Introduction and Techniques Lecture 2
in Financial Mathematics

UiO-STK4510

Autumn 2015

Teacher: S. Ortiz-Latorre

Measure Theory

1 Measurable Spaces

Let E denote a set and P(E) denote the power set of F, that is, the set of all subsets of E. In what
follows we will use calligraphic letters to denote a class of subsets of E, that is, a subset of P(F).
Moreover, the reference set E will be called a space.

Definition 1 A o-algebra on F is a nonempty class A of subsets of E satisfying:

1. Ee€ A
2. If B € A then B¢ := E\B € A.(closed under the formation of complements)

(oo}
3. IfB; e A,i=1,2,3,..., then UBi € A.(closed under the formation of countable unions)
i=1

Definition 2 If condition 3. in the previous definition is only satisfied when considering a finite
number of sets we say that A is an algebra.

It is easy to show that an arbitrary intersection of o-algebras is a o-algebra again. This fact
motivates the following definition.

Definition 3 Given G any class of subsets we define o(G) the o-algebra generated by G as the
smallest o-algebra containing G, which coincides with the intersection of all o-algebras containing G.

Definition 4 Let E be an space and £ a o-algebra of E. The pair (E,E) is called a measurable
space. The elements of £ are the measurable sets of (E,E).

To give trivial examples of the previous mathematical objects is easy.

Example 5 For any set E, both the power set P(E) and the class {@, E} are o-algebras, the largest
and the smallest that can be defined on E, respectively.

Example 6 If E is a set such that #E := {number of elements of E} < oo, we usually take the
o-algebra P(E) which has 27F elements.

The following is a more interesting example that will be crucial when we introduce the concept
of random variable. We start by recalling the concept of metric space.

Example 7 Let (E,d) be a separable metric space. We define the Borel o-algebra on E to be the
o-algebra generated by all open (or closed) sets and we denoted it by B(E). Consider the family T
of all open balls

B.(z)={y€ E:d(z,y)<r}, z€FE;reRy.

One has that B(E) = o(T).

The previous example covers many interesting cases, in particular R and R¢ with the usual

euclidean distance d(z,y) = Z?Zl(xi — y;)? are separable metric spaces.
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2 Measurable Transformations and Functions

Let T': E — F be a transformation/mapping from a space E to another space F. The inverse image
T—'B of a subset B C F is defined to be

T 'B={x € E:T(z) € B}.

Definition 8 Let (E,E) and (F,F) be two measurable spaces. An mapping T : E — F is called
(€, F)-measurable if T~1 B € & whenever B € F. If the o-algebras involved are clear from the context
it 18 called measurable.

Note that if £ = P(F) then any transformation is measurable. The following theorem simplifies
checking if a transformation is measurable.

Theorem 9 Let (E,&) and (F,F) be two measurable spaces and T : E — F a transformation.
Let G be a class of subsets of F' such that o(G) = F. Then, T is (€, F)-measurable if and only if
T 'Be& forall Beg.

Definition 10 Let (E,E) be a measurable space and E a space. A function f : E — R is called
Borel measurable if it is (€, B(R))-measurable.

Definition 11 Let (F,F) be a measurable space, E a space and T : E — F a transformation.
We define o(T), the o-algebra generated by T, as the o-algebra generated by the family of sets
{T~Y(B) : B € F}, which is a c-algebra on E.

o(T) is the smallest o-algebra on E that makes the transformation 7" measurable.

Theorem 12 Let (E,&),(F,F) and (G,G) be measurable spaces and T : E — F and S : F — G,
two measurable transformations. Then SoT : E — G is (€,G)-measurable.

The following lemma simplifies to check if a particular function is measurable.

Theorem 13 Let (E,E) be a measurable space and f : E — R a function on E. Then, [ is
measurable if and only if {x € E: f(z) < a} € & for all a € R.

Theorem 14 Let f, g measurable functions on (E,E). Then,
1. af +gf,a,b € R is a measurable function.
2. fg and f/g are measurable functions.

