
Exercises to Seminar 2
ECON 4330

February 5, 2013

Since there is a lecture-free week, I made a longer problem than usual.
This problem set is too long for a single seminar, but I will upload a solution
guide for the part that I don’t have time to cover. Some of the questions are
easy if you use the book or your notes, so my best advice for you is to repeat
what you’ve learned the first 5 lectures before solving the problem set. Then
solve it as if it without using any books or notes (it’s like a mock exam).

Problem 1

Consider a two-period model for a small open economy. The representative
agent has utility function

U = u(C1) + βu(C2)

where the u(C) takes a typical CES-form:

u(C) =
C1−1/σ − 1

1− 1/σ

Output for the two periods, Y1 and Y2, is exogenously given, and there is a
fixed interest rate r. There are no foreign assets to begin with. The country
can borrow unlimited amounts on the world credit market.

1. Write down the lifetime budget constraint, and derive the first order
condition describing the optimal consumption path.

2. From now on, we will assume that the utility function is u(C) = log(C).
Show that the CES-function becomes log(C) when σ → 1.1

1Hint: Use L’Hopital’s rule, and be careful when you differentiate with respect to σ.
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3. Explain what the autarky real interest rate, rA, is. Use the first-order
condition to find rA as a function of the domestic growth rate g =
Y2/Y1 − 1 and the discount rate δ = 1/β − 1 when σ = 1.

4. Define the current account in period 1 as CA1 = Y1−C1. Keep the as-
sumptions from the previous question. Show how you can write CA1/Y1
as a function depending only on δ, rA and r. Interpret how the differ-
ence between rA and r affects the sign of CA1.

5. Then we want to move to general equilibrium. Imagine a country with
the same utility function, but different growth rate (denoted g∗), and
a different discount rate, δ∗. Assume that both countries have the
same level of output in period 1, Y1 = Y ∗1 . Impose the correct market
clearing condition and show how the equilibrium world interest rate is
a weighted average of the two autarky rates rA and rA∗. Give a short
interpretation.

Problem 2

Consider an OLG model for a small open economy. The young at time t
will choose consumption when young (cyt ) and old (cot+1) to maximize the
same utility function as what we used in Problem 1 (log utility). The young
at time t earn yyt while old earn yot . Income is exogenous, and there is no
investment. Population size is constant and all generations consist of one
person. There’s a government levying taxes on the young and old, τ yt and
τ ot , respectively. There is no government expenditure, so the government’s
budget constraint is

−(1 + r)Dt +
∞∑
s=t

(
1

1 + r

)s−t
[τ yt + τ ot ] = 0

where Dt is the inital government debt.
This problem will relate to a proposed tax reform. Initially, we imagine

that there were no taxes (τut = τ ot = 0 for all t). There are 3 different
proposals:

1. Set τ ys = ∆ > 0 and τ os = −∆ for s = 0, 1, 2, ...

2. Set τ ys = ∆ > 0 and τ 0s = −(1 + r)∆ for s = 0, 1, 2, ...

3. Set τ ys = ∆ > 0 and τ os+1 = −(1 + r)∆ for s = 0, 1, 2, ...
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Question: Give your evaluation of how these three reforms will affect (i)
lifetime income of young at time t, (ii) the government budget balance and
government debt at time t and onwards, (iii) the current account and net
foreign assets at time t and onwards. State also requirements for the initial
value of Dt for the reforms to be consistent with the government’s budget
constraint.

Problem 3

Imagine that in the winter of 2011, you were working as an advisor for the
finance ministry in Germany. Using the concepts debt overhang, debt Laffer
curve and debt buy-backs, provide a short and non-technical explanation for
why Greece’s future economic performance may be affected by its debt level,
and what argument(s) the German government could use to persuade the
creditors into accepting a voluntary debt write-down.

Problem 4

Before solving this problem, you will benefit from looking at Rødseth’s note
on Ramsey and Diamond type models (available on the course website).

We consider a representative agent model for a small open economy with
infinite horizon. She recieves exogenous income Yt = Y every period, and
can lend/borrow freely at the world market. World interest rate is fixed at
r. The agent maximizes utility

U0 =
∞∑
t=0

βtu(Ct)

subject to the budget constraint

Ct +Bt+1 = Y + (1 + r)Bt (1)

for all t, where Bt+1 are assets carried over from period t to t+1. We assume
that B0 = 0 (no assets to begin with).

1. Maximize utility subject to the constraint that (1) must hold for all
periods (ignore the transversality condition for now). Interpet the first-
order condition.

2. Assume that
u(C) = logC
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Use the first-order condition to express consumption in any period t as
an exponential function of c0 (i.e., you should find an equation of the
form ct = (1 + gc)

tc0).

3. Derive the intertemporal budget constraint under the no Ponzi-games
condition.

4. Combine the intertemporal budget constraint with your recursive equa-
tion for consumption levels. Solve for c0. What restrictions are needed
to make the sum converge?

5. Define the discount rate as 1 + ρ = 1/β. Explain how consumption
evolves over time when:

(a) ρ = r

(b) ρ > r

(c) ρ < r

6. Derive an expression for the country’s net foreign assets in any period
t as a function of the interest rate and Y − c0. How does assets evolve
in the three cases above?

7. The partial equilibrium analysis (holding r fixed) leads to some unre-
alistic results. Let the country we have dealt with so far be named
‘Home’. Then we introduce ‘Foreign’, which is an identical country, ex-
cept that its discount rate, ρ∗, might differ from that of home ρ. What
will happen (use intuition, no math) in the long run if ρ∗ < ρ?

Problem 5

Now consider the representative agent model with infinite horizon. The util-
ity function is

U = Et

{
∞∑
s=t

βs−tu(Cs)

}
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and the agent will maximize utility with respect to the following constraints:

Ys = AsF (Ks)

Ks+1 = Ks + Is

CAs = Ys − Cs − Is + rBs

Bs+1 = Bs + CAs

lim
T→∞

(
1

1 + r

)T
Bt+T+1 = 0

where r is the risk-free world interest rate. All other variables have the
standard meaning.

After deriving the first-order conditions, it is possible to find the following
condition for optimal investment in real capital:

Et {At+1F
′(Kt+1)} = r − covt

(
β(1 + r)u′(Ct+1)

u′(Ct)
, At+1F

′(Kt+1)

)
1. Interpret this condition, and contrast it to the perfect foresight/risk-

free case.

2. Then assume that output is exogenous (but random), so disregard the
investment decision. We know that the ordinary consumption Euler
equation will hold (in expectations). For s = t we have:

u′(Ct) = β(1 + r)Et {u′(Ct+1)}

Assume that the represenative agent is risk averse.Compared to the per-
fect foresight case where Yt+1 = EtYt+1, will the country have a higher
or lower autarky real interest rate when future output is uncertain?

Problem 6

Do problem 4.1 in O&R. (don’t look at their solution manual).

5


