
STK 4010: Asymptotic Theory

Autumn 2009

Course Notes and Exercises

by Nils Lid Hjort

– This version: as of 12 October 2009 –

1. Illustrating the Central Limit Theorem (CLT)

Consider the variable

Zk = (X1 + · · · + Xk − kµ)/(
√

kσ) =
√

k(X̄k − µ)/σ,

where the Xis are i.i.d. and uniform on the unit interval; here µ = 1
2 and σ = 1/

√
12 are

the mean and standard deviation, respectively.

Your task is to simulate sim = 104 realisations of the variable Zk, for say k =

1, 2, 3, 5, 10, 25, and display the corresponding histograms. Observe how the distribution

of Zk comes closer and closer to the standard normal, as k increases.

To illustrate just how close, consider the case of k = 6, for example, and attempt to

test the hypothesis that the 104 data points you have simulated comes from the standard

normal. Comment on your findings.

2. Illustrating the Law of Large Numbers (LLN)

Simulate say 104 variables X1, X2, . . . drawn from the unit exponential distribution. Com-

pute and display the sequence

Wn = n−1
n∑

i=1

(Xi − X̄n)3 for n = 1, 2, 3, . . . ,

where X̄n = n−1
∑n

i=1 Xi. Comment on your picture, and show indeed that Wn converges

in probability. Generalise your finding.

3. The continuity lemma for convergence in probability

There are actually two ‘continuity lemmas’ for convergence in probability.

(a) Suppose Xn →p a, with a being a constant. Show that if g is a function continuous

at point x = a, then indeed g(Xn) →p g(a).

(b) Suppose more generally that Xn →p X , with the limit being a random variable.

Show that if g is a function that is continuous in the set in which X falls, then

g(Xn) →p g(X).

Comments: (i) To prove (b), use uniform continuity over closed and bounded intervals.

(ii) In situations of relevance for this course, part (a) will be the more important. The

typical application may be that consistency of θ̂n for θ implies consistency of g(θ̂n)

for g(θ).
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4. The maximum of uniforms

Let X1, . . . , Xn be i.i.d. from the uniform [0, θ] distribution, and let Mn = maxi≤n Xi.

(a) Show that Mn →p θ (i.e. the maximum observation is a consistent estimator of the

unknown endpoint).

(b) Find the limit distribution of Vn = n(θ −Mn), and use this result to find an approxi-

mate 95% confidence interval for θ.

5. Distribution functions

For a real random variable X , consider its distribution function F (t) = Pr{X ≤ t}. Show

that F is right continuous, and that is set of discontinuities is at most countable (in

particular, the set of continuity points is dense). Show also that F (t) → 1 when t → ∞
whereas F (t) → 0 when t → −∞.

6. A ‘master theorem’ for convergence in distribution

Let Xn and X be real random variables, with probability distributions Pn and P [so that

Pn(A) = Pr{Xn ∈ A}, etc.], and consider the following five statements:

(1) Xn →L X ;

(2) for every open set A, lim inf Pn(A) ≥ P (A);

(3) for every closed set B, lim supPn(B) ≤ P (B);

(4) for every set C that is P -continuous, in the sense that P (∂C) = 0, where ∂C = C−Co

(the closure minus its interior), limPn(C) = P (C);

(5) for every bounded and continuous g, limE g(Xn) = E g(X).

Show that these five statements are in fact all equivalent.

Hints: For (1) implies (2), write A = ∪∞
j=1Aj for open sets Aj = (aj , bj), where aj

and bj can be chosen to be among the continuity points for the distribution function

F for X . Then show that (2) implies (3) [using that B is closed if and only if Bc is

open], and that (3) implies (4). For (4) implying (5), take g to have its values inside

[0, 1], without loss of generality, and write

E g(Xn) =

∫ ∫ 1

0

I{y ≤ g(x)} dy dPn(x) =

∫ 1

0

Pr{g(Xn) ≥ y} dy,

along with a Lebesgue theorem for convergence of integrals. Finally, for (5) implies

(1), construct for given F -continuity point x a continuous function gε that is close to

g0(y) = I{y ≤ x}.

