
Solution to the take home exam for ECON 3150/4150

Jia Zhiyang and Jo Thori Lind

April 2004

General comments

Most of the copies we got were quite good, and it seems most of you have done a real

effort on the problem set. We will first give some general comments on common mistakes and

misunderstandings, and then present solutions to problems 2 and 3. Particularly problem 3

is very much a discussion question, so there is no such thing as a correct answer. But the

suggested solution attempts to include most required elements. There are also other ways of

tackling the problem that are equally satisfactory. We have not included a solution to problem

1 as it is very much explained in the book.

• Some of you don’t discuss your results. You should always try to add a line or two of

comments after a test, and when you get a regression try to discuss the main results a

bit.

• There is some confusion about the requirements for OLS to be unbiased. When the

regressors are non-stochastic, all that is needed is that the true model is linear, and that

the residual has expectation zero. Assumptions on the variance and covariance are only

necessary to derive variances of the estimators and for BLUE to hold.

• Some of you hardly define what BLUE is. Remember to answer the question!

• In problem 2, it is sometimes hard to follow what you do. Try to add some words to

motivate what you’re trying to do.

• In problem 3, when asked to set up an econometric model, this includes stating assump-

tions on the residual.

1



• Some of you are tempted to use the central limit theorem as we have a lot of observations.

This is nice. However, the CLT does not say that each residual becomes normal when

N is large. However, even if each residual is non-normal but with identical distribution,

the estimators for the parameters, which in a sense are averages of the residuals, become

normally distributed.

• When testing whether two regression coefficients are different, there are three approaches.

One is to find the covariance between the estimates (NB not between the variables) and

construct a standard t-test. The second is to rephrase the regression as we do in the

solution of problem 3 below. The last is to use an F-test and comparing RRSR and

RSSU .



Problem 2 (answers in bold) 
     Suppose we are interested in estimating the following regression model: 
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So instead, we can only estimate the following model: 
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Denote the OLS estimates of 1β  obtained from regression (2) by 1̂β  

Denote the OLS estimator of 1α  obtained from regression (1) by 1α̂ . 
 

Question 1. Clarify the connections between the regressions (1) and (2). Is 1̂β  an unbiased 
estimator of  1α ? 
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            So (2) also satisfy the assumption for OLS. 
 
 Using the OLS formula, we have  
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Question 2. Calculate the variances of 1α̂  and 1̂β . Which estimator of 1α  do you prefer. 
Explain the reason for your choice 
 
Similar to above: we have  
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One thing to note here is the double summation 
1

N

ig
g i

X
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∑∑ . The outer ( subscript g) 

summation is over different groups, the inner summation (subscript i) is over the 
observations within the same group.  You can think it as summing over the following table 
row by row: 
 

 First individual of 
the group (i=1)  

 Last individual of 
the group (i=N) 

Group 1 (g=1) 
11X X−   1NX X−  

Group 2 (g=2) 
12X X−   2NX X−  

    
Last group (g=G) 

1GX X−   NGX X−  

 
     Easy to show that 1α̂  is unbiased estimator of 1α . And the variance of 1α̂  is  
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Since both 1α̂  and 1̂β  is unbiased, we will choose the one with smaller variance.  

Compare the formulae for variance of 1α̂  and 1̂β  , we see that  
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Note that in the last step we use that fact that *( ig g
i
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which proves that 1 1̂ˆvar( ) var( )α β≤ . 
 
 

Question 3. Will you change your conclusion if you are informed that the regressor X is constant 
within each group but varies between groups i.e. Xig=Xjg .  
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instead of individual data. 
 
 



Problem 3

a)

Consider the model

wi = α + β log yi + εi, i = 1, . . . , N

where w is the expenditure share on rice, y total consumer expenditure, and εi a random error

term. I will assume that

1. εi ∼ N (0, σ2)

2. cov (εi, εj) = 0, i 6= j.

3. yi is non-stochastic

This will give me an econometric model where OLS is unbiased and BLUE, and where the

usual formulae give correct expressions for the variances. Notice that assumption 1) implies

that εi both has expectation zero and a constant variance. Using the supplied data, I estimated

this model. The results are as follows:

