
Econ 4130        Exam 2020 H - POSTPONED 
 

ANSWERS 

 

Settet er inndelt i 9 deloppgaver, A,B,C,… som alle anbefales å telle likt for å gjøre 

det litt lettere å stå. Svar er gitt i <<< ….. >>>. 

 

Problem 1 

Let X be a continuous random variable (rv) that varies in the unit interval (0, 1) and has pdf 

(probability density function) 

 

 
for 0 1

( ) 1

0 otherwise

c
x

f x x


  

 
 

  

 

where c is a constant such that f is a proper pdf. 

 

A.   (i)  Show that 
1

ln 2
c   . 

 (ii) Sketch a graph of the pdf f. 

 (iii) Show that the cumulative distribution function (cdf) of X is  

   

  

0 for 0

( ) ln(1 ) for 0 1

1 for 1

x

F x c x x

x

  


    
   

  

 

 
<<< Answer: 

(i):   

1 1

0
0

1
1 ( ) | ln(1 ) ln 2 1.44...

1 ln 2

c
f x dx dx c x c c

x





       
  . 

(ii): 

 
(iii):     For 0, ( ) 0, and for 1, ( ) 1x P X x x P X x           .   
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For 
0

0

0 1, we have ( ) ( ) | ln(1 ) ln(1 )
1

x xc
x F x P X x du c u c x

u
           


 where  

1
1.44

ln 2
c   . 

>>> 

 
 

 

B. (i)   Find  ( )E X .         (ii) Find  var( )X . 

 

 (iii) Show that, for any real 0r  ,     
2 1

1
ln 2

r
r

E X
r

  
 

. 

 

  [Hint:  Note that    

   
1

1
1 1

x

x x
 

 
  

   
2 1

1
1 1

x
x

x x
  

 
      ] 

 

 
<<< Answer: 

(i):     

1 1

0 0

1
( ) ( ) 1 1 0.4427

1 1

x
E X xf x dx c dx c dx c

x x





 
       

  
     

(ii):     
1 12

2

0 0

1
1 1 1

1 1 2 2

x c c
E X c dx c x dx c

x x

 
          

  
    

    
22 2 2 7

3
var( ) ( ) 1 ( .1)

2
0

2
082

c
X E X E X c c c           

(iii):  
1 1 1

1

0
0 0

(1 ) 2 1 2 1
1 (1 ) |(1 )

1 ln 2

r r r
r r rx c

E X c dx c x dx x c
x r r r

          
     

>>> 

 
 

 

C. (i)   Let px  be the p-quantile (percentile) of X , defined by ( )pP X x p   for 0 1p 

.  Show that 2 1p

px    and calculate the median of X . 

 

 (ii)   Let  
1

ln(1 ) where
ln 2

Y c X c      .  Show that the rvY  is standard uniformly 

distributed (i.e., uniformly distributed over the unit interval (0,1) ). 

 
<<< Answer: 

(i):   ( ) ln(1 ) ln(1 ) ( ) ln 2p p pF x p c x p x p c p           

 
ln 21 2 2 1p p p

p px e x      . 
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 (Some candidates may simply calculate 

 ( 2 1) (2 1) ln 2 ln 2p p pP X F c pc p       , which should be accepted.) 

 The median is obtained for 0.5p  , giving 0.5 2 1 0.4241...x      

  

(ii): Since ln(1 ) ( )Y c X F X    , Y varies in (0,1) . For 0 1y  we have 

     ln 2( ) ln(1 ) ln 2 1 (2 1) ln 2

ln 2)

y y yP Y y P X y P X e F c

c y y

          

 
  

 

 The cdf ( ) for 0 1P Y y y y      , identifies the standard uniform distribution. 

>>> 

 
 

 

 

Problem 2 

A number of married women from a district in Guatemala, all born during the period 1935-44, 

were interviewed in 1969 and asked the age at which they were married. The data1 are given 

in grouped form in table 1.  

The ages at marriage (in completed years) are grouped in 2-years intervals, as indicated in the 

table, where the lower limit in each interval is inclusive and the upper limit exclusive. For 

example, the first interval, 9 – 11, comprises 5 women who had completed 9 or 10 years at 

marriage. The midpoint 10 of the first interval will be considered as an estimate of the true 

age at marriage for this age group. 

 

Table 1   Age at marriage (in completed years).  Sample size, 90n  women. 