7. The continuity lemma for convergence in convergence

Suppose Xn →L X and that h is continuous (and not necessarily bounded). Show that

h(Xn) →L h(X). [Use e.g. statement (5) of the previous exercise.] Thus exp(tXn) →L

exp(tX), etc.
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8. Convergence in distribution for discrete variables

Let Xn and X take on values in the set of natural numbers, and let

pn(j) = Pr{Xn = j} and p(j) = Pr{X = j} for j = 0, 1, 2, . . . .

Show that Xn →L X if and only if pn(j) → p(j) for each j.

To illustrate this, prove the classic ‘law of small numbers’ (first proven by Ladislaus

Bortkiewicz in 1898), that a binomial is close to a Poisson, if the count number is high

and the probability is small.

9. Convergence in probability in dimension two (and more)

We have defined Xn →p X to mean that

Pr{|Xn − X | ≥ ε} → 0 for each ε > 0.

The natural generalisation for the two-dimensional (and higher) case is to say that

Xn = (Xn,1, Xn,2) →p X = (X1, X2)

provided

Pr{‖Xn − X‖ ≥ ε} → 0 for each ε > 0,

where ‖Xn − X‖ is the usual Euclidean distance.

Prove that Xn →p X (in such a two-dimensional situation) if and only if Xn,j →p Xj

for j = 1, 2 (i.e. ordinary one-dimensional convergence for each component). Generalise.

10. Moment generating functions and convergence in distribution

For a random variable X , its moment generating function (mgf) is

M(t) = E exp(tX),

defined for each t at which the expectation exists. Among its basic properties are the

following; attempt to demonstrate these.

1. M(0) = 1, and when the mean is finite, then M ′(t) exists, with M ′(0) = E X .

2. More generally, if |X |r has finite mean, then M (r)(0) = E Xr (the rth derivative of

M , at the point zero).

3. When X and Y are independent, then

MX+Y (t) = MX(t)MY (t)

in the obvious notation. This generalises of course to the case of more than two

independent variables.

4. If X and Y are two variables with identical mgf’s, then their distributions are identical.

[There are also ‘inversion formulae’ in the literature, giving the distribution as a

function of M .]

5. If Xn and X have mgf’s Mn and M , then Mn(t) → M(t) for all t in a neighbourhood

around zero is sufficient for Xn →L X .

6. In particular, if Mn(t) → exp( 1
2
t2) for all t close to zero, then Xn →L N(0, 1).
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11. Finite moments

Show that if E X2 is finite, then necessarily E X is finite too. Show more generally that

E |X |q is finite, then also E |X |p is finite for all p < q. Prove indeed that (E |X |p)1/p is a

non-decreasing function of p.

12. Proving the CLT (under some restrictions)

Let X1, X2, . . . be i.i.d. with some distribution F having finite variance and mean, and

assume for simplicity that the mean is zero.

(a) Show that if the mgf exists, in a neighbourhood around zero, then

M(t) = 1 + 1
2σ2t2 + o(t),

where σ is the standard deviation of Xi.

(b) Show that
√

nX̄n has mgf of the form

M∗
n(t) = M(t/

√
n)n = {1 + 1

2
σ2t2/n + o(1/n)}n,

and conclude that the CLT holds.

13. Characteristic functions

The trouble with the approach to the CLT above is that is has somewhat limited scope,

in that some distributions do not have a finie mgf (since exp(tX) may be too big with

too high probability for its mean to be finite). The so-called characteristic functions (chf)

provide a more elegant mathematical tool in this regard. For a random variable X , its chf

is defined as

φ(t) = E exp(itX) = E cos(tX) + i E sin(tX),

with i =
√
−1 the complex unit, and t ∈ IR.

(a) Show that the chf always exists, and that is is uniformly continuous. Show that the

chf for the a N(0, σ2) is exp(−1
2σ2t2).

(b) Assume Xn →L X . Show that

φn(t) = E exp(itXn) → φ(t) = E exp(itX) for all t.

(c) The converse is also true (but harder to prove), and it is ‘inside the curriculum’ to

know this: If

φn(t) = E exp(itXn) converges to some function φ(t)

for all t in an interval around zero, and this limit function is continuous there, then

(i) φ(t) is necessarily the chf of some random variable X , and (ii) there is convergence

in distribution Xn →L X .
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14. When is the sum of Bernoulli variables close to a normal?

