95% 5% 25% 50% 75% 95%
Fixed at 30% 0.69 0.98 1.23 1.51 2.00 0.73 0.96 1.21 1.47 1.96
At most 30% 0.67 0.92 1.15 1.41 1.87 0.70 0.93 1.13 1.37 1.80
Free oscillation 0.65 0.91 1.15 1.53 1.96 0.70 0.94 1.15 1,41 1.81

Table 15.4 Distribution of the ten-year returns of the equity-cash portfolio (see text)

and

V2k = (1 + rk)V2k−1 + Dk where rk = Fk r̄k(:K).
interest added dividend

(1.21)

Here Dk is dividend and rk = Fk r̄k(:K) the short rate of interest The recursion starts at

V10 = w0V0 and V20 = (1− w0)V0, (1.22)

where w0 is intial weight on equity and V0 = v0 initial investment. To see how simulations are
implemented, see Algorithm 15.4 below.

The experiments reported in Table 15.4 left compares the buy-and-hold strategy, the fixed weight
one and the third one with ceiling b1 = 30% on equity (which means that the portfolio manager
has to sell equity down to 30% of the total portfolio value if that threshold is exceeded). The initial
weight on equity was w0 = 30% and the rebalancing costs for both assets γj = 0.1%. Distributions
under the three strategies in Table 15.4 left are very similar (their differences would have been
difficult to see from the density plots used elsewhere). The fixed weight strategy (where stock is
sold high and bought low) seems to have an edge over the two others.

Example 2: Options added

What changes are needed when derivatives are used? Floors, swaps or swaptions are entered the
cash account V2k through the algorithms of Section 15.3, but equity options must be implemented
differently. Cash and stock should now be separate since income and expenses for the option are
taken from the the cash account which with a put option evolves according to the recursion

V2k = (1 + rk)V2k−1 +Dk + min(rg −Rk, 0)V1k−1 − πk−1V1k−1

as before received from put put premium

(1.23)

where

Rk =
V1k

V1k−1
− 1 ,

πk−1 = (1 + rg)e
−rk−1Φ(ak−1)− Φ(ak−1 − σk−1), (1.24)

ak−1 =
log(1 + rg)− rk−1 + σ2

k−1/2

σk−1
.

It is assumed that the option applies to the value of the stock and excludes dividend. The recursion
for the equity holding V1k is (1.20) as before, How the various features are put together is shown
by the following algorithm:

Algorithm 15.4 Equity with put and cash: Single time step
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0 Input:σ,rg, I
d∗
k−1, y

∗

k−1, r̄k−1(:K)∗, F ∗

k−1, V
∗

1k−1, V
∗

2k−1

1 Generate Id∗
k , y∗k, r̄k(:K)∗, F ∗

k , % Through Algorithm 13.3 and 13.4

2 D∗ ← (1 + Id∗
k )y∗k−1, r∗ ← F ∗

k r̄k(:K)∗ %Dividend and the short rate

3 V ∗

1k = D∗

ky
∗

k, R∗ ← V ∗

1k/V
∗

1k−1 − 1 %Equity and equity return

4 a∗ ← (log(1 + rg)− r∗ + σ2/2)/σ
5 π∗ = (1 + rg)e

−r∗Φ(a∗)− Φ(a∗ − σ) %Option premium

6 X∗ ← max(rg −R∗, 0) %Option pay-off

7 V ∗

2k ← (1 + r∗)V ∗

2k−1 +D∗ +X∗ − π∗V ∗

1k−1

8 Return V ∗

1k and V ∗

2k

The algorithm has been written with equity volatility being fixed as σ, but the option price π
still fluctuates becuase of the interest rate. Output is inserted on Line 3 in Algorithm 3. If you do
not want the option, remove Lines 4-6 (replace π∗ and X∗ with zeros) or fix rg close to −1, say
rg = −0.9999.