 

Age interval 9 - 11 11 - 13 13- 15 15 - 17 17 - 19 19 - 21 21 - 23 

Midpoint, X 10 12 14 16 18 20 22 

Frequency 5 11 18 28 8 7 4 

                

Age interval 23 - 25 25 - 27 27 - 29 29 - 31 31 - 33 33 - 35   

Midpoint, X 24 26 28 30 32 34   

Frequency 5 2 0 1 0 1   

 

 

A. Assume that the frequencies in the table are observations of multinomially distributed 

rv’s,  

1 2 13 1 2 13, , , multinom( 90, , , , )V V V n p p p  ,  

where 
1 2 13 1 2 1390 1V V V p p p         , and where the categories are the 13 

age intervals in table 1. (Note that the first category, age group 9 – 11, is slightly 

                                                 
1 Data are taken from Hand, Daly, Lunn, McConway, and Ostrowski, «Handbook of Small Data Sets», 

Chapman and Hall, 1994. 
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misleading. It is valid for the data, but should comprise all ages less than 11 in the 

general multinomial setup.) 

(i) Explain briefly why 
1 2 3V V V V    is binomially distributed, bin(90, )V p , 

where 1 2 3p p p p    is the probability that a randomly chosen married woman 

from the population in question was married at age less than 15 years. 

(ii) Explain why  ˆ ˆ ˆand (1 )
V

p p p
n

     are consistent estimators for 

and (1 )p p p    respectively as n  . 

(iii) We want to test 
0 1: 0.25 against : 0.25H p H p    . Set up a suitable test statistic 

for this problem and calculate (approximately) the p-value of the test based on the 

data in table 1. If you need Slutsky’s lemma in your argument, explain how you 

use it. Comment briefly on the result. 

 [Hint:   You may use as a fact, without having to prove it, that 

ˆ
(0,1)

(1 )

D

n

p p
n Z N

p p 


 


,  where 

D

  means convergence in 

distribution, and Z is standard normally distributed.  ] 

 

 
<<< Answer: 

(i): Let jcat  denote category 1,2, ,13j  , and 
1 2 3 interval (9 -15)cat cat cat cat       . 

The conditions for the multinomial distribution (n independent trials and constant category 

probabilities) imply the corresponding conditions for the two-category experiment { , }cat cat , 

with 
1 2 3( )p P cat p p p    in each trial. 

(ii):     ˆ
V

p
n

  is consistent because of Chebushev’s inequality since 
(1 )

ˆvar( ) 0
n

p p
p

n 


  . 

ˆ ˆ(1 )p p  is consistent for (1 )p p  since the function (1 )x x  is continuous. 

 

(iii):  

ˆ
(0,1)

(1 )

D

n

p p
n Z N

p p 


 


 implies by Slutsky’s lemma that  

ˆ ˆ(1 )
(0,1)

ˆ ˆ ˆ ˆ(1 ) (1 ) (1 )

D

n

p pp p p p
n n Z N

p p p p p p 

 
    

  
 since 

(1 )
1

ˆ ˆ(1 )

p

n

p p

p p 





. The last 

holds because of (ii) and the fact that the function 
(1 )

(1 )

p p

x x




 is continuous.  

Hence 
ˆ

(0,1)
ˆ ˆ(1 )

D

n

p p
n Z N

p p 


 


, which implies that the test statistic, 

ˆ 0.25

ˆ ˆ(1 )

p
Z n

p p





 

is approximately (0,1)N   if  0,25p  , and tends to get larger if 0.25p  . So we reject 0H  

if Z  gets sufficiently large. 
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The observed value of p̂  is  
34

ˆ 0.3778
90

obsp     

The observed value of  Z  is 
ˆ 0.25

90 2.50...
ˆ ˆ(1 )

obs
obs

obs obs

p
Z

p p


 


, giving the p-value 

p-value = 0.25 0.25( ) ( 2.50) 1 0.9938 0.0062p obs pP Z Z P Z       .  

I.e., strong evidence in data that 0.25p  . 

 

>>> 

 

 

 

B. Let 
iX  be the midpoint in the age interval that is true for woman number i in the 

sample, 1,2, ,90i  . For simplicity we will now ignore the fact that
iX is only an 

approximation of the true age, and consider 
1 2 90, , ,X X X  as independent, identically 

distributed (iid), and continuous rv’s. In addition, we assume that
iX  is gamma 

distributed with shape, 0   and known scale, 1    (in short:  ( ,1)iX   ). 

(i) Explain briefly why  ( ) var( )i iE X X   . 