Let X1, X2, . . . be independent Bernoulli variables (i.e. taking values 0 and 1 only), with

Xi ∼ Bin(1, pi). We shall investigate when

Zn =

∑n
i=1(Xi − pi)

Bn
→L N(0, 1),

where Bn = {∑n
i=1 pi(1−pi)}1/2. Show, using mgf’s or chf’s, that this happens if and only

if
∑∞

i=1 pi = ∞. Thus the cases pi = 1/i and pi = 1/i2, for example, are fundamentally

different.

15. Proving the CLT (again)

Using chf’s instead of mgf’s gives a more elegant and unified proof of the CLT.

(a) Show that if X has a finite mean ξ, then its chf satisfies

φ(t) = 1 + iξt + o(t) for t → 0.

Also, its derivative exists, at φ′(0) = ξ.

(b) Show similarly that if X has a finite variance σ2, then

φ(t) = 1 + iξt − 1
2 (ξ2 + σ2)t2 + o(t) for t → 0.

(c) If X1, X2, . . . are i.i.d. with mean zero and finite variance σ2, then show that Zn =√
nX̄n has chf of the form

φn(t) = {1 − 1
2σ2t2/n + o(1/n)}n.

Prove the CLT from this.

16. More on characteristic functions

Here are some more details and illustrations pertaining to characteristic functions.

(a) Find the characteristic function for a binomial distribution and for a Poisson distri-

bution.

(b) Demonstrate the classical ‘Gesetz der kleinen Zahlen’ (cf. Exercise 8), that a binomial

(n, pn) tends to the Poisson (λ), when npn → λ.

(c) Show that for the Cauchy distribution, with density f(x) = (1/π)(1 + x2)−1, the

chf is equal to exp(−|t|). Note that this function does not have a derivative at zero,

corresponding to the fact that the Cauchy does not have a finite mean (cf. Exercise

15(a)).

(d) Let X1, . . . , Xn be i.i.d. from the Cauchy. Show that the chf of X̄n = (1/n)
∑n

i=1 Xi

is identical to the chf of a single observation. Conclude, by the ‘inversion theorem’,

the amazing fact that X̄n =L Xi; the average has the same statistical distribution as

each single component.
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(e) There are several version of ‘inverse theorems’, providing a mechanism for finding the

distribution of a random variable from its chf; the perhaps primary aspect, defined as

an ‘inside curriculum fact’, is that the chf indeed fully characterises the distribution

(if X and Y have identical chf’s, then their distributions are identical too). One such

inversion formula is as follows: if X has a chf φ that is integrable (i.e.
∫
|φ(t)| dt is

finite), then X has a density f , for which a formula is

f(x) =
1

2π

∫
exp(−itx)φ(t) dt.

Write down what this means, in the cases of a normal and a Cauchy, and verify the

implied formulae. Show that f in each such case of an integrable φ necessarily becomes

continuous.

(f) Show that the chf for the uniform [−1
2 , 1

2 ] distribution becomes φ(t) = (sin t)/t. De-

duce that ∫ ∣∣∣
sin t

t

∣∣∣ dt = ∞ even though

∫
sin t

t
dt = π.

(g) Point (e) above gives a formula for the density f of a variable, in the case of it having an

integrable chf φ. One also needs a more general formula, for the case of variables that

do not have densities, etc. Let X be any random variable, with cumulative distribution

function F and chf φ (but with nothing assumed about it having a density), and add

on to it a little bit of Gaußian noise:

Zσ = X + Yσ, with Y ∼ N(0, σ2).

Then Z has a density (even if X does not have one). Our intention is to let σ → 0,

to come back to X . Show that Zσ has density of the form

fσ(x) =

∫
F (x − y)

1√
2π

1

σ
exp(−1

2y2/σ2) dy

and chf equal to

φσ(t) = φ(t) exp(−1
2σ2t2).

Hence show that

fσ(z) =
1

2π

∫
exp(−itx)φ(t) exp(−1

2σ2t2) dt

and that, consequently,

Pr{X + Yσ ∈ [a, b]} = Fσ(b) − Fσ(a)

=
1

2π

∫
exp(−itb) − exp(−ita)

−it
φ(t) exp(−1

2
σ2t2) dt.

