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Supplement to Diamond and Rajan (2011)

So far we have focused on the incentives of a representative bank, considered in isolation. We

now move to consider systemic issues. Diamond and Rajan model a market in which banks

compete for liquid assets. The authors build a model of banks with illiquid, long term assets.

They show how the risk of short term insolvency, due to lack of liquid assets, might lead to a

seemingly perverse behavior: banks covered by limited liability hoard illiquid assets.

We first consider a simplified setting with exogenous prices, then we endogenize prices. There

are three dates (0,1 and 2) and a set of banks, identical at date 0. At date 0, each bank owns

financial assets worth Z in period 2. Each bank is financed with demand deposits of face value

D with Z > D. This implies that in period 2 (“the long run”) the bank is solvent. Banks have

a local monopoly on financing, raise a fixed quantity of deposits D, and do not have to pay

any interest rate on deposits. Depositors can ask for repayment in period 1 or 2 and banks are

covered by limited liability. Everyone is risk neutral and we disregard time discounting.

Banks face a common liquidity shock in period 1: with probability q a fraction f of their

depositors withdraw their deposits. Depositors demand cash and every bank has to sell some

of its assets for cash to meet the liquidity demands. A bank can sell assets at date 0 at price

P0 per unit of period 2 face value, or it can sell at date 1, after the shock has realized, at price

P1 per unit of period 2 face value.

We assume that in each period there are buyers of assets that can pay them in cash and are not

subject to liquidity shocks. Buyers that buy assets at period 0 get a return in period 2 equal to
1
P0

per unit of cash, while buyers that wait and buy assets in period 1 whenever banks are hit

by a liquidity shock, get an expected return equal to q 1
P1

+ 1− q (the bank sells assets only in

case of liquidity shock, which happens with probability q). Buyers are indifferent between the

two options if P0 is equal to P bid
0 , where

P bid
0 ≡ 1

q
P1

+1−q .
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If P1 is sufficiently large (CASE 1), every bank expects to be solvent in period 1 if a shock hits,

even if the bank did not sell any assets in period 0. If instead P1 is small (CASE 2), a bank

that does not sell any asset in period 0 will not be able to raise enough cash to repay a fraction

f of depositors, should the liquidity shock hit.

Consider CASE 1 first. When do banks sell their assets? If a bank waits for the shock to hit,

then it will have to sell a share η1 of the asset, where η1ZP1 = fD. The date-0 expected value

of the payoff from selling at date 1 is:

q [(1− η1)Z − (1− f)D] + (1− q) [Z −D] = Z −D − qfD(
1

P1

− 1).

If the bank sells enough assets at date 0 to cover the shock, it has to sell a share η0 = fD
ZP0

.

The expected payoff from selling at date 0 is:

q [(1− η0)Z − (1− f)D] + (1− q) [(1− η0)Z + η0P0Z −D] = Z −D − fD(
1

P0

− 1).

The bank is indifferent between selling at date 0 and selling at date 1 when the price at date 0

is P ask
0 , defined by the equation:

Z −D − qfD( 1
P1
− 1) = Z −D − fD( 1

Pask
0

1).

You can check that P ask
0 = P bid

0 . So banks and asset-buyers are willing to trade at either dates

as long as P0 =
1

q
P1

+1−q .

Consider now CASE 2. Whenever the date-1 liquidity shock hits, a bank survives if and only

if it sells enough assets at date 0, and otherwise it becomes insolvent. A bank is insolvent if at

date 1 or at date 2 it is unable to meet the depositors’ requests for cash, This is equivalent to

(1) fD > P1 [Z − (1− f)D] .

At date 0, buyers are still willing to pay up to P bid
0 = 1

q
P1

+1−q . The bank is willing to sell at

P ask
0 if the sale allows to avoid failure and if avoiding failure is convenient, that is:

(2) Z −D − (
1

P ask
0

− 1)fD ≥ (1− q)(Z −D).
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The left hand side of (2) is the payoff when the bank sells a large enough fraction of its assets at

date 0 to pay depositors in case of early withdraw. The right hand side is the payoff in case the

bank does not sell any asset at date 0, and if the liquidity shock hits, the bank fails. Condition

(2) is equivalent to P ask
0 ≥ 1

1+q(Z−D
fD

)
.1

Condition (1) implies that P bid
0 < P ask

0 and assets are not traded at date 0. The explanation for

the results requires a few steps. A bank that sells assets at date 0 makes sure that depositors

can be repaid in case of liquidity shock, and therefore makes its depositors better off in case a

liquidity shock hits compared to a bank that does not liquidate any share of its assets at date

0. But a bank that sells assets at date 0 does so at the cost of its own date-2 return in case

a liquidity shock does not hit (this is the case as P0 < 1). A bank that sells assets at date

0 ensures its depositors against the risk of a bank failure, and does so at the cost of its own

expected return, therefore this bank is effectively transferring wealth to its depositors. Limited

liability allows the bank to avoid this transfer.

Notice a difference with Tobin (1982) and Diamond and Dybvig (ch.12 of Tirole’s textbook). In

those models, banks use the money deposited either to acquire illiquid assets or to have liquid

reserves. Those models focus on a longer horizon in the business of a bank than the the model

we are considering now. In the model considered here, the bank is endowed with a given amount

of illiquid assets, and decides when and whether to proceed with early liquidation. Presumably

the amount of illiquid assets has been chosen at some earlier point by the bank, (like the bank

in Tobin chooses loans), but this choice is not considered explicitly here.