Coefficient Std.Error t-value t-prob Part.R^2

Constant 0.621327 0.02643 23.5 0.000 0.1976

Ltotexp -0.0467862 0.002671 -17.5 0.000 0.1202

sigma 0.0853342 RSS 16.3479079

R^2 0.120198 F(1,2245) = 306.7 [0.000]**

log-likelihood 2342.92 DW 1.15

no. of observations 2247 no. of parameters 2

mean(w_rice) 0.15961 var(w_rice) 0.00826941

This shows that there is a negative relationship between log of total expenditure and the

budget share on rice. A one percentage increase in income gives a 0.00047 increase in the

budget share on rice. The t-value of -17.5 shows that this is a strongly significant result that

and we would reject the null hypothesis of no relationship between total expenditure and the

budget share on rice at all usual levels of significance. The R2 of 0.12 is relatively low, so there



is a great deal of variation that is not explained by expenditure. As this is household micro

data, it is not unusual to get relative low values of R2 though.

b)

An Engel curve gives the relationship between total expenditure and expenditure on a given

good. If we let x denote expenditure on rice, the Working-Leser specification gives rise to an

Engle curve of the form

x = αy + βy log y

Plugging in the estimates from the estimation, we get a curve as shown on the next page.

Each data point is also shown to give an impression of the fit of the model.

This gives an increasing but concave curve. At very high incomes it starts to decrease, but

almost no households are on this part of the curve. This shows that rice is a normal non-luxury

good (for the very rich, it is an inferior good).

c)

We first construct a variable hhsize that gives the number of person living in the household.

Let us assume that the same assumptions that under a) applies. We include this new variable

in the regression, which yield the following output:

Coefficient Std.Error t-value t-prob Part.R^2

Constant 0.807435 0.02998 26.9 0.000 0.2443

Ltotexp -0.0709291 0.003284 -21.6 0.000 0.1721

hhsize 0.00810677 0.0006776 12.0 0.000 0.0600

sigma 0.0827546 RSS 15.3676246

R^2 0.172955 F(2,2244) = 234.6 [0.000]**

log-likelihood 2412.39 DW 1.05

no. of observations 2247 no. of parameters 3

mean(w_rice) 0.15961 var(w_rice) 0.00826941

We notice that household size has a positive and significant impact on the budget share

for food. An additional person in the household is estimated to imply a 0.0081 increase in the

budget share on rice. This is to some extent evidence that large households are more costly
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Engel curve showing the relationship between total consumer expenditure and expenditure on rice. 



to run than smaller households. Also, the coefficient on expenditure is now larger. This is

probably due to multicollinearity as it is natural to assume that larger households also have

larger expenditures. Finally, the fit of the model as measured by the R2 increases substantially.

It seems plausible that children and adults have different needs and hence different impacts on

rice consumption. To see whether this is the case, we separate hhsize into adults and children.

The new estimates are as follows:

Coefficient Std.Error t-value t-prob Part.R^2

Constant 0.783118 0.03074 25.5 0.000 0.2244

Ltotexp -0.0679856 0.003388 -20.1 0.000 0.1522

adults 0.00529134 0.001066 4.96 0.000 0.0109

children 0.0103755 0.0009480 10.9 0.000 0.0507

sigma 0.0825589 RSS 15.2882217

R^2 0.177228 F(3,2243) = 161 [0.000]**

log-likelihood 2418.21 DW 1.05

no. of observations 2247 no. of parameters 4

mean(w_rice) 0.15961 var(w_rice) 0.00826941

We notice that the budget share on rice is affected twice as much but an additional child as

by an additional adult. To test whether this difference is significant, notice that we can write

the relationship as

w = α + β log y + γ1children + γ2adults

The null hypothesis is γ1=γ2, which we test versus the alternative of γ1 6= γ2. Under the

null, we can write the model as

w = α + β log y + γ1 (children+adults)

Noticing that children+adults=hhsize, a convenient way to test the hypothesis is to include

hhsize and children (or adults) as explanatory variables. Under the null, the coefficient on

children should be zero, so the test of γ1=γ2 reduces to a simple test of one coefficient being

significantly different from zero. The model we then estimate is

w = α + β log y + κhhsize + δchildren



We want to test H0: δ = 0 vs. HA: δ 6= 0. As we have assumed the residual to be normally

distributed, we know that

δ̂ ∼ N (δ, seδ) .

As we have to estimate the variance of the residual, it follows that under the null hypothesis,

T =
δ̂

seδ

∼ t (2247− 4)

We chose a 5% level of significance. We then reject the null hypothesis if |T |>1,96 (using 8

degrees of freedom to approximate 2243). The regression results are shown below:

Coefficient Std.Error t-value t-prob Part.R^2

Constant 0.783118 0.03074 25.5 0.000 0.2244

Ltotexp -0.0679856 0.003388 -20.1 0.000 0.1522

children 0.00508417 0.001490 3.41 0.001 0.0052

hhsize 0.00529134 0.001066 4.96 0.000 0.0109

sigma 0.0825589 RSS 15.2882217

R^2 0.177228 F(3,2243) = 161 [0.000]**

log-likelihood 2418.21 DW 1.05

no. of observations 2247 no. of parameters 4

mean(w_rice) 0.15961 var(w_rice) 0.00826941

We find a value of the test statistic of T=3,41, which permits us to reject the null hypothesis

at the 5% level of significance. If the null were true, it would be a probability of 5% or less

of getting data that yields a test statistic of this magnitude or above. Hence we can conclude

that adults and children have significantly different impacts on the demand behaviour.

d)

We want to test whether there is discrimination among boys and girls. To do this, I will

first study the effect of females and males in the different age groups in the supplied data set.

