
ECON 4330
Seminar 4

solution proposal

1 Arrow-Debreu securities

Consider a risky asset Y that pays a state-contingent return Y2 = [2; 3; 5] in
states 1,2,3, respectively. There are Arrow-Debreu securities available for the
three states which are traded at prices p(s)/(1+r), where p(s) = [.3; .3; p(3)].
The return to a risk-free asset is (1 + r).

1. What is p(3)? And why?
Solution: p(3) = .4. Implied by the no-arbitrage condition

∑
s p(s) =

1, which follows from the fact that the price of a portfolio of ADSs that
yields a safe return of 1 + r must equal the price of a risk-free bond
with return 1 + r.

2. Construct a portfolio of Arrow-Debreu securities that replicates the
risky asset Y .
Solution: b(s) = [2; 3; 5]

3. Find the price of asset Y in terms of safe period two consumption.
Solution: p(Y ) = 3.5

2 Contingent claims markets

Consider a small open endowment economy that exists for two periods and
faces uncertain output Y2(s) in states s = 1, .., S which occur with probability
π(s). The country can buy or sell state-contingent Arrow-Debreu securities
in a global market at prices p(s)/1 + r. The country’s output in period 1 is
zero. The representative agent’s utility function is

U1 = u(C1) + β
∑
s

π(s)u(C2(s))
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1. Denote net purchases of the Arrow-Debreu securities with B(s). Find
the per-period budget constraints for all periods and states and derive
the intertemportal budget constraint.
Solution:
Period 1 BC: ∑

s

p(s)

1 + r
B(s) = −C1

Period 2 state s BC:

C2(s) = B2(s) + Y2(s)

IBC:

C1 +
∑
s

p(s)

1 + r
C2(s) =

∑
s

p(s)

1 + r
Y2(s)

2. Assume from now on that C2(s) ≥ 0 ∀ s always holds. What does this
condition imply for the range of feasible values of B(s)?
Solution: C2(s) ≥ 0 implies −B2(s) ≤ Y2(s). The agent cannot sell
a number of contingent claims that exceeds her endowment in a given
state.

3. Derive and interpret the first order condition for B(s).
Solution:

p(s)

1 + r
= βπ(s)

u′(C2(s))

u′(C1)
∀ s (1)

4. Derive and interpret the condition that governs optimal consumption
across states in period 2.
Solution:

p(s)

p(s′)
=
π(s)

π(s′)

u′(C2(s))

u′(C2(s′))
∀ s, s′ (2)

5. Explain why for a risk-neutral agent an interior solution to 2.4 exists
only if prices are actuarially fair.
Solution: Risk-averse agent (u′′ < 0) consumes more in states for
which Arrow-Debreu prices are relatively low and probability is high.
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For risk-neutral agent (u′′ = 0) this can only hold if p(s)
p(s′)

= π(s)
π(s′)

.
Otherwise, she will concentrate all consumption in the states s where
p(s) < π(s) and short-sell assets in states s′ for which p(s′) > π(s′)
subject to the constraint −B2(s

′) = Y2(s
′).

6. Derive the Euler condition that governs optimal consumption in period
1. Hint: use the condition discussed in 1.1.
Solution: Sum over FOC from 2.3 for all states and apply no-arbitrage
condition to obtain

u′(C1) = (1 + r)βE1 [u′(C2)]

3 International Portfolio Diversification (adapted

version of Problem 5 in OR Chapter 5)

Consequences of exponential period utility. Suppose we have the two-country,
two-period, S state endowment setup of section 5.2 and of the N = 2 case
from section 5.3. Now, however, in both Home and Foreign, agents have the
exponential period utility function

u(C) = −exp(−γC)

γ
γ > 0

1. Compute the coefficient of relate risk aversion ρ(C) = −Cu′′(C)
u′(C)

and

the coefficient of absolute risk aversion γ(C) = −u′′(C)
u′(C)

. How does risk
aversion change with the level of consumption?
Solution:

ρ(C) = γC

γ(C) = γ

Exponential utility implies constant absolute risk aversion and increas-
ing relative risk aversion.

2. For the case of complete markets (paralleling OR section 5.2), calculate
equilibrium prices and consumption levels. [Hint: Combine your result
from 2.3 from above, which must hold for both countries, with the global
market clearing conditions to solve for p(s)

1+r
. Use your result from 2.4

and the no-arbitrage condition to solve for p(s) and 1 + r. Solve for
C1, C2(s) using the intertemporal budget constraint and the FOC. The
result should look like this C = 1

2
Y W − µ, C∗ = 1

2
Y W + µ for every
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period and state, where Y W is world output and µ is a lengthy time-
and state-invariant term.]
Solution: FOC B(s) for Home:

p(s)

1 + r
= βπ(s)

exp(−γC2(s))

exp(−γC1)

C2(s) = −1

γ
ln

(
p(s)

1 + r

1

βπ(s)

)
+ C1 (3)

Likewise, for Foreign

C∗2(s) = −1

γ
ln

(
p(s)

1 + r

1

βπ(s)

)
+ C∗1 (4)

Adding (3) and (4) and using market clearing conditions C1+C∗1 = Y W
1 ,

C2(s) + C∗2(s) = Y W
2 (s) gives

p(s)

1 + r
= βπ(s)

exp(−γ
2
Y W
2 (s)

exp(−γ
2
Y W
1 )

(5)

Then combine the condition for optimal consumption across states

p(s)

p(s′)
=
π(s)