Endogenous P1 (OPTIONAL - NOT COVERED IN CLASS AND NOT PART OF

THE EXAM MATERIAL)

Let the size of the assets that the banks altogether own be normalized to 1 (equivalently, the

face value of their assets altogether equals Z). In this section, we distinguish between securities

1A “technical” remark: we are computing the bank’s payoff from selling sufficient assets at date 0 (the left hand
side of (2)) assuming that the bank is not selling anything at date 1. This is the correct way to proceed because
for P ask

0 < P bid
0 anyway all the asset buyers would buy in period 0, while for P ask

0 = P bid
0 the bank makes the

same payoff by selling some at date 0 and some at date 1 in case of liquidity shock, and in case of P ask
0 > P bid

0

no asset buyers would want to buy in period 0, so the bank cannot sell anyway.
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that can be sold (= the assets we have considered so far) and loans that can be recalled, but

cannot be sold. Let a fraction β of each bank’s assets be composed of the financial security

described so far. The rest of the assets are loans with the same per-unit face value Z, maturing

at date 2. These loans can be recalled at date 1. Loans have different liquidation values. The

liquidation values refer to what the bank gets from recalling a loan at date 1. The liquidation

value of every loan is a random variable l, distributed uniformly between 0 and Z. Buyers can

buy the financial asset at date 0 or at date 1, and they start at date 0 with an amount of cash

equal to θ. These buyers can also make industrial loans. Let I(R) denote the volume of loans

that have a return greater or equal to R, with I(1) ≡ I, I ′(R) < 0 and I ′′(R) > 0 when R > 1.

Industrial loans return nothing in period 1.2 Buyers can also store excess funds at date 0, at a

rate of return equal to 1.

If θ − I ≥ fD, liquidity available to buy the banks’ assets is plentiful. In this case, the asset

will trade at full face value: P0 = P1 = 1.

If instead θ − I < fD, the asset will trade at a discount (P0 < 1) to convince asset-buyers

to give up some loan opportunities and buy the bank’s asset instead. As a result, at date 0

potential asset-buyers use an amount I( 1
P0
) of their cash to extend industrial loans, and keep

θ− I( 1
P0
) to buy bank assets. In any equilibrium in which the bank is solvent, the prices of the

security in the two periods satisfy P0 = 1
q
P1

+1−q (if the condition did not hold, there would be

excess demand or excess supply in period 0).

In period 1, if the liquidity shock hits, each bank liquidates every loan with liquidity value

greater than P1Z, before selling securities at P1. As a result, the total amount of cash from

recalled loans at date 1 will be (provided that the bank does not have to sell all its securities):

2The authors introduce an alternative use of cash because they want to build a supply curve for cash. The
supply curve is useful to characterize the price of cash (p1 is the price of the banks’ financial security, but 1

p1
is

the price of cash).



5

(1− β)E(l|l > P1Z)Prob(l > P1Z) = (1− β)(Z+ZP1

2
)
´ Z
P1Z

f(x)dx = (1− β)Z(1 + P1

2
)

ˆ Z

P1Z

1

Z
dx

= (1−β)Z(1+P1)(1−P1)
2

=
(1− β)Z (1− P1

2)

2
.

If banks can raise sufficient cash to cover the withdrawals at date 1, then they raise exactly the

amount of cash needed and not more. As a result, the cash supplied by loan liquidation and

from security buyers will equal the cash demanded by depositors:

(3)
(1− β)Z (1− P1

2)

2
+

[
θ − I( 1

P0

)

]
= fD.

Substituting P0 =
1

q
P1

+1−q in (3) we can determine P1. (3) determines P1 as long as the bank is

solvent. The bank is solvent if it can repay depositors in both period 1 and period 2 even if the

bank does not sell any asset in period 0.3 Therefore a bank is solvent if:

β(1− η1)Z + (1− β)Prob(l < P1Z)Z = β(1− η1)Z + (1− β)Z
ˆ P1Z

0

f(x)dx(4)

= β(1− η1)Z + (1− β)Z 1

Z
P1Z

= β(1− η1)Z + (1− β)P1Z ≥ (1− f)D.

If withdrawals at date 1 are met:

(5) fD =
(1− β)Z (1− P1

2)

2
+ βη1ZP1.

Using (5) to substitute for η1 in (4), the solvency condition is:

3We are not saying that a solvent bank will not sell in period 0. For the price P0 = 1
q
P1

+1−q a solvent bank is
indeed indifferent to sell at 0 or 1, so the model does not predict when a solvent bank sells its assets. The point
here is that a bank is solvent only if it cannot make itself insolvent, by selling no asset in period 0. If the bank
could make itself insolvent by not selling in period 0, the previous subsection on exogenous prices showed that
the bank would prefer to do so.
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P1

[
βZ + (1− β)Z( P1Z

Z − 0
)− (1− f)D

]
+

{
(1− β)Z

2

[
1− (P1)

2
]
− fD

}
≥ 0.

The solvency condition becomes harder to satisfy as P1 falls. If the potential liquidity demand

f and the debt D are very high, and the solvency condition is not satisfied, the bank will be

insolvent in case of a liquidity shock and securities trade at date 0 will cease. Moreover, an

increase in f or in D will lead to a lower current and future expected price of the long-dated

assets, P0 and P1 (see equation (5)). An increase in f or D will therefore lead to a reduction

of date 0 industrial lending (buyers keep cash to buy assets at date 0 or at date 1). So the

potential future insolvency of banks reduces the cash available to the industry in the form of

loans, because, as f and D increase, P0 and P1 decrease, making financial assets very valuable.

If f and D are so large that the bank stops selling securities at date 0 and becomes insolvent

in case of liquidity shock, then P1 will be low enough to induce investors to keep cash and keep

industrial loans low in the hope to strike good bargains on the bank’s assets in case of fire sale

at date 1.