I then have a model of the form

wi = α + β log yi +
∑

g

γgfemales in g +
∑

g

δgmales in g + εi



where there are g age groups and γg and δg are the coefficients on the number of females and

males in the group. This regression gives the following result:

Coefficient Std.Error t-value t-prob Part.R^2

Constant 0.787485 0.03094 25.5 0.000 0.2252

Ltotexp -0.0683012 0.003415 -20.0 0.000 0.1521

f0 -0.00142836 0.006746 -0.212 0.832 0.0000

f1t4 0.00975541 0.003087 3.16 0.002 0.0045

f5t9 0.0115218 0.002758 4.18 0.000 0.0078

f10t14 0.0109224 0.003242 3.37 0.001 0.0051

f15t19 0.0184637 0.003727 4.95 0.000 0.0109

f20t34 0.00983700 0.003888 2.53 0.011 0.0029

f35t49 0.0110866 0.004614 2.40 0.016 0.0026

f50t 0.00827540 0.003948 2.10 0.036 0.0020

m0 0.000730149 0.006350 0.115 0.908 0.0000

m1t4 0.00547326 0.003168 1.73 0.084 0.0013

m5t9 0.0156590 0.002556 6.13 0.000 0.0166

m10t14 0.00994067 0.002887 3.44 0.001 0.0053

m15t19 0.00683290 0.003379 2.02 0.043 0.0018

m20t34 0.00166218 0.003067 0.542 0.588 0.0001

m35t49 -0.00402726 0.004281 -0.941 0.347 0.0004

m50t -0.00399325 0.003929 -1.02 0.310 0.0005

sigma 0.0822249 RSS 15.0701083

R^2 0.188966 F(17,2229) = 30.55 [0.000]**

log-likelihood 2434.36 DW 1.07

no. of observations 2247 no. of parameters 18

mean(w_rice) 0.15961 var(w_rice) 0.00826941

To test whether there are significant differences, notice that we can rewrite the model as

wi = α + β log yi +
∑

g

θgfemales in g +
∑

g

κgpersons in g + εi.



Under the null hypothesis of γg = δg, this model would give θg = 0, which we wish to test

against an alternative hypothesis of γg 6= δg. We can then run a regression with number of

females and total number of persons in each group, and the test of discrimination within this

group reduces to testing whether the coefficient on females is significantly different from zero.

This regression is given below:

Coefficient Std.Error t-value t-prob Part.R^2

Constant 0.787485 0.03094 25.5 0.000 0.2252

Ltotexp -0.0683012 0.003415 -20.0 0.000 0.1521

f0 -0.00215850 0.009058 -0.238 0.812 0.0000

f1t4 0.00428215 0.004023 1.06 0.287 0.0005

f5t9 -0.00413719 0.003526 -1.17 0.241 0.0006

f10t14 0.000981723 0.004079 0.241 0.810 0.0000

f15t19 0.0116308 0.004997 2.33 0.020 0.0024

f20t34 0.00817483 0.006120 1.34 0.182 0.0008

f35t49 0.0151138 0.007408 2.04 0.041 0.0019

f50t 0.0122687 0.006530 1.88 0.060 0.0016

c0 0.000730149 0.006350 0.115 0.908 0.0000

c1t4 0.00547326 0.003168 1.73 0.084 0.0013

c5t9 0.0156590 0.002556 6.13 0.000 0.0166

c10t14 0.00994067 0.002887 3.44 0.001 0.0053

c15t19 0.00683290 0.003379 2.02 0.043 0.0018

c20t34 0.00166218 0.003067 0.542 0.588 0.0001

c35t49 -0.00402726 0.004281 -0.941 0.347 0.0004

c50t -0.00399325 0.003929 -1.02 0.310 0.0005

sigma 0.0822249 RSS 15.0701083

R^2 0.188966 F(17,2229) = 30.55 [0.000]**

log-likelihood 2434.36 DW 1.07

no. of observations 2247 no. of parameters 18

mean(w_rice) 0.15961 var(w_rice) 0.00826941



The variables starting with c denotes the number of people in the actual group. We notice

that except for the groups 15 to 19 and 25 to 49, we cannot reject the null hypothesis of no

discrimination. Within these two groups, the coefficient on women is higher, so it seems they

get more food. To give an overall test of discrimination, we want to test a null hypothesis

H0 : γg = δg for all g vs. the alternative HA : γg 6= δg for at least one g. To test this

hypothesis, we consider a regression where the null is imposed, This is one where one the

number of persons in each group is included and the decomposition into sexes is excluded.

