
ECON 4350: Growth and Investment
Lecture note 11

Department of Economics, University of Oslo

Lecturer: K̊are Bævre (kare.bavre@econ.uio.no)

Spring 2005

11 Learning by doing
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11.1 Technological progress as an externality

• We remember from the last lecture that if the disaggregated production
function is

Yi = F (Ki, ELi)

with CRS in Ki and Li while

E = A(K) (1)

is taken as given by all agents (e.g. a public good) and satisfies

lim
K→∞

A′(K)L = b > 0 (2)

then we have

lim
K→∞

Ẏ

Y
= FL(1, b)b > 0

and perpetual growth.

• One rationale for (1) is learning by doing effects.
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• That is, knowledge and productivity gains follows from production and
investments. The higher is production, the more experience and know-
how have been generated. Since the level of production can be asso-
ciated with the level of capital, we can postulate a relationship like
(1).

• Implicit in this formulation is an assumption of complete spill-over of
knowledge in the sense that each firms knowledge is a public good to
all other firms.

• There is thus a positive externality from firm i’s use of capital on the
production of all other firms.

• We thus associate the parameter E with the total stock of knowledge
in the economy. For convenience we use the functional form

E = A(K) = Kσ (3)

where σ > 0.

• The aggregate production function is then found by summing over all
firms

Y = F (K, EL) = F (K, KσL)

• If σ < 1 we have A(K)/K = Kσ−1 → 0 as K →∞, so condition (2) is
not met.

• However this condition was only a sufficient condition, and derived for
a case with no population growth. Assume that Y and K grow at a
common rate g. Then we have

Y0e
gt = F (K0e

gt, K0L0e
(gσ+n)t)

Due to CRS this is possible if and only if

g = gσ + n ⇒ g = n/(1− σ)

Hence for σ < 1 we can have growth in Y forever only if n > 0, that
is if we have population growth. If this is the case also have that Y/L
grows at rate g − n = n(1/(1− σ)− 1) > 0.

• However, if the learning curve does not exhibit decreasing returns to
K, that is σ ≥ 1 the conclusion is altered.

2



• Assume there is no population growth and σ = 1. Then A(K)/K = 1
so so condition (2) is met, and we will get perpetual growth. This is
the case discussed by Romer (1986).

• Notice that BSiM only consider the case σ = 1.

11.2 Implications for policy

• The individual firm takes E as given. Assuming that the production
function F (·, ·) is CD, the private marginal product of capital for firm
i is

MPKp,i =
∂F (Ki, ELi)

∂K
= F1(Ki, ELi) = αKα−1

i (ELi)
1−α (4)

or in the aggregate

MPKp = αKα−1+(1−α)σL1−α (5)

• Notice that if σ = 1
MPKp = αL1−α

i

so the marginal product will be independent of K and we have an
AK-model.

• In this case, increases in the size of the population will shift the constant
marginal product up leading to stronger growth (i.e. like a shift in A
in the AK-model). This is what we call a scale effect.

• A social planner, on the other hand, will evaluate the marginal product
of capital to be

MPKs =
∂F (K, A(K)L)

∂K
= F1(K,A(K)L) + LA′(K)F2(K, A(K)L)

= (α + (1− α)σ)K
α−1+(1−α)σ
i L1−α

i = (α + (1− α)σ)/α ·MPKp > MPKp

and hence choose a path where more capital is accumulated.

• Hence the decentralized solution will end up with to low investments
and sub-optimal growth.

• A subsidy on investments can go at least some way in making the firms
internalize the externality. However, this might have to be financed by
taxes introducing other distortions.
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11.3 Some evidence on learning by doing

• Learning appears to be particularly strong in early faces of a firms life.
This might suggest that σ < 1.

• There are important case studies suggesting substantial learning effects.

• A famous example is that of the manufacturing of the Liberty-class
ships in the US during WW2.

• The amount of worker-days required to build each ship declined dra-
matically as did the time used on each ship. Suggesting productivity
gains of up to of 40 per cent per year (averages).

• A large share of this productivity gain has been attributed to learning
by doing.

• However, more recent research show that previous estimations exag-
gerated the effect by not taking sufficiently care of increases in capital
and capital deepening. In addition there was a strong tendency for
increasing the output of ships at the expense if quality.

• Other important case studies has focused on US airframe manufactur-
ing.

11.4 The scope of the externality: Local or global?

• An important thing to note is that the Liberty-ship experience only
provides evidence on the learning curve at the level of an individual
firm, and does not tell us much about the degree of spill-over.

• The extent of spill-over effects is of course crucial for the implications
both for how learning by doing affects growth and for the role of policy.

• It can be worth considering how spill-overs might matter to varying
degrees within industries vs across industries, within countries/rtegions
or between countries/region.

• This in turn has important consequences for the extent of scale effects,
that is how the population/scale of the relevant units affect growth.