(h) Conclude with the following general inversion formula, valid for all continuity points

a, b of F :

F (b) − F (a) = lim
σ→0

1

2π

∫
exp(−itb) − exp(−ita)

−it
φ(t) exp(−1

2σ2t2) dt.
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17. Scheffé’s Lemma

There are situations where gn(y) → g(y) for all y, for appropriate functions gn and g, does

not imply
∫

gn dz →
∫

g dy. However, it may be shown that this is not a problem when gn

and g are probability densities (due to certain ‘dominated convergence’ Lebesgue theorems

from the theory of measure and integration): if gn and g are the densities of Yn and Y ,

and gn(y) → g(y) for (almost) all y, then

∫
|gn − g| dy → 0,

and, in particular,

Pr{Yn ∈ [a, b]} =

∫ b

a

gn(y) dy →
∫ b

a

g(y) dy = Pr{Y ∈ [a, b]}

for all intervals, and we have Yn →L Y . This is Scheffé’s Lemma, defined as an inside

curriculum fact.

(a) Let Yn → tn, a t distribution with n degrees of freedom. Show that Yn →L N(0, 1),

using this lemma. Can you prove this statement in a simpler fashion?

(b) If X1, . . . , Xn are i.i.e. from a uniform [0, 1], with Mn = maxi≤n, show using the

Scheffé Lemma that n(1 − Mn) tends to a unit exponential in distribution.

(c) Suppose Xn ∼ χ2
n, and consider Zn = (Xn − n)/

√
2n. Prove that Zn →L N(0, 1).

18. The median

‘The median isn’t the message’, said Stephen Jay Gould (when he was diagnosed with a

serious illness and looked at survival statistics). Let X1, . . . , Xn be i.i.d. from a positive

density f with true median θ = F−1( 1
2).

(a) Suppose for simplicity that n is odd, say n = 2m + 1. Show that Mn has density of

the form

gn(y) =
(2m + 1)!

m! m!
F (y)m{1 − F (y)}mf(y).

(b) Show then that the density of Zn =
√

n(Mn − θ) can be written in the form

hn(z) = gn(θ + z/
√

n)/
√

n.

Prove that

hn(z) → (2π)−1/22f(θ) exp(−1
2
4f(θ)2z2),

which by the Scheffé Lemma means that

√
n(Mn − θ) →L N(0, τ2) with τ = 1

2
/f(θ).

Why does this also prove that the sample median is consistent for the population

median?
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(c) Generalise to the following quantilian result: if Qn(p) = F−1
n (p) is the pth quantile of

the data, then Qn(p) converges in probability to the corresponding population quantile

ξp = F−1(p), and

√
n{Qn(p) − ξp} →L N(0, τ2

p ) with τ2
p = p(1 − p)/f(ξp)

2.

(d) Constructing a nonparametric confidence interval for an unknown median is not that

simple – the ‘usual recipe’ works, up to a point, and tells us that if we first find a

consistent estimator κ̂ of the doubly unknown quantity f(θ) (f is unknown, and so is

θ, its median), then we’re in business. We would then have

Zn =

√
n(Mn − θ)

τ̂
→L N(0, 1), with τ̂ = 1

2/κ̂,

from which it follows that

In = θ̂ ± 1.96τ̂/
√

n obeys Pr{θ ∈ In} → 0.95.

The trouble lies in finding a satisfactory κ̂. Try to construct such a consistent estima-

tor.

19. Limiting local power games

This exercise is meant to study a ‘prototype situation’ in some detail; the type of calculation

and results will be seen to rather similar in a long range of different situations. – Let

X1, . . . , Xn be i.i.d. data from N(θ, σ2). One wishes to test H0: θ = θ0 vs. the alternative

that θ > θ0, where θ0 is a known value (e.g. 3.14). Two tests will be considered, based on

respectively

X̄n = n−1
n∑

i=1

Xi and Mn = median(X1, . . . , Xn).

(a) For given value of θ, prove that

√
n(X̄n − θ) →L N(0, σ2),

√
n(M̄n − θ) →L N(0, (π/2)σ2).

Note that the first result is immediate and actually holds with exactness for each n; the

second result requires more care, e.g. working with the required density, cf. Exercise 18.
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Figure 1: Limiting local power functions for two tests for θ ≤ θ0 against θ > θ0, in

the situation with N(θ, σ2) data; based on the mean (full line) and on the median

(dotted line).

(b) Working under the null hypothesis θ = θ0, show that

Zn =
√

n(X̄n − θ0)/σ̂ →L N(0, 1),

Z∗
n =

√
n(M̄n − θ0)/{(π/2)1/2σ̂} →L N(0, 1),

where σ̂ is any consistent estimator of σ.