Experiments were run with σ = 20.5% and rg = 3% (the volatility is representative for the Wilkie
model when approximated by the the geometric random walk) with the rest of the conditions being
as in Example 1. The results shown in Table 15.4 right. Returns have now (predictably!) higher
downside and lower upside compared to the situation on the left when options were not in use.

Example 3: Bond portfolio and inflation

The third example is a bond portfolio. Suppose the investor at time tk holds Bjk unit-face bonds
that expire at time tk + jh = tk+j providing (at that time) Bjk in cash. The value of the portfolio
at tk is then

Vk =
J∑

j=1

Bjk

{1 + r̄k(:j)}j
, (1.25)

where r̄k(:j) is the forward rate of interest over the period up to tk+j. There are in practice often
additional coupon payments which are here ignored for simplicity. It will in the next section be
argued that bonds can be used to match liabilitites in life and pension insurance.

How these portfolios evolve depend on what it’s done with cash that are released. It is assumed
below that all of it is used to purchase new bonds that expires at T = Jh into the future with
no other trading (so that all securities are held until maturity). Our target is both nominal and
real return, and a joint model for the rate of inflation Ik and the interest rate curve r̄k(:j) is then
needed. As elsewhere in this section implementation makes use of the Wilkie model. Since it only
describes the short rate rk and a very long one r̄k(:K) we must resort to interpolation to find
the intermediate rates (see Section 13.6). The following set of commands define a skeleton of a
simulation program:

Algorithm 15.5 Rolling bond portfolio with inflation

0 Input: Interest rate/inflation model, initial portfolio B01, . . . , B0J

0 B∗

j ← B0j , j = 1, . . . , J
1 For k = 1, . . . ,K do
2 Generate Q∗

k and r̄k(:j)
∗ for j = 1, . . . , J %Algorithm 13.2-4

3 B∗

j ← B∗

j+1 for j = 0, . . . , J − 1

4 B∗

J ← B∗

0/{1 + r̄∗k(J)}J %Buying new bonds
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Figure 15.8 Simulated k-step returns for the bond porfolio described in text, nominal valuation

to the left, a real one to the right. 50 repeated scenarios.

5 V∗k ←
B∗

1

{1 + r̄k(:1)∗}1
+ . . .+

B∗

J

{1 + r̄k(:J)∗}J %Valuation here

6 Return V∗1 , . . . ,V∗K and Q∗

1, . . . , Q
∗

K

The key computations are those on Line 2 where the interest rate curve and the rate of inflation
are generated from a joint model such as Wilkie’s. There is a recursion here which is suppressed in
Algorithm 15.5 (see Section 13.6 for details). Note the way the portfolio is revised on Lines 3 and
4. Nominal and real return is through (1.19) determined from the output on Line 6.

The experiments reported in Figure 15.8 are based on an initial portfolio of J different bonds
expirying j = 1, 2, . . . , 10 years into the future. There were equally many bonds of each type
so that B0j = 1/10 with an an initial investment of 1. The duration (see Section 1.4) is then
D0 = (1 + 10)/2 or 5.5 years which as time progresses fluctuates under influence of the prices for
new bonds (it was up to one half year or down). Note the huge the huge impact of inflation in
Figure 15.8. Negative real return is from the experience of the twentieth century certainely not
ruled out.

Example 4: Equity, cash and bonds

Bonds are in practice often mixed with equity and cash. Monte Carlo programs for portfolios con-
taining all three assets classes can be referred back to the previous examples. All we have to do is
to add the values (say V3k) of the bond sub-portfolio to equity (V1k) and cash (V2k). The detailed
implementations described earlier stand as before, whether equity options are in use or not. We
simply lump all of it into Algorithm 15.3 (through Line 3) and run the joint Wilkie (or some other)
model. Of course, all economic and financial variables are mutually correlated, but that is precisely
what the Wilkie model (and the others) give us. Actual simulations are shown in Figure 15.9 based
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Figure 15.9 Simulated k-step returns under a buy-and-hold for the equity, cash and bond porfolio

