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Examination in: STK4010 — Asymptotic theory

Day of examination: Thursday, December 15, 2011

Examination hours: 9.00 – 14.00

This problem set consists of 3 pages.

Appendices: None

Permitted aids: Approved calculator plus an A4 sheet
with material that you choose yourself

Please make sure that your copy of the problem set is
complete before you attempt to answer anything.

Problem 1

a) Define convergence in probability towards a constant, convergence in
probability towards a random variable, and convergence in law.

b) For each one of the statements below, state if you mean it is true or
not. If you mean it is true, give a proof, either directly or by refering
to a result in the curriculum. If you mean that it is not true, give a
counterexample. Here Xn, Yn, X and Y are random variables; a, b and
c are constants.

(i) If Xn
P→ a and Yn

P→ b, then Xn + Yn
P→ a+ b.

(ii) If Xn
P→ X and Yn

P→ Y , then Xn + Yn
P→ X + Y .

(iii) If Xn
L→ X and Yn

P→ c, then Xn + Yn
L→ X + c.

(iv) If Xn
L→ X and Yn

L→ Y , then Xn + Yn
L→ X + Y .

c) We say that Xn → X in quadratic mean if E[(Xn −X)2] → 0. Show

that if Xn → X in quadratic mean, then Xn
P→ X.

d) Show that if Xn → X and Yn → Y in quadratic mean, then
Xn + Yn → X + Y in quadratic mean.

Problem 2

Let X1, X2, ... be independent and identically distributed observations with
probability density

f(x) =

{
e

θ(e−1)e
−x/θ 0 ≤ x ≤ θ,

0 otherwise.

(Continued on page 2.)
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One can show that (you shall not show this)

E(Xi) =
e− 2

e− 1
θ ≈ 0.418θ, Var(Xi) =

e2 − 3e+ 1

(e− 1)2
θ2 ≈ 0.079θ2.

a) What do you mean by a consistent estimator? Show that θ̂ = e−1
e−2X̄n,

where X̄n is the mean of the n first observations, here is a consistent
estimator of θ.

b) Find the limiting distribution of
√
n(θ̂ − θ).

c) Show that θ̂ is proportional to, but not equal to an estimator θ∗ which
is a local maximum of the likelihood. Show that θ∗ is not consistent.

d) Are the regularity conditions of the basic likelihood theory satified in
this example? If not, state which condition(s) that is (are) violated.

e) Find the cumulative distribution function of Xi and of Mn =
max1≤i≤nXi.

f) Show that Mn is a consistent estimator of θ.

g) Find the limiting distribution of Zn = n(θ −Mn).

h) Argue that Mn is a better estimator than θ̂n when n is large.

i) One can show that (you shall not prove this) the limiting expectation
of Zn is equal to the expectation in the limiting distribution of Zn,
and that a similar result holds for the variance. Use this to show how
Mn can be improved as an estimator of θ. (Hint: Find an approximate
expression for the mean square error of Mn.)

Problem 3

Let X1, ..., Xn be independent observations with the same distribution.
Assume for simplicity that E(Xi) = 0, and assume that the variables
have finite fourth order moment. Let σ2 be the variance of Xi, and let
γ = E(X4

i )/σ4 − 3 be the socalled curtosis.

a) Find the limit distribution of
√
nX̄n, where X̄n = n−1

∑n
i=1Xi. Use

this to show that
√
nX̄2

n
P→ 0 as n→∞.

b) The empirical variance is S2
n = n−1

∑n
i=1(Xi− X̄n)2 = n−1

∑n
i=1X

2
i −

X̄2
n. Show that

√
n(S2

n − σ2)
L→ N(0, σ4(2 + γ)).

c) Find the limiting distribution of
√
n/2(ln(S2

n) − ln(σ2)). Show
in particular that this limiting distribution is N(0, 1) when the
observations are normally distributed.

d) Find a consistent estimator of γ.

(Continued on page 3.)
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e) Construct a confidence interval for σ2 with approximate confidence
coefficient 95%, such that this is valid also without assuming normally
distributed observations.

THE END

.