(ii) Show that the ordinary least squares estimator (OLS) of   is the same as the 

moment method estimator (mme), 
1

1 n

i

i

X X
n




   , (where 90n   ), in this case. 

[Hint:   Remember that the OLS estimator is obtained by 

minimizing    
2 2

1 1

( )
n n

i i i

i i

X E X X 
 

     with respect to  .] 

(iii) The observed value is 16.556obs obsX   . Use this and the central limit theorem 

(CLT) to derive and calculate an approximate 95% confidence interval (CI) for  . 

 

 
<<< Answer:     

(i):   It is shown in the lectures that 
2

( ) and var( )E X X
 

 
     for a general ( , )   

distribution. Since here 1  ,   ( ) var( )i iE X X   . 

(ii): Minimizing  
2

1

( )
n

i

i

G X 


  ,  we set the derivative equal to 0: 

  
1

'( ) 2 2 0
n

i

i

G X nX n  


         for X   , which is the minimizing value 

since ''( ) 0G n   . 



6 

 

(iii): The CLT gives that (0,1)
var( )

D

n
i

X X
n n Z N

X

 

 

 
   . Since, just as in section 

A, X   is consistent, Slutsky’s lemma implies (as in A) that 

(0,1)
D

n

X
n Z N



 


  . Since 90n   should be more than large enough for an 

acceptable approximation, we get 

 0.95 1.96 90 1.96 1.96 1.96
90 90

X
P P X X

  




  
            

   
  

 Observed: 

   
16.556

1.96 16.556 1.96 16.556
9

7
0 9

0.841 15.715, 17.39
0

obs

X
   

        
   

 

 

>>> 

 
 

 

 

C. We continue to assume that 
1 2 90, , , are iid and ( ,1)iX X X X       , as in B. 

(i) Write up the log-likelihood function you would use to find the maximum likelihood 

estimator (mle) for  . The maximizing value of the log likelihood function cannot 

be found analytically since it depends on the digamma function,  , defined by 

ln ( ) '( )
( )

( )

 
 

 

  
 

 
,  but must be determined numerically. It can be proven 

that ( )   is strictly increasing for all 0  . 

 

 Give a rough estimate of the mle, ̂ , using figure 1 and the observed value of the 

mean of ln( ), for 1,2, ,90iX i   , which is 2.79. 

   [Hint:  Find first the derivative of the log likelihood with respect to  .] 

 

Figure 1    The di- and trigamma functions. 
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(ii)     Show that the Fisher information for one observation is given by ( ) '( )I     

(i.e., the trigamma function, defined as the derivative of the digamma function and can 

be proven to be continuous). 

(iii) Derive an approximate 95% CI for   based on the mle, ̂ . Calculate the 

interval using the (rough) estimate for ˆ
obs  you found in (i). If you need ˆ'( )obs  , use 

figure 1 to find a rough estimate. 

 

 
<<< Answer: 

(i):   The joint pdf of 
1 2 90, , ,X X X is for 90n   

11 1

1 2 1 2

1

1 1
( , , , | ) ( )

( ) ( )

n

i

i i

n x
x

n i nn
i

f x x x x e x x x e 
 




 



 
  

  
 . Replacing 

, 1,2, ,jx j n   by data, gives the log likelihood 

1 1

( ) ln ( ) ( 1) ln
n n

i i

i i

l n a x x 
 

         

The mle ̂  is found by setting '( ) 0l   : 

 
1

ˆ'( ) ln ( ) ln ( ) ln 0 for
n

i obs

i

l n x n n x     
 


          


 , giving ˆ( ) ln X   .  

(The solution is unique since   is increasing, and is maximizing since 

'( ) 0 for and 0 forobs obsl              ). 

Hence,  ˆ( ) 2.79obs    giving from fig. 1, ˆ 16.6 or 16.7obs      (about). 

 

(ii): We have (for one observation),  ln ( | ) ln ( ) ( 1) lnf x x x         
2

2
ln ( ) ln and ln '( )f x f   

 

 
      

 
. 
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Hence, the Fisher information for one observation,  
2

2
( ) ln ( | ) '( )I E f X   



 
   

 
.  

(i.e., the trigamma function). 

 

(iii): According to mle-theory, ̂  is consistent and

ˆ ˆ( )( ) '( )( ) (0,1)
D

n
nI n Z N      


     .  