Such a regression is reported below:

Coefficient Std.Error t-value t-prob Part.R^2

Constant 0.790408 0.03085 25.6 0.000 0.2269

Ltotexp -0.0686765 0.003404 -20.2 0.000 0.1540

c0 0.000681309 0.004710 0.145 0.885 0.0000

c1t4 0.00808118 0.002329 3.47 0.001 0.0054

c5t9 0.0135706 0.001954 6.95 0.000 0.0211

c10t14 0.0107563 0.002274 4.73 0.000 0.0099

c15t19 0.0122906 0.002444 5.03 0.000 0.0112

c20t34 0.00521687 0.001637 3.19 0.001 0.0045

c35t49 0.00304999 0.002458 1.24 0.215 0.0007

c50t 0.00214420 0.002202 0.974 0.330 0.0004

sigma 0.082337 RSS 15.1654815

R^2 0.183833 F(9,2237) = 55.98 [0.000]**

log-likelihood 2427.27 DW 1.04

no. of observations 2247 no. of parameters 10

mean(w_rice) 0.15961 var(w_rice) 0.00826941

We know that given the assumptions of the model, under the null hypothesis, the test

statistic

F =
(RSSR −RSSU) /q

RSSU/N − k
∼ F (q, N − k)

where q is the number of restrictions, here 8, k the number of explanatory variables in the

unconstrained regression, here 18, and RSSR and RSSU the RSSs from the restricted and



unrestricted regressions. At the 5% level, we reject the null hypothesis if we observe F above

1,94 (using ∞ df in the denominator). Calculation yields

F =
(15.165− 15.070) /8

15.070/ (2247− 18)
= 1. 756 4

which is below the critical value. Hence we cannot reject the null hypothesis of no overall

discrimination.

e)

Instead of looking at the demand for rice, we now want to study the demand for adult

goods as this may give a cleaner view of the total expenses on kids. Otherwise, the analysis is

analogue to the one above. First, we study the effect of the number of females and males in

each age group on demand:

Coefficient Std.Error t-value t-prob Part.R^2

Constant 0.0552302 0.01557 3.55 0.000 0.0056

Ltotexp -0.00206169 0.001718 -1.20 0.230 0.0006

f0 0.00545893 0.003394 1.61 0.108 0.0012

f1t4 0.00329425 0.001553 2.12 0.034 0.0020

f5t9 0.000267386 0.001388 0.193 0.847 0.0000

f10t14 -0.00255529 0.001631 -1.57 0.117 0.0011

f15t19 -0.00154739 0.001875 -0.825 0.409 0.0003

f20t34 -0.00645517 0.001956 -3.30 0.001 0.0049

f35t49 -0.00350462 0.002321 -1.51 0.131 0.0010

f50t -0.00303517 0.001986 -1.53 0.127 0.0010

m0 0.00472204 0.003195 1.48 0.140 0.0010

m1t4 0.00185335 0.001594 1.16 0.245 0.0006

m5t9 0.000135143 0.001286 0.105 0.916 0.0000

m10t14 -0.00355437 0.001452 -2.45 0.014 0.0027

m15t19 -0.00193259 0.001700 -1.14 0.256 0.0006

m20t34 0.00122326 0.001543 0.793 0.428 0.0003

m35t49 0.00336106 0.002154 1.56 0.119 0.0011

m50t 0.000383065 0.001977 0.194 0.846 0.0000



sigma 0.041365 RSS 3.81396699

R^2 0.0205989 F(17,2229) = 2.758 [0.000]**

log-likelihood 3978.09 DW 1.71

no. of observations 2247 no. of parameters 18

mean(w_adult) 0.0297794 var(w_adult) 0.00173306

No clear pattern emerges. To test whether there are significant differences, again we replace

males by total number of persons in each group and look at whether the coefficient on females

are significant:

