
Final project: STK4070-sp11

The data sets you need can be found on the course web page, together with some
R-code you may find helpful.

You can use a statistical package at your choice for doing the numerical com-
putations. However, if you use another than R, you must remember that lacking
capabilities in the software you use, is no valid excuse for not answering a question.

Explain carefully the calculations and computations. It is recommended to split
the report in two. In the first part you concentrate on explaining what you are
doing and answering the questions. This part shall not contain more numerical
output and computer code than what is strictly necessary for the arguments. In
the second part you can collect the output to which you can refer in the main part
of the report.

For the report you can use a word processor, but a handwritten report is also
acceptable.

Discussing the problem with other students is OK, but the papers you turn in
shall be individually written. If you cooperate with someone, you must inform in
the report with whom.

The deadline is
Monday May 23th at 4 pm.

You can email the report to swensen@math.uio.no, deliver it at my office or use
my mail box at the 7th floor, N. H. Abels house.

In the morning Tuesday May 24th I will put a list on the course web page
of the reports I have received. If anybody misses something, I must be notified
immediately.

I will also post misprints, corrections and clarifications on the web page, so please
inform me of any obscurities.

Good luck,

Anders

Problem 1

The data on the file psid.txt , to be found on the web page of the course,
is part of a longitudinal study of income in the US, the Panel Study of Income
Dynamics, begun in 1968. The subset in the file consists of 85 heads of household
who were aged 25-39 in 1968 and had complete data for at least 11 of the years
between 1968 and 1990. The variables included are

• annual income
• gender, M=male, F=female
• years of education
• age in 1968

as shown in excerpts from the beginning and end of the file:

1



2

age educ sex income year person

1 31 12 M 6000 68 1

2 31 12 M 5300 69 1

3 31 12 M 5200 70 1

4 31 12 M 6900 71 1

5 31 12 M 7500 72 1

6 31 12 M 8000 73 1

.

.

.

1949 33 6 M 4050 84 85

1950 33 6 M 6000 85 85

1951 33 6 M 7000 86 85

1952 33 6 M 10000 87 85

1953 33 6 M 10000 88 85

1954 33 6 M 2000 89 85

Let the response yij , j = 1, . . . , ni, i = 1, . . . , N = 85 be the logarithms of the
reported income.

a) Plot the income profiles of men and women in separate graphs. What are
the most striking features?

b) Redefine the variable year so that it represents the difference from 1978.
Why is that a sensible procedure? Denote the new variable as cyear.

c) Fit a linear mixed effects model with a random intercept, b1i, random slope,
b2i, i.e

Yij = β0+β1cyearij+β2sexi+β3agei+β4educi+β5cyearij×sexi+b1i+b2i∗cyearij+eij .

Discuss the main findings.
d) From the fit in part c) the variable age does not appear to be significant.

Explain in detail in what sense this can be considered as a Wald test. Verify
that if you proceed described in the textbook by Fitzmaurice, Laird and
Ware, FLW, you get a similar result.

e) From the plots in part a) one can see that there are two persons having
substantially larger income than the rest in 1985. Redo part c) with those
two persons removed. Compare the results from the two fits, and comment
in particular how the coefficients involving the variable sex are affected.

f) Fit a model where also a random effect for gender is included. Does this
seem to improve the fit? Discuss the methods for testing this question
formally.

g) Explain in what sense the data are unbalanced, and discuss what the con-
sequences of the different assumptions on the missing data are in this situ-
ation.

