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Arrow's impossibility result: framework, axioms, and proof

• Arrowian framework

� X is the set of all possible social states with |X| ≥ 3.

� The society consists of a �nite set of individuals N ≡ {1, ..., n} with
preferences Ri over X. Strict preference relation is Pi, indi�erence
relation is Ii.

� The n-tuple of preferences, a preference pro�le, is denoted by {Ri}.
� Social preferences are denoted by R. Strict social preference relation

is denoted P ; indi�erence relation is denoted I.

� The Arrowian problem is to de�ne the mapping f that assigns social
preferences for each preference pro�le, i.e. R = f ({Ri}). f is an
Arrowian social welfare function.

� R = f ({Ri}) does not mean that only preference information is to
be used: f can depend on many more arguments.

• Axioms

� Transitivity of R

� Completeness of R.

� Unrestricted Domain (U). The domain of the Arrowian social welfare
function f should include ALL conceivable preference pro�les {Ri};

� Weak Pareto (P). If all individuals prefer x to y, then also society
does.

� Nondictatorship (D). R cannot be such that x is preferred to y when-
ever xRjy and independently of the preference pro�le.

� Independence of Irrelevant Alternatives (I). R is such that xRy de-
pends only on individual preferences over x and y.

• Proof

� A subset of individuals G ⊆ N is decisive over {x,y}, denoted by
DG (x, y), if and only if xRjy for each j ∈ G implies that xRy. It is
decisive, denoted by DG, if it is decisive over each pair {x, y}.

� Lemma 1. (Field expansion lemma) DG (x, y) implies DG.

� Lemma 2. (Group contraction lemma) Assume DG for some G. If
G = G1

⋃
G2 with G1

⋂
G2 = ∅, then either DG1

or DG2
.
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� P ⇒ DN (x, y)⇒ DN ⇒ Dj .

• Exercise for the seminar:

� Each group of students is assigned one of the axioms (U, P, D, I,
transitivity of R, completeness of R). The task is to present to the
others: (i) the role of the selected axiom for establishing Arrow's
result; and (ii) discuss a social welfare function that satis�es all other
axioms except the one assigned.
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