3. The functions f+ := max(0, f(z)) and f~ := —min(0, f(z)) are positive measurable functions.
Note that f = f* — f~ and |f|=f"+ f.

4. The setsbl{x €eE: fz) =g} {z e E: fz) < g(x)} and {x € E : f(z) < g(x)} are

Theorem 15 Let {f,},>1 be a sequence of measurable functions. Then, the following functions are
measurable

1. sup,>; fn().
2. inf,>1 fn(z).
3. limsup,,_, o, fn(®) := inf,,>1 supy>,, fu().

4. liminf, o fn(7) := sup,>; infr>y fr().
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3 Measure Spaces

Definition 16 Let (E,E&) a measurable space. A measure p on £ is a mapping p : € — [0, +00]
satisfying (@) =0 and

o0

w(UBi) =D w(Bi),  (o-additivity),

i=1
whenever {B;}i>1 is a sequence of elements of £ that are disjoint (B; N B; = @, if i # j). If
w(E) < 400, we say that the measure p is finite. If there exists {B;};>1 disjoint such that E = UB,»

i=1
and p(B;) < +00,1 > 1, we say that the measure p is o-finite.

Definition 17 Let E be an space, £ be a o-algebra of E and p be a measure on . The triple
(E,&, 1) is called a measure space.

Example 18 Any measurable space with the measure p = +00 or pu = 0 are measure spaces.

Example 19 If #F < oo, then we can define a measure p by assigning a positive number p(zx) to
each element x of the set E, that is,

w(B) =Y pu(z), BePE),

and (E,P(E), 1) is a measure space.

The following result shows how to induce a measure on a measurable space from a measure space
through a measurable transformation.

Definition 20 Let (E,&, 1) be a measure space, (F,F) be a measurable space and T : E — F be a
measurable transformation. Then, the set function

pur(B) = u(T™'B), BecF,

s a measure in F. The measure pr is called the image measure induced by T on F or the pushforward
measure.

3.1 Carathéodory Theorems*

When E is an uncountable set, to find a measure is much more difficult. To construct measures
one makes use of the so called Carathéodory Theorems. These results allow to extend o-additive
positive set functions, defined on some families of sets, to measures on the o-algebras generated by
these families.

Definition 21 Let E be a space. An exterior (or outer) measure on P(E) is a mapping pu* : P(E) —
[0, 4+00] such that

1. p*(2) =0,
2. p* is increasing: A C B = p*(A) < p*(B),

3. u* is o-subadditive: {Ap}n>1 C P(E) = p*( U Ap) <3051 1 (An).

n>1

Definition 22 Let E be a space and p* an exterior measure on P(E). A set A C E is u*-measurable
if

w'(B) > p (ANB)+u"(A°NB), VBeP(E).
Theorem 23 (First Carathéodory Theorem) Let E be a space and p* an exterior measure on

P(E). We denote by £,- the collection of p*-measurable sets. Then, &,+ is a o-algebra and ui"g

(the restriction of pu* to &,+) is a measure.
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Definition 24 An algebra on E is a nonempty class U of subsets of E satisfying:

1. E€U.
2. If B €U then B° := E\B € U.(closed under the formation of complements)
3. If By, By € U, then By U By € U.(closed under the formation of finite unions)

Theorem 25 Let E be a space and U an algebra on E. If u1 and pe are two measures defined on
o(U) which coincide on U and they are o-finite on U, then p1 = la.

Theorem 26 (Second Carathéodory Theorem or Carathéodory Extension Theorem) Let
E be a space and U an algebra on E. Let 1 : U — [0,+00] be a o-additive set function, p # +oo.
We define the mapping

W PE) — 0, 40<]

B +— inf w(Ay)
B CuUy, A, ;

n=1

{An},> cU
Then,

1. u* is an exterior measure.