Since '( )   is continuous, using Slutsky’s lemma as before, this implies that 

ˆ ˆ'( )( ) (0,1)
D

n
n Z N   


   , leading as in B(iii), to the approximate 95% CI for  : 

 
1

ˆ 1.96
ˆ90 '( )


 

 
 

 
 

Hence, we need ˆ'( )obs  , which, according to fig. 1 is about 0.062. Using this, and 

ˆ 16.7obs  , we get the observed CI:  

     
1 1

ˆ 1.96 16.7 1.96 16.7 0.830 15.9, 17.515.870, 17.530
ˆ90 '( ) 90 0.062

obs


 

   
          

 





 
 

  (or,  if ˆ 16.6obs  ,  

     
1

ˆ 1.96 16.6 0 41.830 15 5.8, 17.
ˆ90 '(

.770, 17
)

.430

obs


 

 
     

 
  

 

>>> 

 

 

D. (i)    In our gamma model we have assumed that the scale parameter,  , is 1. To see if 

there is any evidence against this assumption in the data, we now estimate the full 

gamma model, assuming 
1 2 90, , , are iid with ( , )iX X X X        , where 0, 0    . 

 Estimating ,   by the maximum likelihood method and using Stata, gave the 

following output: 

 

Table 2.    Stata output from ml  estimation of full gamma model for the grouped data. 

Maximum likelihood estimation 

 

Log likelihood = -253.48007                     Number of obs     =         90 

 

------------------------------------------------------------------------------ 

             |      Coef.   Std. Err.      z    P>|z|     [95% Conf. Interval] 

-------------+---------------------------------------------------------------- 

      /alpha |   16.05893   2.369476     6.78   0.000     11.41484    20.70302 

     /lambda |   .9700024   .1453792     6.67   0.000     .6850643     1.25494 
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 Test 
0 1: 1 against : 1H H      based on the output information in table 2.  Calculate 

the p-value approximately and comment on the result. 

 

 (ii) Another way to test the model formulated in section B, is to let the model be 

our 0H , and test it by a Pearson chi-square test. The background model is the 

multinomial model used in section A, however after combining some age groups due to 

the presence of age groups with too few observations. The category probabilities under 

0H are structured according to the gamma model in section B.  The results of doing all 

this are given in table 3 below. 

 

 

 

 

 Table 3     The underlying data for the Pearson chi-square statistic, where jO  

represents the observed frequency, and jE  the expected frequency under 0H . 

 

j Category jO  
Probability 

under 0H  jE  

2( )j j

j

O E

E


 

1 < 11 5 0.071 6.349 0.29 

2 11 - 13 11 0.124 11.167 0.00 

3 13- 15 18 0.183 16.486 0.14 

4 15 - 17 28 0.198 17.819 5.82 

5 17 - 19 8 0.168 15.135 3.36 

6 19 - 21 7 0.118 10.614 1.23 

7 21 -25 9 0.108 9.729 0.05 

8    25 4 0.030 2.702 0.62 

 Sum 90 1 90 11.52 

 

 Perform the Pearson chi-square test for the model in section B, using the level of 

significance 5%, and comment briefly on the result. 

 

 
<<< Answer: 

(i): The test statistic for testing 
0 1: 1 against : 1H H     , is 

ˆ 1

ˆse( )
Z






  , which, 

according to ml-theory, is approximately (0,1)N   if 1  . The observed value is 

.9700024 1

.1
.2

4537 2
0. .

9
1.obsZ  


  , giving p-value approximately 

 P-value = 
Rice table

1 1(| | 0.21) 2 ( 0.21) 2(1 0.5832) 0.83...P Z P Z 



         

 High p-value indicates no evidence against assuming 1  . 
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(ii): The Pearson test statistic is 

2

1

( )k
j j

j j

O E
Q

E


 , where k = number of categories. Q is 

approximately chi-square distributed with 1df k r   , where 1r   is the number of 

estimated parameters under 0H . Hence, 8 1 1 6df     . Using the level of 

significance 5%, we reject 0H  if Q is larger than the 95% percentile in the 2

6  

distribution, which is 12.59 according to the Rice table. Since 11.52obsQ  , we do not 

reject 0H  on the 5% level of significance. However, close to rejection. The p-value is 

probably close to 5%, so the gamma model may be somewhat doubtful. In particular, 

the age group 15-17 seems somewhat over-frequent in the data (and, maybe, the age 

group 17 -19 somewhat under-frequent). 

