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Real exchange rates

To introduce the real exchange rate we need more than our one homogeneous
good. We now introduce two sectors producing traded and non-traded goods.

1. Output in the two sectors are (subscripts T and N is for traded and
non-traded):

YT = ATK
γ
TL

1−γ
T (1)

YN = ANK
α
NL

1−α
N (2)

Firms problems:

max
KT ,LT

ATK
γ
TL

1−γ
T − wLT − rKT (3)

max
KN ,NT

pANK
α
NL

1−α
N − wLN − rKN (4)

(a) Find the first order conditions of the firms optimization problem
in the two sectors when capital can be rented at an international
market at price r and labor is mobile between sectors at home.
The price of the non-traded good is p. The traded good is nu-
meraire. Use capital intensities, kT = KT

LT
and kN = KN

LN
, in the

conditions.
Solution

γATk
γ−1
T = r

(1 − γ)ATk
γ
T = w

pαANk
α−1
N = r

p(1 − α)ANk
α
N = w

(5)
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(b) Solve for the wage rate in the traded sector. How does it depend
on the world interest rate?
Solution
Solve for kT from the first condition and insert in the second.

kT =

(
γAT
r

) 1
1−γ

w = (1 − γ)A
1

1−γ
T

(γ
r

) γ
1−γ

(6)

When the interest rate increase less capital is employed and we
reduce the productivity of labor so wages decrease.

(c) Solve for the price of the non-traded good, p.
Solution
Start by finding p from each of the two last conditions and equate
them to find kN . Then insert that capital intensity into one of the
expressions for p.

k1−αN

r

ANα
= p = k−αN

w

AN(1 − α)

kN =
w

r

α

1 − α

..

p =
r

ANα

(
w

r

α

1 − α

)1−α

..

p =
rα

ANα

(
α

1 − α

)1−α [
(1 − γ)A

1
1−γ
T

(γ
r

) γ
1−γ

]1−α
(7)

Let the real interest rate be defined as Q = EP ∗

P
and the price index

as P = (1)λp1−λ, where λ is the weight on traded good in the index.
Assume E = 1(Euro?) and P ∗ = 1

(d) Assume AT increases, perhaps following the country finding oil.
What happens to the real exchange rate Q and to the real wage
w
P

?
Solution
When answering the three next questions it’s convenient to have
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simpler expressions for the price and wage to work with.

p =
rα

ANα

(
α

1 − α

)1−α [
(1 − γ)A

1
1−γ
T

(γ
r

) γ
1−γ

]1−α
p =

1

AN
A

1−α
1−γ
T r

α−γ
1−γ

1

α

[
α

(1 − α)
(1 − γ)γ

γ
1−γ

]1−α
Introduce: B =

[
α

(1 − α)
(1 − γ)γ

γ
1−γ

]1−α
and we have: p =B

1

AN
A

1−α
1−γ
T r

γ−α
1−γ

(8)
Which means we have:

Q =

(
B

1

AN
A

1−α
1−γ
T r

α−γ
1−γ

)λ−1

w

P
= (1 − γ)γ

γ
1−γBλ−1A1−λ

N r
(α−γ)(λ−1)−γ

1−γ A
(1−α)(λ−1)+1

1−γ
T

(9)

And we can start answering the question:

∂Q

∂AT
=

(1 − α)(λ− 1)

1 − γ
A

(1−α)(λ−1)
1−γ −1

T

(
B

1

AN
r
α−γ
1−γ

)λ−1

< 0

∂ w
P

∂AT
=

(1 − α)(λ− 1) + 1

1 − γ
(1 − γ)γ

γ
1−γBλ−1A1−λ

N r
(α−γ)(λ−1)−γ

1−γ A
(1−α)(λ−1)+1

1−γ −1

T > 0

(10)
Q: Increased productivity in the traded sector will increase wages,
wages must be equal in both sectors. When wages increase prices
in the non-traded sector must increase to keep profitability. Higher
prices in the home country result in a lower real exchange rate, Q,
you give up less home goods to trade for foreign goods.
w
P

: Wages and prices increase, but as the price of foreign goods is
constant, the real wage increase.