(c) Conclude from this that the two tests that reject H0 provided respectively

X̄n > θ0 + z0.95σ̂/
√

n and Mn > θ0 + z0.95(π/2)σ̂/
√

n,

where z0.95 = Φ−1(0.95) = 1.645, have the required asymptotic significance level 0.05:

αn = Pr{reject H0 | θ = θ0} → 0.05.

(There is one such αn for the first test, and one for the other; both converge however

to 0.05.)

(d) Then our object is to study the local power, the chance of rejecting the null hypothesis

under alternatives of the type θn = θ0 + δ/
√

n. In generalisation of (b), show that

Zn =
√

n(X̄n − θ0)/σ̂ →L N(δ/σ, 1),

Z∗
n =

√
n(M̄n − θ0)/{(π/2)1/2σ̂} →L N((π/2)δ/σ, 1),

where the convergence in question takes place under the indicated θ0+δ/
√

n parameter

values. (You need to generalise the results of Exercise 18, to the δ 6= 0 case.)
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(e) Use these results to show that

πn(δ) = Pr{reject | θ0 + δ/
√

n} → Φ(δ/σ − z0.95),

π∗
n(δ) = Pr{reject | θ0 + δ/

√
n} → Φ(

√
2/πδ/σ − z0.95),

for the two power functions. Draw these in a diagram, and compare; cf. Figure 1.

(f) Assume one wishes n to be large enough to secure that the power function is at least

at level β for a certain alternative point θ1. Using the local power approximation,

show that the required sample sizes are respectively

nA
.
=

σ2

(θ1 − θ0)2
(z1−α + zβ)2 and nB

.
=

σ2/c2

(θ1 − θ0)2
(z1−α + zβ)2

for tests A (based on the mean) and B (based on the median), with c =
√

2/π.

Compute these sample sizes for the case of β = 0.95 and θ1 = θ0 + 1
2σ, when also

α = 0.05.

(g) Lehmann defines ‘the ARE [asymptotic relative efficiency] of test B with respect to

test A’ as

ARE = lim
nA(θ1, β)

nB(θ1, β)
,

the limit in question in the sense of alternatives θ1 coming closer to the null hypothesis

at speed 1/
√

n. Show that indeed

ARE =
σ2

σ2/c2
= c2 = 2/π = 0.6366

in this particular situation – test A needs only ca. 64% as many data points to reach

the same detection power as B does needs.

20. Testing the normal scale

We have essentially covered Exercise 19 in class, as a ‘prototype illustration’ of the themes

developed in Chapter 3. Here is another illustration, for you to check that you may develop

similar results in a different situation. Data X1, . . . , Xn are now taken to be i.i.d. N(0, σ2),

and the object is to construct and compare tests for H0: σ = σ0 vs. σ > σ0, where σ0 is

some known quantity.

(a) Show that E X2
i = σ and E |Xi| = bσ, with b =

√
2/π. Show that the estimators

σ̂A =
{
n−1

n∑

i=1

X2
i

}1/2

and σ̂B = n−1
n∑

i=1

|Xi|/b

are consistent for σ.

(b) Find the limit distributions for

Zn,A =
√

n(σ̂A − σ) and Zn,B =
√

n(σ̂B − σ),

and comment on your findings.
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(c) Construct explicit tests A and B, based on respectively σ̂A and σ̂B , that have asymp-

totic level α = 0.01.

(d) Show that both tests are consistent.

(e) Then we need to compare the two tests in terms of ‘local power’. For alternatives of

the type σ = σ0 + δ/
√

n, establish limit distributions of the type

√
n(σ̂A − σ0) →L N(δ, τ2

Aσ2),
√

n(σ̂B − σ0) →L N(δ, τ2
Bσ2),

with certain values (that you should find) for τA and τB.

(f) Establish the limiting local power functions πA(δ) and πB(δ), and plot them in a

diagram (cf. Figure 1 of the previous exercise).

(g) Compute the required sample sizes nA and nB for tests A and B to achieve detection

power 0.99 when the true state of affairs is σ = 1.333 σ0.

(h) Compute the ARE for test A w.r.t. test B, and comment.

(i) Could there be other tests for H0 here that would outperform test A?
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