described in text, nominal to the left, real to the right. 50 repeated scenarios

on a buy-and-hold strategy. The original weights were

w1 = 0.5 w2 = 0.1 w3 = 0.4
equity cash bonds

with a strong emphasis on equity. In the long run returns are now consistently higher than for the
bond portfolio in Figure 15.8, and real returns on the right rise markedly steeper. Equity provides a
better protection against inflation if we can rely on the summary of the twentieth century portrayed
by the Wilkie model, see also Table 13.4.

1.6 Assets and liabilites

Introduction

Assets of insurance companies were once managed insulated from the liabilities, but the advantage
of coordination has long since been realized. The potential for risk reduction in life and pension
insurance is indeed obvious when liabilities {Xk} are treated as a fixed cash flow. A bond portfolio
that releases Xk at time tk then replicates it exactly, and there is no net risk. That would certainly
be a dull way to run the business, and conceivably not very profitable. Nor could it necessarily be
carried out in practice. There may be a shortage of long bonds, and inflation influencing {Xk} make
liabilities uncertain rather than fixed. Yet the example does convey that tayloring investments to
liabilities is an idea worth pursuing.

This section demonstrates how such problems are investigated. One point is the timing of the
liabiltities. The formal concept is duration which was introduced in Section 1.4 as a coefficient
expressing a time average of a cash flow. Liabiltities of long duration may make it more attractive
to bet on the long term potential of the stock market, and a similar point applies for liabilities
linked to inflation. If equity performs as robustly with respect to price increases as indicated by
the Wilkie model (see Table 13.4), it might be utilized to counter inflation. Another possibility is
inflation-linked bonds if they can be found in sufficient number. Then there is the consequences of
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Figure 15.10 Left: How net liabiltities of the portflio in Section 15.2 distribute over time. Right:

Duration and time spread.

fair value accounting. The cyclic fluctuations in Figure 15.3 may be uncomfortable and might be
offset through investment policy. These are the issues examined below.

Auxiliary: Duration and spread of liabilities

It is in the present sequel convenient to express interest in terms of intensities so that the technical
rate is rh instead of r. The present value of the net liabilities {Xk} is then

PVx(r) =
∞∑

k=0

Xk

(1 + rh)k
(1.26)

and the duration

Dx(r) =
∞∑

k=0

tkqxk(r) where qxk(r) =
Xk(1 + rh)−k

∑
∞

i=0Xi(1 + rh)−i
; (1.27)

see (??). There is a simple relationship between the two quantities. Indeed, it is proved in Section
15.7 that

∂ log{PVx(r)}
∂r

.
= −Dx(r), (1.28)

which shows that the duration is (approximately) the slope of the log present value. The result
would have been exact had the discounts been of the form exp(−rkh).

From (1.27) right

∞∑

k=0

qxk(r) = 1, (all r)
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formally a probability distribution, and duration becomes (also formally) an expectation, expressing
a time average of a payment stream. A similar notion of spread will be needed too. Introduce

Cx(r) =
∞∑

k=0

t2kqxk(r) and τx(r) =
√
Cx(r)−D2

x(r), (1.29)

where Cx(r) is sometimes called the coefficient of convexity. It is also (once again formally) a sec-
ond order moment of the timing of the cash flow so that τx(r) is a standard deviation. Duration
and spread have in Figure 15.10 right been plotted for the pension insurance portfolio of Section
15.2 with the liabiltity cash flow shown on the left. As r is raised long payments are reduced in
importance, and the duration must go down. Its exponentially decaying shape is typical.

