
Lecture 1 Uncertainty and Risk

Content covered: sections 8.2-8.5.

1. MODELING PREFERENCE OVER UNCERTAIN ALTERNATIVES

Every microeconomics course deals with choice over alternatives. Most of the times these

alternatives are certain: e.g. 1 Kg of bananas vs 10 Nok. The focus is on choice among bundles

of goods. E.g which bundle of bananas-apples-oranges to pick, or which bundle of bananas-Nok.

Choice over different amounts of a single good is often not very interesting: the decision-maker

just prefers more of it.. Example: Introductory micro, budget set and indifference curves in

two-dimensional space: in this case focus is on bundles of 2 goods (e.g. apples-oranges).

In many cases we want to focus on the issue of choice among uncertain alternatives. Example:

a decision-maker (DM) wants to go to NYC, and she has 10.000 Nok in savings, two options:

• (a) ticket with no insurance for sickness, costs 3.500,

• (b) ticket with insurance for 4000.

We will only look at simplified setting in which she knows the true probability of getting sick,

say 10%. (the textbook is more general in section 8.2.)

If she buys the ticket the same day and she is healthy, the two tickets ensure the same outcome:

a trip to NYC. But if she buys it 90 days before, the problem is different: timing is crucial.

To think about her choice among these two alternatives, there are 2 equivalent approaches.

Which one is used depends on the context.

1) Choice among Prospects

We could capture uncertainty as the existence of states of the world:

• States of the world: set Ω := (ω1, .., ωN) (N-dimensional vector): healthy on the day of

the flight (ωH) / sick on the day of the flight (ωS), so Ω = (ωH , ωS),

Each state of the world happens with a given probability πn and
∑

n πn = 1.

A ticket can be described as a ordered list of outcomes, one for each state of the world. This is

called a prospect.
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• A prospect associates to each state of the world an outcome, P := (x1, .., xN). Outcome

xn: “what you end up with”. Outcomes can take many form, in our examples they are

bundles of money and trips. In particular you can think of 3 bundles:

(1) 6.500 Nok + 1 trip

(2) 6.000 Nok + 1 trip

(3) 6.500 Nok + 0 trip

I am assuming the DM is indifferent to flight now or later.

So the two prospects are:

• (a) Ticket a: ((6.500 Nok,1 trip),(6.500 Nok,0 trip)).

• (b) Ticket b: ((6.000 Nok,1 trip),(6.000 Nok,1 trip)).

The goal is to think of a ticket as a list of possible outcomes, each with its own probability. In

order to do that, it must be the case that in each state of the world, the outcome captures every

that matters for the DM. States of the world have no intrinsic value, all that matters for the

DM is the probability that a state happens. In order to ensure that this is the case, you have

to be careful about defining .. the outcomes!

Example of a wrong choice of outcome: if DM chooses ticket (a), she gets outcome “ticket non

refundable for a certain date”: how much does she value it at the time of traveling? It depends

if she is sick or not. The outcomes “6.500 Nok + 0 trip” “6.500 Nok + 1 trip” have the same

value whether on that particular day DM gets sick or not!

The prospects in our example assign a bundle of money + trips to each state of the world. If

there is no uncertainty it is easy to work with bundles (you do it from intro micro), but once

we introduce uncertainty, we will always (at least in this course) talk about outcomes that are

scalars. In our example, say in case of sickness the DM has to rebook and that costs her 5.000

NoK, so outcomes are:

(1) 6.500 Nok + 1 trip →6.500 Nok

(2) 6.000 Nok + 1 trip →6.000 Nok

(3) 6.500 Nok + 0 trip →6.500-5.000=1.500 Nok
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So the choice is over prospects:

• (a) Pa = (6.500, 1.500)

• (b) Pb = (6.000, 6.000)

2) Choice of Lotteries

The second approach is to focus on the possible outcomes “directly”. In our example the set

of possible outcomes is (x1, x2, x3) = (6.500, 1.500, 6.000). In this case, we can think of the

alternatives among which a decision maker can choose as lotteries

• A lottery is a list L = (π1, ..πM) with πm ≥ 0 for every m and
∑M

m=1 πm = 1, where πm

is interpreted as the probability of outcome m.

So our two tickets can be thought of as two lotteries:

a) La = (0.9, 0.1, 0)

b) Lb = (0, 0, 1)
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2. FROM PREFERENCES TO UTILITY

Primitive: preference over prospects or preference over lotteries (example: P ∗ � P ∗∗ means

that DM either prefers P ∗ to P ∗∗ or she is indifferent, L∗ � L∗∗ means that DM either prefers

L∗ to L∗∗or she is indifferent). Goal is to “represent” preferences, which are a primitive of the

problem, with a utility function.