Problem 2

Consider models of the form

Yi = Xiβ + Zibi + ei, i = 1, . . . , N

a) Explain how the model from part c) in the previous problem can be written
on the form above, and what the usual model assumptions are.
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Consider the BLUP defined on page 207 in FLW,

b̂i = ĜZ ′
i(ZiĜZ ′

i + R̂i)
−1(Y i −Xiβ̂)

where Ĝ and R̂i are estimated versions of Cov(bi) = Σbibi
= G and Cov(ei) =

Σeiei
= Ri respectively. Consider also the modification

b̃i = GZ ′
i(ZiGZ ′

i +Ri)
−1(Y i −Xiβ̃).

where β̃ = (
∑N

j=1 X
′
jΣ

−1
j Xj)

−1
∑N

j=1(X
′
jΣ

−1
j Y j), i.e. the so-called GLS estimator

defined in FLW on page 90. Remark that the matrices G and Σi is considered as
non-stochastic.

b) Find the numerical of b̂1 by direct computation inserting in the formula
and from the R-command fittedmod$coef$random$person[1,]. Here
fittedmod is the the model you fitted, and person is the name of the
variable that indicates the individual/unit.

c) Explain why

Cov(b̃i − bi) = Σb̃ib̃i
− Σb̃ibi

− Σbib̃i
+Σbibi

.

d) Show that

Σb̃ibi
= GZ ′

iΣ
−1
i (Σi −Xi(

N∑
j=1

X ′
jΣ

−1
j Xj)

−1X ′
i)Σ

−1
i ZiG

where Σi = ZiGZ ′
i +Ri.

e) Show that also Σb̃ib̃i
= Σb̃ibi

or Cov(b̃i, b̃i) = Cov(b̃i, bi), and derive an

expression for Cov(b̃i − bi).
f) Estimate the response profile of individual number 1 and and make a plot

where you can compare it to the observed response profile. How would you
interpret the result?

g) Use the expression derived in part e) to construct intervals containing the
random components associated with individual 1, b11 and b21 with approx-
imate probability 95%. Comment the result.

Problem 3

The data on the file toenail.txt , to be found on the web page of the course,
is from a randomized double blind, parallel-group, multi-center study comparing
two oral treatments (denoted A and B) for toe-nail infection, onycholysis. Patients
were evaluated at baseline and weeks 4, 8, 12, 24, 36 and 48. In all there were 294
patients involved with a total of 1908 measurements. Some more details can be
found on page 355 in FLW.

The variables reported are

• id
• y, outcome; 0 = none or mild, 1 = moderate or severe
• treatment; 0 = treatment B, 1 = treatment A
• month
• visit

as shown in excerpts from the beginning and end of the file:
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ID Response Treatment Month Visit

1 1 1 1 0.0000000 1

2 1 1 1 0.8571429 2

3 1 1 1 3.5357143 3

4 1 0 1 4.5357143 4

5 1 0 1 7.5357143 5

6 1 0 1 10.0357143 6

.

.

.

1903 383 1 1 0.000000 1

1904 383 1 1 1.035714 2

1905 383 1 1 2.035714 3

1906 383 1 1 3.285714 4

1907 383 0 1 7.285714 5

1908 383 0 1 10.785714 6

a) Fit a model, by using e.g the R-procedure glmmPQL or some other suitable
software, of the form

logit(E[Yij |bi]) = β0 + β1Monthij + β2Treatmenti × Monthij + bi

i.e. a model where the fixed effects part has linear trends for the log odds
over time, with a common intercept for the two groups but unequal slopes.
The random part bi is assumed to be N(0, σ2

b )-distributed.
b) Find the within units odds ratios for severe onycholysis between two visits

one month apart for treatment B (0).
c) What are the same ratios for treatment A? Comment on the difference.
d) What is the estimated fraction having larger probability than 0.5 for severe

onycholysis after tree months of treatment in group B?
e) Estimate the same fraction for group A.
f) Which treatment seems too be most efficient?

Problem 4

Assume that Y1, . . . , Yn are independent N(µ, σ2) distributed.
Show that the maximum likelihood estimator for σ2 based on the (transformed)

variables V1 = Y1 − Ȳ , . . . , Vn−1 = Yn−1 − Ȳ is
∑n

i=1(Yi − Ȳ )2/(n − 1) [ Hint:
Express the covariance matrix of V1, . . . , Vn−1 as σ2(In−1 − 1

n1n−11
′
n−1) and use

that the determinant of this matrix can be found from the formula det(A+ bb′) =
det(A)(1 + b′A−1b).]