Classical immunisation

In 1952 the British actuary Frank Reddington suggested that insurance risk could be protected
against interest rate movements through a strategy that was coined immunisation; see e.g., Red-
dington (1952). The idea, presented in an era where the investment arm was run independendtly
from the rest, was based on matching the duration of assets to that of the liabilities, and Red-
dington sought an investment strategy that worked whatever way the money market was moving.
Let {Xk} be given liabilities, r0h the present rate of interest and suppose assets, placed as bonds,
produce a cash flow {Vk}. The latter has duration Dv(r) and spread τv(r) similar to that of {Xk}.
In the definitions (1.27) and (1.29) replace Xk by Vk.

The first step is to plan the bond portfolio so that

Dv(r0) = Dx(r0) (1.30)

which makes asset and liability cash flows equally long under the present rate of interest r0h.
Consider their present values PVv(r) and PVx(r) under other rates and in particular the ratio

Fvx(r) =
PVv(r)

PVx(r)
(1.31)

which can be approximated as

Fvx(r)
.
= Fvx(r0)e

γ(r0)(1+r0)2(r−r0)2/2 where γ(r) = τ2
v (r)− τ2

x(r). (1.32)

The result is from a mathematical point of view simply a Taylor series around r0 where the linear
term vanishes due to (1.30). It is verified in Section 15.7.

The key quantity is the coefficient γ(r) which is the difference of the cash flow time variances.
Suppose it is possible to plan the investments so that

τv(r0) ≥ τx(r0). (1.33)

Then γ(r0) ≥ 0 in (1.32), and for all r

Fvx(r) ≥ Fvx(r0) or
PVv(r)

PVx(r)
≥ PV v(r0)

PVx(r0)
(approximately).

But this makes the present technical rate r0 a worst-case scenario. In theory any interest rate
movement away from r0 is an improvement that makes us financially more secure. Such a glorious
situation is created though a suitable mix of bonds of short and long expiry. Their duration should
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be he same as for the liabilities and from (1.33) more spread out in time. A prerequisite is long
bonds of suffcient quantity, a problem in practice.

Net asset values

New problems (and opportunities!) arise when fair value discounting replaces the technical rate
of interest. The value put on liabilitites will then oscillate, and we may try to counter through
the investments. Often the issue is discussed in terms of assets (marked valued) minus liabilities
(also marked valued). The difference is known as the net asset value, and its evaluation may in
practice be a complex affair. Our present treatment is simpler and based on

Yk = V1k + V2k + V3k − PVxk

equity cash bonds liabilities
(1.34)

where

PVxk =
∞∑

j=1

Xk+j

{1 + r̄k(:j)}j
, (1.35)

with equity, cash and bonds as assets classes. The liabilities are discounted through the interest
rate curve and are not influenced by inflation (which will be added later).

The scheme will be detailed for the Wilkie model. Equity then evolve according to

V1k =
Dk

yk
, Dk = (1 + Id

k)yk−1V1k−1, (1.36)

where Dk is the dividend. Let Bk be the number of zero-coupon, unit-faced bonds maturing at tk
with Ck being the amount used to purchase new bonds. The recursion for the cash account then
becomes

V2k = (1 + rk)V2k−1 + Dk + Bk − Ck − Xk.
dividend bond

repaid
bonds
bought

liabiltiy
liquidated

(1.37)

Below the bond portfolio will be that of Example 3 of the preceding section. At time tk securities
Bk+1, . . . , Bk+J expire at tk+1, . . . , tk+J . Their valuation is

V3k =
J∑

j=1

Bk+j

{1 + r̄k(:j)}j
, (1.38)

where the discounts are the same as for the liabilities. This is a crucial point which can be utilized
to counter risk caused by fair value accounting.

