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3 The Solow model

Required reading: BSim:Ch. 1, Jones (2000)
The classics: Solow (1956), Swan (1956)

3.1 The model

3.1.1 Assumptions

• Aggregate production function

Y (t) = F (K(t), L(t))

• Idea: growth in output (Y ) only possible from growth in inputs (K, L)

• Labor: L̇/L = n (exogenous)

• Labor homogeneous. (No human capital?)

• K produced by same technology as Y

• K a reproducible input

• One sector production of homogeneous good that can be

– consumed, C(t)

– or invested, I(t), to create more capital K(t)

• Closed economy. Saving equals investments
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• Growth in K from investment (saving):

K̇(t) = I(t)− δK(t) (1)

where δ denotes the rate of depreciation of the capital stock.

• Robinson Crusoe like economy (Firms/households and market struc-
ture are ’behind the scene’, will deal with this later)

• Exogenous savings rate, s: S(t) = sY (t)

• No behavior

3.1.2 The neoclassical production function

• The production function satisfies the following three properties (the
time notation is suppressed):

1. Positive and diminishing marginal products

∂F
∂K

> 0 ∂2F
∂K2 < 0

∂F
∂L

> 0 ∂2F
∂L2 < 0

2. Constant returns to scale (CRS)

F (cK, cL) = cF (K, L), for all c ≥ 0

3. The Inada conditions:

lim
K→0

FK = lim
L→0

FL = ∞

lim
K→∞

FK = lim
L→∞

FL = 0

where FK = ∂F
∂K

and FL = ∂F
∂L

• CRS implies that the production function can be written in intensive
form

Y = F (K, L) = LF (K/L, 1) = Lf(k) ⇒ y = f(k)

where y ≡ Y/L, k ≡ K/L and the function f(k) ≡ F (k, 1)

• y = f(k). Only capital-intensity k matters for prosperity (i.e. y).
CRS ≈ neutrality with respect to scale.
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• Exercise 1: Show that

∂Y

∂K
= f ′(k)

∂Y

∂L
= f(k)− kf ′(k)

and that the Inada conditions tranlates into:

lim
k→0

f ′(k) = ∞

lim
k→∞

f ′(k) = 0

• Exercise 2 (Harder): Show that the conditions above implies that
each factor is essential to production, that is F (0, L) = F (K, 0) = 0
for all K, L

• Exercise 3: Show that a Cobb-Douglas production function Y =
BKαL1−α satisfies these neoclassical properties.

• Exercise 4: Does the following production functions satisfy the neo-
classical properties?

Y = AK (2)

Y = AK + BKαL1−α (3)

Y = A
{
a(bK)ψ + (1− a)((1− b)L)ψ

}1/ψ
(4)

3.1.3 The solution of the model

• Inserting for fixed savings rate, (1) becomes

K̇ = sF (K, L)− δK ⇒ K̇/L = sf(k)− δk (5)

• It is easy to verify that k̇ = K̇/L − nk when labor grows at the fixed
rate L̇/L = n.

• Thus, the model is characterized by a single dynamic equation for k
(the fundamental equation for the model)

k̇ = sf(k)− (n + δ)k (6)

• The fundamental equation is unchanged by integrating perfectly com-
petitive markets. Consumers own inputs and financial assets. In-
puts are supplied inelastically. Firms hire inputs and sell the product.
Study BSiM 1.2.3. Understanding this argument will make it easier
to see the link to the model with endogenous savings behavior.
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• The workings of the model is well described by a phase-diagram

• The system converges towards the state where k̇ = 0. We call this a
steady-state.

• The steady state k∗ is (implicitly) determined by:

sf(k∗) = (n + δ)k∗

which gives a constant level of production per capita:

y∗ = f(k∗)

• Thus in the long run, when the economy has converged to the steady
state, there is no growth in production per capita. Thus the model can
not explain perpetual growth in production per capita.

• In the steady state Y ,K and L all grow at the same rate n. Hence we
are on a balanced growth path.

• Note that the central mechanism that ensures convergence to the steady
state is the declining marginal product with respect to the accumulated
factor (i.e. capital).
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• The role of the savings rate: An increased savings rate increases the
level of output per capita in the long run but not the growth in the
long run.

• Since the savings rate is bounded above by 1, continually increasing
the saving rate can not give perpetual growth.

• Policy can not affect growth in long run.

• You should study BSiM 1.2.5 to make sure you understand the concepts
of the golden rule of capital accumulation and dynamic inefficiency

3.1.4 The transitional dynamics

• It is illustrative to consider the dynamics in a (k, γk) diagram, that is,
where we can read off the growth rate γk = k̇/k vertically.

