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A two-period model

We are looking at a small open economy that exists for two periods. Output
in each period (Y1 and Y2) is given exogenously. A representative agent
maximizes utility

U = u(C1) + βu(C2)

where C1 and C2 are consumption levels and β is the discount factor. The
country can borrow and lend in world markets at an exogenous rate r. There
is no initial foreign assets, so the intertemporal budget constraint is

C1 +
C2

1 + r
= Y1 +

Y2
1 + r

1. Derive the first-order condition for optimum and interpret it.

2. Use the first-order condition to define the autarky interest rate.

3. Assume the following functional form of the utility function:

u(C) =
C1−1/σ

1 − 1/σ

Find an expression for optimal consumption in period 1 as a function
of income in the two periods and the world interest rate.

4. Assume Y2 = 0.

(a) Derive ∂C1/∂r and find a condition that makes sure the current
account is improving when the world interest rate goes up.

(b) Describe how C1 responds to changes in the interest rate in terms
of substitution and income effects.
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(c) What additional effect comes in (regarding period 1 consumption’s
response to a change in r) if we assume Y2 > 0?

5. Then assume that we introduce a government which can issue lump-
sum taxes. Let T1 and T2 denote taxes in period 1 and 2. Tax revenue
is raised to finance expenditure G1 and G2. Provided that the govern-
ment has access to the world credit market, the intertemporal budget
constraint of the government is

G1 +
G2

1 + r
= T1 +

T2
1 + r

(a) Continue to assume that the agent only gets utility from private
consumption. The agent now has Y1 − T1 and Y2 − T2 as her dis-
posable income in the two periods. Show that it is only spending
(G1 and G2), not the timing of taxes, that matters in the agent’s
updated optimization problem.

(b) Then assume that the agent does get some utility from public
consumption. The new utility function is

Ũ = u(C1) + v(G1) + β [u(C2) + v(G2)]

where u(C) is specified as before. Will the new utility function
change the agent’s optimal choice of private consumption?

6. Forget about the government. Now, let us assume that instead of
having exogenous output, it is a function of the capital stock. That
is,

Yt = F (Kt)

where K1 is given, while K2 = K1 + I1 with I1 as period 1 investment.
The updated intertemporal budget constraint can be written as

C1 +
C2

1 + r
= F (K1) +

F (K2)

1 + r
+
K1 − r(K2 −K1)

1 + r

(a) Maximize utility (for a general form of u(C)) subject to the new
intertemporal budget constraint. Give an interpretation of the
first-order conditions.

(b) The optimality condition for investment implicitly defines optimal
K2 as a function of the world interest rate r. Derive dK2/dr.

(c) Using the preceding answer, together with what we learned in
question 4, describe how the current account in period 1 is affected
by a change in r.
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An infinite horizon model

In this problem we consider an infinite horizon model with a representative
agent and perfect foresight. Each period, the agent must obey the following
budget constraint:

Cs +Bs+1 = Ys + (1 + r)Bs

1. Based on the fact that the budget constraint holds for every period
from t to t+ T , show that this implies

(1 + r)Bt =
t+T∑
s=t

(
1

1 + r

)s−t
(Cs − Ys) +

Bt+T+1

(1 + r)T

2. Explain the intuition behind

lim
T→∞

Bt+T+1

(1 + r)T
= 0

3. Impose this restriction and assume that Cs = cYs and Ys = (1 + g)sYt.

(a) Find the intertemporal budget constraint for this case (when g <
r).

(b) Imagine that keeping consumption at a fixed share c of output in-
deed is the optimal consumption-choice of a representative agent.
Is c above or below one?

(c) Assume g = 0. What does the time-profile of Bt look like for a
given value of c?

(d) Assume g > 0 (but also g < r). What does the time-profile look
like now?

4. Now assume (as in question 6 of the first problem) that output is a
function of the capital stock, Yt = AtF (Kt). The utility function is
specified as Ut =

∑∞
s=t β

s−tu(Cs). Use the period s budget constraint
to insert for Cs in the utility function.

(a) Find the first-order condition with respect to Kt+1 and Bt+1

(b) Suppose productivity is constant As = At for all s ≥ t and that,
by coincidence, β(1 + r) = 1. Describe the time-profiles of con-
sumption, investment and the current account (you can assume
that initial net foreign assets, Bt, are zero).
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(c) Sketch the effects on consumption, investment and the current
account from

i. An unexpected temporary increase in productivity in period
t+ 1 (that only lasts one period)

ii. A temporary increase in productivity in t+ 1 (that only lasts
one period) that becomes known at the beginning of period t

iii. An unexpected permanent increase in productivity
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