Immunisation strategy I: Ordinary bonds

There is in real life often a shortage of long bonds. Such situations are imitated by exluding bonds of
longer duration than J years. To define an immunisation scheme start at time t0 = 0 by purchasing

Bj = Xj for j = 1, . . . , J

and the number of bonds maturing at tj matches the obligation Xj exactly during the first J years.
This pattern can be maintained. At time tk simple buy

Bk+J = Xk+J at cost Ck =
Bk+J

{1 + r̄k(:J)}J , (1.39)
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Figure 15.11 Simulated net asset value scenarios (50) with bond investments, up to 10 year bonds

available on the (left) and up to 30 year ones on the (right.

which expires at time tk+J . The forward rate of interest r̄k(:J) determines the cost Ck. In (1.37)
Bk = Xk and Ck = Xk+J/{1 + r̄k(:J)}J so that

V2k = (1 + rk)V2k−1 +Dk −
Xk+J

{1 + r̄k(:J)}J .

The design ensures that

PVxk − V3k =
∞∑

j=1

Xk+j

{1 + r̄k(:j)}j
−

J∑

j=1

Bk+j

{1 + r̄k(:j)}j
=

∞∑

j=J+1

Xk+j

{1 + r̄k(:j)}j
,

and the fair value fluctuations in the liabilities have been dampened.

You simulate V2k jointly with V1k and V3k. How the commands can be organized is shown in
Algorithm 15.6 below. The scheme is started at

V10 = v0w10, V20 = v0(1− w10)− V30, V30 =
J∑

j=1

Xj

{1 + r̄0(:j)}j
, (1.40)

where v0 is the initial capital and w10 the weight placed on equity.

Examples are shown in Figure 15.11 for the pension portfolio of Section 15.2. The Wilkie model
is used for the rate of interest, and the liabiltities are then initially valued at 15.38 billion, lower
than earlier valuations since the Wilkie model represents high interest rate scenarios. An amount
20% higher (18.456) was put up to support the scheme. Equity isn’t used at all (i.e. w10 = 0), and
assets other than bonds are held in cash. On the left of Figure 15.11 bonds longer that ten-years
were not available The capital is then clearly insufficient to support the scheme, but this changes
on the right when they last up to 30 years. Note that the sole difference between the two scenarios
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is the duration of bonds.

The impact of inflation

Immunisation through ordinary bonds, as above, is less effective when the liabilities depend on the
future price level. Now the nominal net payments at tk become QkXk where Qk is the price level.
The profile of the liability cash flow is changed and with it duration. To examine this we may
generate Monte Carlo simulations Q∗

k which yield realisations Q∗

kXk of the cash flow itself. The
corresponding Monte Carlo durations are then

D∗

x(r) =
∞∑

k=0

tkq
∗

xk(r) where q∗xk(r) =
Q∗

kXk(1 + rh)−k

∑
∞

i=0Q
∗

iXi(1 + rh)−i
,

An example where the price level Qk follows the Wilkie model is shown in Figure 15.12 with the
cash flow on the left and duration on the right. Inflation is important (that was seen in Figure
15.2 too)! Here duration is shifted upwards up to 15 years compared to the curve in Figure 15.10.
Surely it must be useful to take inflation into account when planning investments.

At time tk we need to put a value on the future liability stream Qk+1Xk+1, Qk+2Xk+2, . . ., but
the price level isn’t known so the cash flow isn’t either. A common solution is to employ the
current price index Qk instead. Now the net asset value become

Yk = V1k + V2k + V3k − QkPVxk.
equity cash bonds liabilities

(1.41)

Here PVxk is the present value (1.35) where inflation is not taken into account. The new issue
is whether it is possible to force assets to follow growth and uncertainty in the future price level
Qk and fluctuations in the discounting scheme underlying PVxk. Equity could be a possibility if
returns from such investments behave as robustly with respect to inflation as portrayed by the

30



Wilkie model (see Table 13.4). Another way is the following.