A utility function over X, represents the decision maker preferences if for any x∗, x∗∗ ∈ X it is

the case that U(x∗) ≥ U(x∗∗) if and only if x∗ � x∗∗.

Theorem 8.1 (Expected Utility). If preferences over lotteries satisfy Axioms 8.4-8.6 then they

can be represented with the utility function:

U(L) :=
∑

m∈M πLmu(xm),

where (x1, .., xM) is the set of possible outcomes, L = (πL1 , π
L
2 , .., π

L
M) and u is a real-valued

function defined up to an increasing, affine transformation.

The last part means that if U(L) :=
∑

m∈M πmu(xm) represents the utility function, then also

U(L) :=
∑

m∈M πmû(xm) does, as long as û := a+ bu and b > 0.

Utility functions U(.) of this form are referred to as Von-Neuman Morgenstern Utility functions.

No general term used for u(.), but let’s stick to “cardinal utility function”, where cardinal reminds

that u(x) has no meaning per se, it is only there to compare alternatives.

We could have the same theorem if we think of our alternatives as prospects. In this case the

correct Von-Neumann Morgenstern Utility function has the form:

Ũ(P ) :=
∑

n∈N πnu(xPn ) where P = (xP1 , .., x
P
N) and (π1, .., πN) is the distribution of probabilities

over states of the world.

Check:

U(La) = Ũ(Pa): 0.9× u(6.500) + 0.1× u(1.500) = 0.9× u(6.500) + 0.1× u(1.500),

U(Lb) = Ũ(Pb) : 1× u(6.000) = 0.9× u(6.000) + 0.1× (6.000).

It is easy to prove that the same set of cardinal utility functions can be used to represent

preference over lotteries and preferences over prospects.

Let’s consider indifference curves.
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If we think in terms of prospects, the only general property is that at the 45 degrees line all

indifference curves have the same slope.

45 degrees = certainty. The slope is −πH
πS

as: indifference curve U = πsu(xs) + πHu(xH) and

taking derivative on both sides:

0 = πS
du(x)
dx
|x=xs dxSdxH

+ πH
du(x)
dx
|x=xh .

Along the 45 degrees line xS = xH , therefore:

0 = πS
du(x)
dx
|x=xs dxSdxH

+ πH
du(x)
dx
|x=xh → 0 = πS

dxS
dxH

+ πH → dxS
dxH

= −πH
πS

.

If we consider lotteries, then indifference curves are straight parallel lines, and the slope depends

on u(.) and the outcomes.
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3. ATTITUDE TO RISK

Captured in the cardinal utility function u(.).

For every lottery, the certain equivalent ξ is defined as the outcome that satisfies:

u(ξ) = E(u(x)).

In our example E(x) = 6.000 for both tickets. For ticket (a): u(ξ) = 0.1×u(1.500)+0.9×u(1.500)

ξ < E(x): decision-maker is risk-averse

ξ = E(x): decision-maker is risk-neutral

ξ > E(x): decision-maker is risk-loving

Risk-aversion corresponds to a concave cardinal utility function u(.).

Jensen’s Inequality:

For a real-valued, concave function φ and real numbers x1,..xQ: φ
(∑Q

i=1 aixi∑Q
i=1 ai

)
≥

∑Q
i=1 aiφ(xi)∑Q

i=1 ai
.

We only look at cases in which
∑Q

i=1 ai = 1, so the inequality becomes:

φ
(∑Q

i=1 aixi

)
≥
∑Q

i=1 aiφ(xi).

Also: risk-aversion corresponds to convex-to-the-origin indifference curves in the prospect-space.
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Let’s check that this property holds in our example. Convex-to-the-origin indifference curves in

the prospect-space↔ any combination of a risky prospect with its certain-equivalent is preferred

to both the certain equivalent and the risk prospect.

Consider ticket (a). In this case u(ξA) = .9× u(6.500) + .1× u(1.500).

Consider a mix with weight α on certain equivalent and with weight 1− α on (a).

So in case of healthy get: αξA + (1 − α)6.500. In case of sick get: αξA + (1 − α)1.500. So

expected utility is:

.9u(αξA + (1− α)6.500) + .1u(αξA + (1− α)1.500)

Risk aversion means u(.) is concave. By Jensen’s inequality, concavity of u(.) implies:

u(αξA + (1− α)6.500) > αu(ξA) + (1− α)u(6.500) and

u(αξA + (1− α)1.500) > αu(ξA) + (1− α)u(1.500)

So .9u(αξA + (1− α)6.500) + .1u(αξA + (1− α)1.500) >
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.9 (αu(ξA) + (1− α)u(6.500)) + .1 (αu(ξA) + (1− α)u(1.500)) =

= αu(ξA) + (1− α) (.9u(6.500) + .1u(1.500)) = u(ξA) = .9u(6.500) + .1u(1.500).