2. U C &y
3. MTM = l.

The previous theorem states that if the set function p is o-additive on the algebra U, then p can
be extended to a certain o-algebra &,- that contains the o-algebra generated by /. The question
is: £, = o(U)? The answer is no, in general. However, if we want a measure on (/) is enough
to consider ,ul*o(u). Also, Theorem 25 ensure that if the set function p is o-finite on U, then the

extension on o(U) is unique.
The relationship between o (i) and &,- is quite simple and it is explained in the next section

3.2 Complete Measure Spaces

Definition 27 Let (E,&, 1) be a measure space and N C P(E). We say that N is negligible if there
exists A € F such that N C A and pu(A) = 0.

Definition 28 A measure space (E, &, ) is complete if all negligible sets are measurable.

The next proposition shows that one always can construct a complete measure from one that is
not complete in a consistent way.

Proposition 29 Let (E,&,p) be a measure space. We define € .= {AUN : A € £, N negligible}
and the set function
b: £ — [0, 40
AUN +—  p(A)

Then, (E,E, i) is a complete measure space and its called the completion of (E,&, ).

The next theorem explains the relationship between &« and (i) in the Carathéodory extension
theorem

Theorem 30 Let E be a space and U an algebra on E. Let p : U — [0,4+00] be a o-additive and
o-finite set function. Then, the measure space (E, &, ") is the completion of (E,o(U), n*).
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3.3 Measures on (R, B(R))

A relevant measurable space where we would like to to construct measures is (R, B(R)). A non
straightforward application of Carathéodory theorems yields the following result.

Theorem 31 Let J be the family of half-closed and bounded intervals on R, that is, the sets of the
following form
{reR:xz € (a,b]}, a<bd

and let v : J — [0, +00] be a o-additive and o-finite set function on R. Then p extends to an unique
measure on (R, B(R)).

The previous theorem is interesting because we have reduced the determination of a measure on
B(R) to the determination of a set function (satisfying certain requirements) on a smaller family
of sets J. It does not follow directly from Carathéodory extension theorem because J is not an
algebra.

We can proceed even further with the so called Lebesgue-Stieltjes measures on (R, B(R)).

Definition 32 A Lebesgue-Stieltjes measure p on (R, B(R)) is a measure such that
VB € B(R) bounded, u(B) < oc.

Definition 33 A distribution function F' is a function F : R — R nondecreasing and right contin-
uous,i.e.,
r<y=F(z) < F(y) and lim+ F(z) = F(a).
Theorem 34 Let F be a distribution function. Then, there exists a unique (o-finite) measure pp
on B(R) such that
pr((a,b]) :=F(b) — F(a), —oco<a<b<oo.

Conversely, if p is a Lebesgue-Stieltjes measure on (R, B(R)) then there exists a distribution function
F such that p = pp. F is unique up to an additive constant.

Example 35 If we take F(x) = x we get the Lebesque measure \.

The previous theorem just states that to determine a Lebesgue-Stieltjes measure on R we only
need to provide a distribution function, which is a considerably simpler object than a set function.
A similar theory also holds for (R?, B(R?)) but the conditions on F are more involved.

3.4 Properties Almost Everywhere "a.e." and Completeness

Definition 36 Let (E,E,u) be a measure space and suppose that some property hold at all point
of B € £ where u(B€) = 0. Then, this property is said to hold almost everywhere (abbreviated a.e.
or p-a.e.). The set B¢ is called the exceptional set for that property. If u(E) = 1, we say that the
property holds almost surely (abbreviated a.s. or u-a.s.).

For example, if f is a function on E the statement f > 0, a.e. means that there is a set
B € &, u(B°) = 0, such that f(z) > 0 for all z € B. Note that the set where f(z) < 0 is to be a
subset of B¢, but this set does not need to be the whole B¢. The precise set where the property does
not hold is not necessarily measurable unless, of course, i is a complete measure.

One often has several properties withe each hold a.e. and it is desired to say that they hold
a.e. as a group. This is, one seeks one exceptional set, rather than several. This is clearly possible
for finite or countable infinite set of properties since countably many zero sets can be combined to
get a zero measure set. This of course cannot be done in general if there are uncountably many
conditions.

Next, suppose that f = g, a.e.. Suppose f is known to be measurable. It is then not necessarily
true that g is measurable. However, we have the following result.