Immunisation strategy II: Index-linked bonds

It is possible to purchase bonds with repayments linked to the future price level. At expiry you
receive the nominal amount times the relative rise in prices since the securities were bought. Fi-
nancial institutions are able to offer such products by matching companies benefiting from inflation
with those which do not. Energy and property belong to the first group (considerable time lag
between investment and income), insurance companies and pension schemes to the second. The
immunisation strategy now becomes

Bj = Q0Xj , j = 1, . . . , J and Bk+J = QkXk+J

bought at t0 = 0 bought at tk

where Q0 = 1 in the beginning. At maturity the bonds release

Qj

Q0
Bj = QjXj , j = 1, . . . , J and

Qk+J

Qk
Bk+J = Qk+JXk+J ,

exactly what’s needed to cover the liabilities. The cash account evolves as

V2k = (1 + rk)V2k−1 +Dk − Ck where Ck =
Xk+J

{1 + r̄k(:J)(1 − γk)}J
,

almost the same as earlier. The difference is the price Ck which may be considerably higher than
for ordinary bonds. A common way of expressing this mathematically is to lower the interest rate
defining Ck by introducing the factor 1− γk.

What value V3k should be placed on the bond portfolio at tk when the amounts eventually re-
turned are unknown? Bonds Bk+j were purchased at (k+ j−J)+ where x+ = max(x, 0), and have
at tk enjoyed the price increase Qk/Q(k+j−J)+. This suggests the valuation

V3k =
J∑

j=1

Qk

Q(k+j−J)+

Bk+j

{1 + r̄k(:j)}j
= Qk

J∑

j=1

Xk+j

{1 + r̄k(:j)}j

after inserting Bk+j = Q(k+j−J)+Xk+j. But this aborbs the first J terms of the price-adjusted
present value QkPVxk so that

QkPVxk − V3k = Qk

∞∑

j=J+1

Xk+j

{1 + r̄k(:j)}j

and some of the risk has been removed. The initial portfolio of investments is

V10 = v0w10, V20 = v0(1− w10)− C0, C0 =
J∑

j=1

Xj

{1 + r̄0(: j)(1 − γ0)}j
.

Computer commands for Monte Carlo with γk = γ a constant may be organized as follows:

Algorithm 15.6 Net asset values with index-linked bonds

0 Input: v0, w10, {Xk}, γ Wilkie asset model
1 For k = 1, . . . .K do
2 Generate I∗k I

d∗
k , y∗k, r̄k(:K)∗, F ∗

k , %Through Algorithms 13.2-13.4
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Figure 15.13 Simulated net asset value scenarios (50) with liabilities influenced by inflation using

ordinary bonds (left) and inflation-linked ones (right). Bonds available: Up to 30 years.

3 Q∗

k ← (1 + I∗k)Q∗

k−1 D∗ ← (1 + Id∗
k )y∗k−1 %Price level, dividend

4 V ∗

1k ← D∗

ky
∗

k r∗ ← F ∗

k r̄k(:K)∗ %Value of equity and the short rate

5 Compute r̄k(:j)
∗ j=2,. . . ,J %Interest rate curve by interpolation

6 C∗ ← Xk+J/{1 + r̄k(:J)∗(1− γ)}J ,
7 V ∗

2k ← (1 + r∗k)V
∗

2k−1 +D∗ − C∗ %The cash account

8 S∗ ← 0 %Liabilities minus bonds,

8 For j > J do S∗ ← S∗ + Xk+j/{1 + r̄k(:j)
∗}j inflation is ignored

9 Y∗

k ← V ∗

1k + V ∗

2k −Q∗

kS
∗ %Net assets

10 Return Y∗

1 , . . . ,Y∗

K

If you do want inflation included, use γ = 0 and insert Q∗

k = 1 everywhere.

The example in Figure 15.10 is redone in Figure 15.12 with inflation-linked liabiltities. Now the
initial capital was raised to 24.608 billion, 60% above the initial present values of the obligations.
The earlier investment policy of using no equity and up to 30 year, ordinary bonds is shown on the
left. It doesn’t work now, but the use of inflation-linked bonds on the right keeps the scheme float-
ing. No wonder such bonds are popular with insurers and in great demand. One of the diffculties
with such an investment plan in practice is to find index-linked bonds in sufficient number.