π(s′)

exp(−γ
2
Y W
2 (s))

exp(−γ
2
Y W
2 (s′))

with the no-arbitrage condition

p(s′) = 1−
∑
s 6=s′

p(s)

=
π(s′) exp(−γ

2
Y W
2 (s′))∑

s π(s) exp(−γ
2
Y W
2 (s))

Using the last expression together with (5), we obtain

1 + r =
1

β

exp(−γ
2
Y W
1 )∑

s π(s) exp(−γ
2
Y W
2 (s))

This completes the solution for prices. For consumption levels insert
(3) into the intertemporal budget constraint

C1+
∑
s

p(s)

1 + r

(
1

γ
ln

(
p(s)

1 + r

1

βπ(s)

)
+ C1

)
= Y1 +

∑
s

p(s)

1 + r
Y2(s)

⇔ C1 =
1

2
Y W
1 − µ where (6)

µ = −1 + r

2 + r

(
Y1 −

1

2
Y W
1 +

∑
s

p(s)

1 + r

(
Y2(s)− Y W

2 (s)
))
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Consumption across states in period 2

C2(s) =
1

2
Y2(s)

W − µ

follows readily from inserting (6) into (3). For Foreign’s consump-
tion levels, writing down (6) with foreign C∗1 , Y

∗
1 , Y

∗
2 (s) in place of

C1, Y1, Y2(s) and observing the world market clearing conditions, gives
C∗1 = 1

2
Y W
1 + µ, C∗2(s) = 1

2
Y2(s)

W + µ.

3. Suppose that instead of complete markets, people are restricted to trad-
ing riskless bonds and shares in Home and Foreign period 2 outputs.
Show that the resulting allocation is still efficient (paralleling OR sec-
tion 5.3), and that Home and Foreign consumptions on both dates are
given by C = 1

2
Y W − µ, C∗ = 1

2
Y W + µ. Show that to support this

equilibrium, both countries purchase equal shares in the risky world
mutual fund on date 1 and one country makes riskless loans to the
other. [Hint: Show by inserting the conjectured equilibrium values that
the FOC imply that mutual funds are valued as if contigent claims ex-
isted. Then use the budget constraint for both periods, the expression
for µ obtained in the previous question, and the conjectured equilibrium
values to show what constant share of the mutual fund and what level
of B2 are consistent with the budget constraints.]
Solution: Method: conjecture equilibrium C = 1

2
Y W − µ, C∗ =

1
2
Y W + µ; share of every country’s mutual fund held by home (for-

eign) is δ (1− δ). Show that there exist prices and riskless saving levels
B2, B

∗
2 that satisfy all equilibrium conditions.

FOCs with respect to holdings of Home’s mutual funds imply

V1 = β
∑
s

π(s)Y2(s)
exp(−γ

2
Y W
2 (s))

exp(−γ
2
Y W
1 )

for the market value (price) of Home’s risky period 2 endowment. The
market value is identical to equilibrium with a complete contingent
claims market and is the same irrespective of the identity of the in-
vestor. Hence, the equilibrium is efficient.
What share of world mutual fund and what level of savings in the risk-
less asset B2, B

∗
2 is consistent with the countries’ budget constraints?

Note first that

µ = − 1

2 + r

(
(1 + r)(Y1 −

1

2
Y W
1

)
+ (1 + r)(V1 −

1

2
V W
1 )
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where V W
1 is the market value of the global mutual fund. Then, the

first period budget constraint together with the conjectured equilibrium
values tell us that

Y1 + V1 = C1 +B2 + δ(V1 + V ∗1 )

⇔ B2 = Y1 −
1

2
Y W
1 + µ− δV W

1 + V1 (7)

= − 1

1 + r
µ+

(
1

2
− δ
)
V W
1 . (8)

The 2nd period budget constraint C2(s) = (1+r)B2 +δY2(s)
W ∀s then

gives (
1

2
− δ
)
Y W
2 (s)− µ = −µ+ (1 + r)

(
1

2
− δ
)
V W
1(

1

2
− δ
)(

Y W
2 (s)− (1 + r)V W

1

)
= 0

This implies that either δ = 1
2

or Y W
2 (s) = (1 + r)V W

1 ∀ s, where the
latter holds only if Y2(s) = Y2 ∀ s, i.e. if period two output is certain.

4. Discuss your finding on which country buys the riskless asset in view
of the properties of the utility function analyzed in 3.1.
Solution: B2 = − µ

1+r
. µ < 0 for the large country (NPV of output

larger than world average) and vice versa for the small country. Because
of constant absolute risk aversion, both countries buy the same amount
of the risky mutual fund. The small country thus invests a share of its
total wealth in the risky fund that is larger than its share in total world
wealth. Hence it shorts the risky asset (B2 < 0, if Home is the small
country).

5. Bonus question: Compare your result from the previous question to
the prediction about trade in the riskless asset obtained from the same
model with CRRA utility as described in OR 5.2.1. How are the dif-
ferent predictions related to the properties of the utility functions?
Solution: In the model with CRRA utility, there is no trade in the
riskless asset in equilibrium. CRRA utility implies that relative risk
aversion is the same for both countries, irrespective of their consump-
tion levels. Hence, both countries want to invest the same share of
their wealth in the riskfree asset. For a given r, either both countries
will want to buy the riskless asset or both countries will want to sell it.
Since net supply of the asset is zero, B2 = B∗2 = 0 is the only solution.
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