12 Government investments

Required reading: BSiM: 4.4
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12.1 Public provision of non-rival infrastructure

• An alternative justification of (1) is to regarding the efficiency parame-
ter E as a reflection of public services which enhance labor productivity.

• Assume that these services are produced with the same production
function as private services, and that the flow of services promoting
labor productivity is equal to government spending, i.e. E = G.

• Let G be financed by a proportional output tax, τ and assume for
simplicity that the government always runs a balanced budget. Then

E = G = τY = τF (K, EL)

• Due to CRS we have
1 = τF (K/E,L)

which implicitly determines

E = A(K) = cK (6)

where c is a positive constant (for a given τ) determined by 1 =
τF (1/c, L)

• Equation (6) of course satisfies (2) so we will get perpetual growth in
this model.

12.2 Crowding in and crowding out

• We will now look more closely at a model underlying the argument in
the previous section. The model is due to Barro (1990).

• We endogenize the saving/consumption decision by introducing opti-
mizing household-producers. The economy is closed.

• For simplicity we abstract from population growth, and any exogenous
growth in technology.

• Instead of having y = f(K), we now incorporate public services in the
production function

y = Φ(k, g)

where g = G/L is the amount of public services per worker. Note that
this implicitly assumes that G is rival for the users, though in a rather
narrow sense. We could use G instead without altering the analysis
very much.
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• The general idea of including g as a separate argument is that it is not a
close substitute for labor, i.e. public services/activity represents some-
thing that would not be replaced by corresponding private activities
if it vanished. This is again based on non-excludability which would
make private incentives weak/non-existent.

• The production function Φ() is assumed to exhibit CRS to the two
inputs k and g, so

y = Φ(k, g) = kφ(g/k)

with φ′ > 0 and φ′′ < 0.

• Whenever it is simpler, we work with the Cobb-Douglas case:

y/k = φ(g/k) =
(g

k

)1−α

• The balanced government budget is:

g = τy = τkφ(g/k)

• It follows directly that both g/y and g/k only depend upon the tax-rate
τ . For a given τ they will therefore be constant.

• The marginal product of capital as seen by the individual agents who
regard g/k as independent of their decision is

∂y

∂k
= φ

(g

k

) (
1− φ′

g

y

)
= φ

(g

k

)
α

where η ≡ φ′ g
y

= ∂y
∂g

g
y

= 1− α, i.e. is the elasticity of y with respect to
g which is equal to the constant 1− α in the CD-case.

• Again we have that this marginal product is independent of k so we
have yet another AK-model.

• As usual, we consider a representative household-producer who maxi-
mizes:

U =

∫ ∞

t=0

e−ρt c(t)
1−θ

1− θ
dt (7)

• Since the after-tax private returns to capital is (1−τ)(∂y/∂k), it should
by now be familiar that the Euler-equation now reads

γ =
ċ(t)

c(t)
=

1

θ

[
(1− τ)φ

(g

k

)
α− δ − ρ

]
(8)
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• We can now see how the size of government, as characterized by τ = g/y
impinges on the growth rate.

• There are two offsetting effects. The direct effect of an increase in τ
is to reduce the incentive to invest. However, increasing g/y will also
increase g/k and hence increase the marginal product of capital. This
promotes incentives to invest.

• In the Cobb-Douglas case we get

dγ

d(τ)
=

1

θ
φ

(g

k

)
(φ′ − 1)

thus we get the following hump where the growth rate increases in the
size of government when g/k is so low that φ′ > 1 and declines when
g/k is so high that φ′ < 1

• Note that the hump is a type of Laffer-curve. We can refer to the
raising part of the curve as a case where public expenses are ‘crowding-
in’ by increasing private productivity, while in the declining part they
are ’crowding-out’ by taxation affecting the marginal product of capital
too strongly.

• Note that φ′ = 1 is a natural condition for productive efficiency. (What
are the terms of trade between y and g?).

• When η is constant as in the CD case it can be shown that increasing
the growth rates monotonically rises life-time utility. So the benevolent
government should indeed choose τ = g/y such that φ′ = 1.
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• However, this is only a second best solution.

• Consider a social planner who fixes τ = g/y and then is able to dictate
each household-producers consumption over time. For a given value of
g/y, the social marginal returns to capital is (1 − g/y)φ(g/k), where
the adjustment −g/y is required for holding g/y constant.

• Hence the growth rate of consumption chosen by the social planner is

γp =
ċ(t)

c(t)
=

1

θ

[(
1− g

y

)
φ

(g

k

)
− ρ

]
(9)

• Since τ = g/y, the only difference between (8) and (9) is the absence
of the term α in (9). Hence, for all levels of τ the growth rate is lower
in the decentralized case.

• The private agents invest sub-optimally in capital because they do not
internalize the externality of also being able to increase g and hence
increase production. The public provision of these services are financed
by a distortional tax on income (τ reduces the private returns to capi-
tal).
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