Theorem 37 Let (E,E, 1) be a measure space, and f,g functions defined on E. If f is measurable
and p is complete, and f = g, a.e., then g is measurable.
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Pursuing this line a little further, suppose that (F, &, ) is a measure space and i is the completion
of i, on the completed o-algebra €. Suppose that f is £-measurable. Then, it can be shown that
there is an £-measurable function g such that f = g, p-a.e.

Finally, note the important notion of convergence a.e.. Specifically "f, — f, a.e." means that
fa(x) = f(x) for all z € A, where A € &, u(A°) = 0. This does not necessarily imply that f is
measurable, even though the function lim,,_,« f,(z) is a measurable function if all f,, are measurable
functions. Of course, f is measurable if y is complete. From the previous discussion though, we
have that we always can choose a measurable version of f, that is, we can choose g measurable such
that f =g, a.e..

In integration theory, many hypothesis can be relaxed to hold only a.e. because it does not
matter how the functions are defined in sets of measure 0. Sometimes we will not add the "a.e." to
economize the writing.

4 Integration Theory
Assume that we have a measure space (E, &, ).
Definition 38 Let f(z) = Y., a;lp,(x) be a nonnegative simple function defined on E, where

{B;}i=1,...n C & are disjoint and E = UBi' Then, the integral of f with respect to p is
i=1

n
/ fdp = Z a;p(B;).
E i=1
Definition 39 Let f a nonnegative measurable function. The integral of f with respect to p is

defined to be
[ fan=tim_ [ .an
E n—oo E

where { fn}n>1 is the sequence of measurable simple functions defined by

Slof Bl fla) <o, i=1,..,m2"

Note that f,,(x) is an increasing sequence that converges to f(x).

Definition 40 Let f be a measurable function. We say that the integral of f with respect to p exists
if [ fTdp < oo or [, f~du < oo and it is defined to be

/E fdu = /E frdu - [E fdp.

We say that f is integrable if fE fdu exists and it is finite and we say that f € LY(E, &, ).
Note that f is integrable if and only if fE |f]dup < oo.

Theorem 41 Let f, g be measurable functions such that f = g, a.e.. Then, if the integral of f exists
then the integral of g also exists and they coincide. In particular, if f is integrable then g is also
integrable.

From the previous theorem one deduces that f only need to be defined a.s. to consider its integral
with respect to p. That is, it may be a set N € £ with u(N) = 0 such that f is not defined on N.
Define g = f1ye + 01y. The function g is measurable and defined for all x € E. We can define, in
a consistent manner, the integral of f with respect to u by

/Efdu :=/Egdu-

Theorem 42 Let f,g € LY(E,&, ). We have that

6 Last updated: November 23, 2015



d dpu.
[ sanl < [ 1n1an
2. af +bg e LYE,&, 1) and

[t +ayin=a [ sau+s [ gin

/E fdu > /E gd.
/Efdu:[Egdw

5. If B €&, then flp is measurable and we may define

/deu:/Eledw

Moreover, if fB fdp =0 for all B € £ then f =0, a.e.

3. If f > g, a.e. then

4. If f =g, a.e. then

Definition 43 For p > 1, we define the space LP(E,E,u) = {f being (£, B(R))-measurable :
fE |fI” du < oo}, abbreviated by LP whenever is clear the underlying space of measure.

By the previous theorem, L? is a vector space. Moreover, in L” we can define a norm ||-||;, by

1/p
1l = ( /E Ifl”du) .

Theorem 44 The normed vector space (LP,|-||) is complete, i.e., every Cauchy sequence is conver-
gent to an element of LP. That means, if limy, y—o0 || fn — fml|» = O then there exist f € LP such
that limy, .o || fn — fll» = 0.

Theorem 45 L%(E,E, i) is also a Hilbert space with the inner product (f,g) := fE fodu.
The following results relate the operation of taking limits and integration.