 

>>> 

 

 

 

 

 

E. (i)     Write  
1

1
ln ln

n

i

i

X X
n 

  , where 90n  . Explain why the mle, ̂ , is 

completely determined by ln X  from the data. 

 

 (ii) Introduction.   Another weakness of the model in B is the grouping. 
iX  is not 

the true age at marriage for woman i. Let 
iY  be the true age at marriage for woman 

, 1,2, ,90i i  , and write 
1

1
ln ln

n

i

i

Y Y
n 

  . Because of (i), we may assess the effect of 

grouping by comparing ln and lnX Y   .  The age intervals in table 1 are not equal on 

the logarithmic scale, but the largest interval is the first one, ( ln9, ln11 ), that has length 

about 0.2. A simplified model for the relation between andi iY X   is by postulating 

ln lni i iY X U   where 
1 2, , , nU U U  are iid and uniformly distributed over the interval 

( 0.1, 0.1)    (i.e.,  unif ( 0.1, 0.1)iU   ).  

Note that this simplified model will tend to overestimate the difference between 

ln and lnX Y   somewhat since all of the age intervals (except the first one) are shorter 

than 0.2 on the logarithmic scale. 

 Question:    Show that 
1

var( )
300

iU  ,     and that  ln lnY X U  , where 

1

1 n

i

i

U U
n 

  .   
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 (iii)     Based on the approximate normal distribution of U , determine a constant c 

such that    ln ln | | 0.95P Y X c P U c     .  

 

 
<<< Answer: 

(i): According to section C, the mle ̂ , is determined by the equation, ˆ( ) ln X    which 

implies that ̂ is completely determined by ln X . 

(ii): The standard uniform distribution over (0, 1) has expectation 0.5 and variance 1/12. If 

unif ( , )U a b  then 
0.1

unif (0,1) unif (0,1)
0.2

U a U
V

b a

 
   


 for 

unif ( 0.1, 0.1)U     Hence, 0.2 0.1U V    has expectation, ( ) 0E U   and variance, 

1 1 1
var( ) 0.04 0.01

12 3 300
U    . 

 
1 1 1

ln ln ln ln ln ln ln ln
n n n

i i i i i i

i i i

Y X U Y X U Y X U Y X U
  

              

 We have 
var( ) 1

( ) 0 and var( )
90 27000

iU
E U U     .  

Hence, due to the CLT,   
approximately approximately1

0, and 27000 0,
27000

U N U N
 

     
 

, 

implying  

 

   

 

0.95 1.96 27000 1.96 27000 | | 1.96

1.96
| | | | 0.012..

27000

P U P U

P U P U

        

 
    

 

  

>>> 

 

 

 

 

 

 

F. (i) Let, as in B,  ( ,1)X   .  Show that the moment generating function (mgf) of 

ln X  is ln

( )
( ) for

( )
X

t
M t t






 
    


. 

   [Hint.  Note that lnt X te X .] 

 

 (ii) Show that  ln ( )E X    and    var ln '( )X   , where and '    are the 

digamma and trigamma functions respectively. 
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<<< Answer: 

(i): The mgf of ln X  is by definition,    ln

ln ( ) t X t

XM t E e E X  . In the lectures we 

derived  
( )

for any real
( )

r

r

r
E Y r




 

 
      


 when  ( , )Y    distributed. 

 Hence, when ( ,1)X  ,  
( )

valid for
( )

t t
E X t






 
     


.  

Therefore, ln

( )
( )

( )
X

t
M t





 



 holds in an interval that has 0 as an inner point, implying 

that all moments of ln X  exist. 

 

(ii): We have ln

( ) 1 '( )
' ( ) ( )

( ) ( ) ( )
X

t t
M t t

t t

 


  

     
     
    

 and similarly 

2

ln 2

1 ''( )
'' ( ) ( )

( ) ( )
X

t
M t t

t




 

  
    
  

. 

 Therefore,    ln

'( )
ln ' (0) ( )

( )
XE X M


 




  


. 

  
2

ln

''( )
ln '' (0)

( )
XE X M





   
  

 .  Differentiating 
'( )

( )
( )


 







 , we get 

 
 

22

2

ln2

( ) ''( ) '( ) ''( ) '( )
'( ) '' (0) ( )

( ) ( ) ( )
XM

    
   

  

      
      

   
  

  

  
2 2

lnln '' (0) '( ) ( )XE X M        
 

 and 

    
22 2 2var(ln ) ln (ln ) '( ) ( ) ( ) '( )X E X E X              

 
  

>>> 

 

 