(e) What happens to Q and w
P

when the productivity in the non-
traded sector increase?
Solution

∂Q

∂AN
=(1 − λ)A−λ

N

(
BA

1−α
1−γ
T r

α−γ
1−γ

)λ−1

> 0

∂ w
P

∂AN
=(1 − λ)A−λ

N (1 − γ)γ
γ

1−γBλ−1r
(α−γ)(λ−1)−γ

1−γ A
(1−α)(λ−1)+1

1−γ
T > 0

(11)
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Q: Increased productivity in the non-traded sector lower prices.
Lower prices at home increase the real exchange rate.
w
P

: Nothing happens to the nominal wage, but prices decrease, so
the real wage goes up.

(f) What happens to Q and w
P

when the interest rate increases? (No
clear answer, discuss)
Solution

∂Q

∂r
=

(α− γ)(λ− 1)

1 − γ
r

(α−γ)(λ−1)
1−γ −1

(
B

1

AN
A

1−α
1−γ
T

)λ−1

∂ w
P

∂r
=
α(λ− 1) − γλ

1 − γ
r

(α−γ)(λ−1)−γ
1−γ −1(1 − γ)γ

γ
1−γBλ−1A1−λ

N A
(1−α)(λ−1)+1

1−γ
T

(12)

Q: The derivative is negative as long as α is larger than γ and
gamma is less than one (B is positive under normal assumptions).
The intuition is as follows; when the interest rate increase, that
has two effects on domestic prices. One: It will decrease capital
intensity in the traded sector and thus lower wages in both the
traded and in the non-traded sector. This decrease the costs of
production and thus the price. The second effect is that capital as
a factor is more expensive and the will increase the price directly.
Which effect is stronger is determined by the relative productivity
of capital in the two sectors. If α > γ, capital is more productive
in the non-traded sector and the direct effect will dominate and
prices will rise leading to a lower real exchange rate. If γ > α,
capital is more productive in the traded sector and the indirect
effect through wages will dominate and the real exchange rate will
go up.
w
P

: This derivative is negative. The direct effect is that increasing
interest rates drives down capital intensity in the traded sector
and lowers nominal wages. Higher interest rate will also increase
prices. Both these effects lower the real wage. The decreasing
wages contribute in the other direction on the price, but will not
decrease the price enough to give a higher real wage.
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PPP

Here we discuss the connection between the law of one price and abso-
lute purchasing power parity(PPP).

(a) First, explain why the law of one price implies PPP.
Solution
If all goods costs the same in different countries the price indexes
must be the same as well. (Could in practice have different as dif-
ferent statistical agencies operate with different baskets of goods.)

(b) Now, show that PPP does not imply the law of one price. Hint:
Start with the definitions of the law of one price and PPP and
construct an example with three different goods.
Solution
Assume that there are three different goods, x1, x2 and x3, con-
sumption shares of each is 1

3
in both countries. Prices at home is

p1, p2 and p3, and in foreign p∗1, p
∗
2 and p∗3. Let’s keep the assump-

tion of E = 1. Define the price index as I(p) = 1
3
p1 + 1

3
p2 + 1

3
p3,

I(p∗) is defined in the same way. Absolute PPP would imply:

I(p)

I(p∗)
= 1 (13)

Let’s construct an example where this is true, but the law of one
price fails. Assume p∗1 = p∗2 = p∗3 = 1 and

p1 = 2

p2 =
1

2

p3 =
1

2

(14)

Then the PPP equation would be:

I(p)

I(p∗)
=

1
3
2 + 1

3
1
2

+ 1
3
1
2

1
= 1 (15)

And the law of one price fails.
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