Theorem 46 (Monotone convergence) Let {f,}n>1 be an a.e. increasing sequence of measur-
able functions such that

/fldu exists and/fld,u;é—oo.
E E

Then, the integrals of fn,n > 1 and lim, o fn(z) exist and

/ lim f,(x)du = lim/fnd,u.
En%m n—oo E

In particular, if lim, fE fndp < 400 then fn,n > 1 and lim,_ o, fr(x) are integrable.

The Monotone convergence theorem is usually applied when the sequence {f,}»>1, in addition
of being increasing, is also positive, i.e., f1 > 0, a.e.

Theorem 47 (Fatou’s lemma) Let {f,},>1 be a sequence of measurable functions such that

/Erlllgf1 fndy  exists and /E71L1§f1 fndu # —oc.
Then, the integrals of fn,n > 1 and liminf,, o, f,(x) exist and

/lim inf f(z)dp <lim inf /fndu.
E n—oo E

n—oo

In particular, if liminf,, fE frdp < 400 then liminf, o f(x) is integrable.
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Theorem 48 (Dominated convergence) Let {f,}n>1 be a sequence of measurable functions such
that | frn(z)| < g(x), a.e., where g is an integrable function. Then, f is integrable and

/ lim f,(x)du = lim/fnd,u.
En%m n—oo E

The following is a general change of variable formula.

Theorem 49 (Image measure Theorem) Let (E, &, 1) be a measure space, (F,F) a measurable
space, T : E — F a measurable transformation and f : F — R a measurable function. Then, the
integral of f as a function on (F,F,ur) exists if and only if the integral of f oT as a function on

(E,E, 1), and if this is the case
/fon,u:/ fdpp.
E F

In particular, f is integrable if and only f o T is integrable in their respective spaces.

The previous theorem is a powerful tool to compute integrals of functions defined on an arbitrary
measure space (E, &, ). The idea is to find an equivalent integral on (R, B(R), A). Assume that we
have a measurable function g defined on a measure space (E,&,n) and we want to compute its
integral with respect to p. Applying the image measure theorem with ' = ¢g and f = Id (the
identity function) we get that

/gd,u:/Idogdu:/lddug:/xug(dm).
E E R R

We end this section by stating some results comparing the Riemann and Lebesgue integral on
R. This is important because it will allow us to use the machinery of classical integral calculus to
compute Lebesgue integrals. The Lebesgue integral is an extension of the Riemann integral when
where are integrating over a bounded interval [a, b]. However, there are functions that are Riemann
integrable in the improper sense that are not Lebesgue integrable.

Theorem 50 (Lebesgue characterization of Riemann integrable functions) Let f be a bounded
real-valued function defined on a bounded interval [a,b]. Then, f is Riemann integrable iff the set

D ={z €la,b] : f is not continuous at x},

has Lebesgue measure zero. If this is the case, one can find a Borel measurable function g = f, A-a.s.
such that the Riemann integral of f coincides with the Lebesgue integral of g.

Theorem 51 Let f : [a,+00) — R be a Borel measurable function, where a € R. Suppose that
1. f is Riemman integrable on [a,b] for every b > a.
2. There exists a constant M such that ff |f(2)|de < M, for all b > a.

Then f and |f| are improper Riemann integrable on [a,b). Furthermore, f € L'([a, 00), B([a,0)), \)

and ~
/[HOO) fdx = / f(z)da.

5 The Radon-Nykodim Theorem

Definition 52 Let (E,&, 1) be a space of measure. Let f : & — Ry be a measurable function. We
define on € the measure

V(B)Z/deu ::/ElEfd,u, BeE&.

We say that f is the density of v with respect to p and it is written f = Z—Z. We also say that f is
the Radon-Nikodym derivative of v with respect to p.
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Definition 53 Let u and v be two measures on a measurable space (E,E). We say that v is absolutely
continuous with respect to u if and only if

VBeé&, ulA)=0=v(A)=0,
and we write v < p. If p K v and v < p we say that the two measures are equivalent and we write
1L~ L.

Theorem 54 (Radon-Nikodym) Let u and v be two measures on a measurable space (E,E) and
w being o-finite. Then, the following statements are equivalent:

1. v <.