Coefficient Std.Error t-value t-prob Part.R^2

Constant 0.0552302 0.01557 3.55 0.000 0.0056

Ltotexp -0.00206169 0.001718 -1.20 0.230 0.0006

f0 0.000736884 0.004557 0.162 0.872 0.0000

f1t4 0.00144090 0.002024 0.712 0.477 0.0002

f5t9 0.000132243 0.001774 0.0745 0.941 0.0000

f10t14 0.000999089 0.002052 0.487 0.626 0.0001

f15t19 0.000385196 0.002514 0.153 0.878 0.0000

f20t34 -0.00767842 0.003079 -2.49 0.013 0.0028

f35t49 -0.00686568 0.003727 -1.84 0.066 0.0015

f50t -0.00341823 0.003285 -1.04 0.298 0.0005

c0 0.00472204 0.003195 1.48 0.140 0.0010

c1t4 0.00185335 0.001594 1.16 0.245 0.0006

c5t9 0.000135143 0.001286 0.105 0.916 0.0000

c10t14 -0.00355437 0.001452 -2.45 0.014 0.0027

c15t19 -0.00193259 0.001700 -1.14 0.256 0.0006

c20t34 0.00122326 0.001543 0.793 0.428 0.0003

c35t49 0.00336106 0.002154 1.56 0.119 0.0011

c50t 0.000383065 0.001977 0.194 0.846 0.0000

sigma 0.041365 RSS 3.81396699



R^2 0.0205989 F(17,2229) = 2.758 [0.000]**

log-likelihood 3978.09 DW 1.71

no. of observations 2247 no. of parameters 18

mean(w_adult) 0.0297794 var(w_adult) 0.00173306

Again, there are no significant differences for the children as the t-values on females are

below the critical value of 1,96 for all age groups except 20 to 34. However, there are some

signs of discrimination for adults, which may indicate that adult goods are mostly consumed by

men. To test the hypothesis of overall discrimination, I again run the constrained regression:

Coefficient Std.Error t-value t-prob Part.R^2

Constant 0.0545939 0.01550 3.52 0.000 0.0055

Ltotexp -0.00199830 0.001710 -1.17 0.243 0.0006

c0 0.00477361 0.002366 2.02 0.044 0.0018

c1t4 0.00211208 0.001170 1.81 0.071 0.0015

c5t9 7.90124e-005 0.0009816 0.0805 0.936 0.0000

c10t14 -0.00331729 0.001143 -2.90 0.004 0.0038

c15t19 -0.00141472 0.001228 -1.15 0.249 0.0006

c20t34 -0.00205560 0.0008222 -2.50 0.012 0.0028

c35t49 7.01083e-005 0.001235 0.0568 0.955 0.0000

c50t -0.00136113 0.001106 -1.23 0.219 0.0007

sigma 0.0413663 RSS 3.82789819

R^2 0.0170214 F(9,2237) = 4.304 [0.000]**

log-likelihood 3974 DW 1.7

no. of observations 2247 no. of parameters 10

mean(w_adult) 0.0297794 var(w_adult) 0.00173306

The F-test is exactly as above, and again I reject the null if I observe a statistic above 1,94.

Now I get

F =
(3.82789819− 3.81396699) /8

3.81396699/ (2247− 18)
= 1. 017 7,



which again is under the critical value. Hence we cannot reject the null hypothesis of no

discrimination.

h)

Finally, we want to study the effect of village size. I now go back to a simpler demographic

specification where I only have adults and children, and I also study the demand for rice. I get:

Coefficient Std.Error t-value t-prob Part.R^2

Constant 0.794506 0.03085 25.8 0.000 0.2283

Ltotexp -0.0680611 0.003380 -20.1 0.000 0.1532

children 0.0102474 0.0009465 10.8 0.000 0.0497

adults 0.00518096 0.001064 4.87 0.000 0.0105

vilsize -3.76673e-005 1.094e-005 -3.44 0.001 0.0053

sigma 0.08236 RSS 15.2078791

R^2 0.181552 F(4,2242) = 124.3 [0.000]**

log-likelihood 2424.13 DW 1.06

no. of observations 2247 no. of parameters 5

mean(w_rice) 0.15961 var(w_rice) 0.00826941

Village size is seen to have a numerically small impact, but the coefficient is significantly

different from zero as the t-value is -3.44. Hence people in larger villages tend to have a smaller

budget share on rice then people in smaller villages, other things equal.

It seems strange that village size in itself should have an impact on the demand for rice,

so the most plausible explanation is that village size is correlated with an omitted variable.

We could imagine several, for instance that in larger villages, the market structure could be

different, so prices differ or households demand other goods. It could also be that the linear

specification of log expenditure of adults and children is wrong. If village size is correlated with

say the square of number of children, and number of children has a non-linear effect on the

budget share for rice, this could explain the finding.