1.7 Mathematical arguments

Section 15.6

Present values and duration Elementary differentiation of (1.26) yields

∂PVx(r)

∂r
= −

∞∑

k=0

kh
Xk

(1 + rh)k−1
= −(1 + rh)

∞∑

k=0

tk
Xk

(1 + rh)k
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where tk = kh. Dividing on PVx(r) on both sides imples that

∂ log{PVx(r)}
∂r

= −(1 + rh)
∞∑

k=0

tkqxk(r) where qxk(r) =
Xk(1 + rh)−k

∑K
i=0Xi(1 + rh)−i

.

The probabilities qxk(r) are the same as those in (1.27) so that

∂ log(PVx(r))

∂r
= −(1 + rh)Dx(r)

.
= −Dx(r),

as claimed in (1.28). On the same argument the result is exact if the discounts are of the form
exp(−rkh).

Reddington immunisation The present value of the cash flow {Vk} is

PVv(r) =
∞∑

k=0

Vk

(1 + rh)k

with first and second order derivatives

∂PVv(r)

∂r
= −

∞∑

k=0

kh
Vk

(1 + rh)k−1
and

∂2PVv(r)

∂r2
=

∞∑

k=0

k(k − 1)h2 Vk

(1 + rh)k−2
.

Since tk = kh, it follows that

∂PVv(r)

∂r
= −(1 + rh)Dv(r)PVv(r)

whereas a simple calculation reveals that

∂2PVv(r)

∂r2
= (1 + rh)2{Cv(r)− hDv(r)}PVv(r) where Cv(r) =

∞∑

k=0

qvk(r)t
2
k,

the sum Cv(r) being known as a coefficient of convexity. These expressions are needed to
differentiate log{PVv(r)}. The first derivative becomes

∂ log{PVv(r0)}
∂r

=
∂PVv(r0)

∂r

1

PVv(r0)
= −(1 + r0h)Dv(r0),

whereas the second order one is

∂2 log{PVv(r0)}
∂r2

=
∂2PVv(r0)

∂2r

1

PVv(r0)
−
(
∂PVv(r0)

∂r

)2 ( 1

PVv(r0)

)2

or inserting for the derivatives

∂2 log{PVv(r0)}
∂r2

= (1 + r0h)
2{Cv(r0)− hDv(r0)−Dv(r0)

2},

which are to be compard with the analogous expressions for PVx(r0). The duration of assets and
liabilities have been assumed equal. Hence, by (1.28)

∂ log{PVv(r0)}
∂r

− ∂ log{PVx(r0)}
∂r

.
= 0.
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Many of the terms of the second order derivative cancel as well. Indeed,

∂2 log{PVv(r0)}
∂r2

− ∂2 log{PVx(r0)}
∂r2

= (1 + r0h)
2{Cv(r0)− Cx(r0)}.

By (1.29) right

Cv(r0)− Cx(r0) = τ2
v (r0) +D2

v(r0)− τ2
x(r0)−D2

x(r0) = τ2
v (r0)− τ2

x(r0)

and hence

∂2 log{PVv(r0)}
∂r2

− ∂2 log{PVx(r0)}
∂r2

= (1 + r0h)
2{τ2

v (r0)− τ2
x(r0)}

Consider the function

log

(
PVv(r)

PVx(r)

)
= log{PVv(r)} − log{PVx(r)}

which can be expanded in a Taylor series around r0. When the quadratic term is included, we may
from the calculations above conclude that

log

(
PVv(r)

PVx(r)

)
.
= log

(
PVv(r0)

PVx(r0)

)
+

1

2
(1 + r0h)

2{τ2
v (r0)− τ2

x(r0)}(r − r0)2

which leads to (1.32). The argument would have been slightly simpler with discounting of the form
exp(−rtk).

1.8 Further reading

1.9 Exercises
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