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Black-Scholes Model and Risk Neutral Pricing

1. Let C; be the price of a call option at time ¢, where K is the strike price and 7" > t the time

of exercise. Show that
Ct Z St — Ke_r(T_t),

otherwise there exists an arbitrage opportunity. Argue by arbitrage that C; < S;.

2. Transform the Black-Scholes PDE

0 0 o?
6—{@, x) + Tﬂca—i(t,x) + %szQa—ajs(t,x) =rf(t x), (t,z) € [0,T) x Ry

f(T,z) = h(z), z € Ry,
to the heat equation
2
%’U(T, z) = %v(ﬂz).
What is the initial condition for the heat equation?

3. The Black-Scholes formula for for a call option with strike K and exercise time T is

C(t, ST, K,r,0) = $;®(d) — Ke "I Dd(dy),

where
o los(Si/K) + (r+ 5)(T 1)
! oV —t ’
dg :d1 —O'\/T—t,
and

B(z) = /; $(2)dz = /_Oo 1% exp (-f) dz.

Show that C(¢, S¢; T, K,r,0) is an increasing function in T and o, and decreasing in K. Find
li%C(t7St;T,K7r7o), liTm C(t,Sy; T,K,r o).
4. A digital option with strike K = Sy is a T-contingent claim with payoff H = 1;g,~,}. Find
the price of a digital option and the hedging strategy using the density approach.

5. We consider the Black-Scholes model with time dependent parameters. That is, the asset
prices follow the following dynamics

dB; = r(t)Bydt,
dSt = Stﬂ(t)dt + StU(t)th,

where r(t), u(t) and o(t) are deterministic, continuous functions on [0,7]. Furthermore, we
assume that minycjo 7 0(t) > 0*, where 0* > 0 is a constant.
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(a) Prove that

S, = S exp (/Otu(s)ds + /(;ta(s)dWs - ;/Ot 0—2(3)ds> .

(b) Prove that there exists a probability () equivalent to P, under which the discounted stock
price Sy = B, 1S, is a martingale. Give its density with respect to P.

(c) Let ¢ = (¢°, ¢"') be a self-financing strategy. Show that if V;(¢) = B; 'V;(¢) is a martin-
gale under @ and if Vr = max(0, Sy — K), then V;(¢p) = F(t, S;), where F is the function
defined by

T T
F(t,x) =Eq lmax (O,xexp (/ o(s)dW, — %/ 02(s)ds> ~Ke I7 7‘(5)ds>‘|
t t

(d) Give an expression for the function F' and compare it with the Black-Scholes formula.

6. Assume we are in the basic Black-Scholes model. Let 0 < t; <ty < --- < t,, < T and consider
a discrete geometric Asian option with payoff

n 1/n
H = max (HSti> - K, 0],
i=1

for a constant strike K. Find a formula for the price mo(H) at time 0.

7. Assume we are in the basic Black-Scholes model. Find the price the arbitrage free price of the
following options

(a) Collars: Let Ko > K7 > 0 be fixed constants. The payoff at expiry date T is
Hy(S7) = min (max(St, K1), K3) .
(b) Break forwards: Let K > 0 be a fixed constant. The payoff at expiry date T is
Hs(St) = max (S, Soe™) — K.

8. A chooser option is an agreement in which one party has the right to choose at some future
time Tj) wether the option is to be a call or a put option with a common strike price K and
remaining time to expiry T — Tj. The terminal payoff of this option is

H = max(07 ST — K)1{0T0>pT0} —|— max(07 K — ST)l{CTOSPT0}7

where Cr, and Pr,are the arbitrage free prices at time Tj of a call and a put options, respec-
tively, with strike K and exercise time 7. Find the arbitrage free price m,(H) for 0 < ¢ < Tp.
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