2. There exists a measurable function f: E — Ry such that f = %-

Proposition 55 Let (E,E, 1) be a space of measure. Let v < p with density f = (di—”. Letg: E— R
measurable. Then the integral of g with respect to v exists if and only if the integral of gf exists and,

if this is the case,
/ gdv = / gfdp.
E E

In particular, f is integrable with respect to v if and only if gf is integrable with respect to pu.

6 Measures on Product Spaces

Definition 56 Let {(E;,&;)}icr a family of measurable spaces. Let E := x E; the Cartesian product
iel

of the family {F;}icr. Let m; : E — E;,i € E;, the projection of E into its factors. We call the
product o-algebra of {&;}icr the o-algebra generated by {m;};cr and we will denote it by € = ® &;.
i€l
Equivalently, ® & = O’({W;l(Ai) A €8, G € I}) A set of the form w{l(Ai) is called a cylinder
iel

of base A;. (E,E) is called the measurable product space of {(E;,&;)}ier-
Observe that if (€, F) is another measurable space, then g : Q — FE is measurable iff Vi € I,
m; o f: Q — E; is measurable.

When we have finite product of measurable spaces the product o-algebra can be defined, equiv-
alently, in terms of rectangles.

Definition 57 Let (E, &) the measurable product space of {(E;, &) }iz1,...n. A measurable rectangle
is a subset of E of the form A; x --- x A, with A; € &;.

We have that the o-algebra generated by the measurable rectangles coincides with £.
We are interested in constructing measures on finite product spaces from measures on its factors.
The basic tool are the transition measures.

Definition 58 A transition measure from a measurable space (E1,E1) to a measurable space (Ea, Es)
1§ @ mapping
T: E]_ X 52 — R+,

such that

1. Ve, € Ey,7(e1,-) : E2 — Ry is a measure on (Eq,Es).

2. VAs € &, 7(-, As) : By — Ry is (€1, B(Ry))-measurable.
Definition 59 A family of measures {p;}icr on a measurable space (E,E) is uniformly o-finite
iff there exists a decomposition E = DA”’ with A, € &, and constants K,, € Ry such that

n=1

Vn e N,¥i € I, 1i(An) < K.
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Theorem 60 (Product measure) Let (E1,&1, 1) be a measure space with p being o-finite. Let
(E2,&2) be a measurable space. Let T : E1 X &5 — Ry be a transition measure such that the family
of measures {T(e1,")}e,cm, is uniformly o-finite. Then:

1. There exists an unique measure v on (Ey X Es,&E1 ® £3) such that

V(A x As) :/

N 7(e1, As)du :/ 7(e1, Az)p(dey).

Ay

2. If g: E1 x Ey — R is a function (F1 @ E2, B(R))-measurable and the integral of g with respect
to v exists, then the function

e1 — g(e1,ea)7(e1,des)
Es

is well defined p-a.e., it is measurable and its integral with respect to u exists and is equal to

[EleQ gdv = /E1 (/Ezg(el,ez)T(eladez)> p(der). (1)

Note that in the previous theorem we assume that the function g is integrable with respect to v.
A very useful result is the so called Tonelli-Hobson integrability criterion.

Theorem 61 (Tonelli-Hobson) Assume the same notation as in the product measure theorem.

Then, if g is (F1 ® E3, B(R))-measurable and

/El ([E Ig(el,ez)h(el,d@)) Wder) < 4o,

then g is integrable with respect to v and the formula (1) holds.

A particular important case is when 7(-, As) = 7(As) is a constant for every Ay € E. Then, the
product measure v is denoted by p ® 7 and

~/E1><E2 gdv = /151 (/Ez gler, eQ)T(dez)) w(der)
- /E ([E 9(61762)M(d61)> 7(dey),

whenever the function g is v-integrable (which can be checked using Tonelli-Hobson). This result is
known as Fubini’s Theorem.

The Product Measure and Tonelli-Hobson’s Theorems are easily extended to any finite product
of measurable spaces.
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