• We plot the transformed version of equation (6).

k̇/k = sf(k)/k − (n + δ)

where f(k)/k is the average productivity of capital, which is declining
in k (Why?)

• This illustrates a very important implication of the model: If the two
countries have the same steady states, the poorer country will grow
faster.
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3.1.5 Technological progress

• We can include exogenous technological progress into the model. Since
this progress is unexplained, we do not learn much new about the
sources of growth. But it is a useful exercise because we 1) can use
the model to do growth accounting, 2) see how technological progress
affects the dynamics.

• We rewrite the production function

Y (t) = F (K(t), L(t), T (t))

where T (t) is a shift parameter that captures technological progress.
T (t) grows at a constant rate γT = Ṫ /T = x.

• We can classify three stylized cases of technological change:

1. Neutral (Hicks neutral): Y = TF (K, L),
where the ratio ∂Y

∂K
/∂Y
∂L

will remain constant for a given value of
k = K/L.

2. Labor-augmenting (Harrod neutral): Y = F (K, TL),
where the ratio K ∂Y

∂K
/L∂Y

∂L
will remain constant for a given value

of the ratio Y/K.

3. Capital-augmenting (Solow neutral): Y = F (TK, L),
where the ratio K ∂Y

∂K
/L∂Y

∂L
will remain constant for a given value

of the ratio Y/L.

• Exercise: Show these properties, and draw the isoquants for different
values of T . (Note that BSiM are sloppy with their notation on pp.
52-53, their FK and FL should be replaced by ∂Y

∂K
and ∂Y

∂L
respectively.)

• We observe that the relative input shares (K ∂Y
∂K

/L∂Y
∂L

) do not show any
trend over time (although they fluctuate quite a bit in the short run).
We also observe that Y/K is fairly stable.

• It can be shown that technological progress must be labor augmenting
for the model to exhibit a balanced growth path.

• Growth patterns in certain developed countries are steady, and sugges-
tive of balanced growth path behavior.

• More recent research suggests (theoretically) that profit-maximizing
firms will in the long run choose to conduct a type of research that
leads to labor augmenting technical change. (Acemouglu, 2004).
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• For these reasons technological progress is modeled to be of the labor
augmenting type, i.e.

Y (t) = F (K(t), T (t)L(t)) (7)

• We now instead of dividing all quantities by the stock of labor L, divide
by the stock of labor measured in efficiency units, TL. (Define k̂ ≡
K/TL, ŷ ≡ Y/TL.) The model is structurally the same as before, the
only change is that the term n is now replaced by n + x (Why?)

• Thus we reach a steady state k̂∗ as before and hence also a steady state
level of production per effective worker, ŷ∗. On the balanced growth
path we thus have

γŷ = γY/AL = 0 ⇒ γY/L = γA = x

i.e. GDP per capita grows at the rate of exogenous technological change
(x).

• This implies:

1. No long-run growth in GDP per capita without technological progress

2. Growth in GDP per capita in the long run is due to unexplained
technological progress

The statements are symmetric and effectively equivalent, but the first
one places the emphasis more appropriately.

3.2 Predictions and results

3.2.1 Qualitative predictions

• The savings rate and population growth:

– Affects growth in GDP per capita in the short run, but not in the
long run

– Affects the steady-state level y∗.

• Conditional convergence

• Only productivity growth drives growth in GDP per capita in the long
run

• Policy is unimportant for growth in the long run
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3.2.2 A special case: Cobb-Douglas

• When working with the quantitative predictions of the Solow-model it
is very convenient (and common) to use the special case with a Cobb-
Douglas production function.

• With a CD production function it is straightforward to find the steady
state value y∗ of y = Y/L (Make sure you are able to do this)(

Y (t)

L(t)

)∗
= T (t)

(
s

n + x + δ

) α
1−α

(8)

or log-linearizing

ln(Y (t)/L(t)) = ln(T (0)) + xt +
α

1− α
ln(s)− α

1− α
ln(n + x + δ) (9)

• The model is characterized by a single differential equation (6). With
a general production function this equation can not be solved explic-
itly. However, in the Cobb-Douglas case a simple transformation cast
this equation as a linear differential equation, which is easy to solve.
Transforming back we have an explicit solution for the path of k(t) and
thus y(t). (For details see Jones (2000), and BSiM pp. 44-45).

• The solution gives us some extra insights into the dynamics of the
model, and it is well worth knowing this solution. In addition it deliv-
ers quantitative predictions much more readily than does the general
model.

• The solution is

y(t) ≡ Y (t)/L(t) =

(
s

n + x + δ
(1− e−βt) +

(
Y (0)

L(0)A(0)

) 1−α
α

e−βt

) α
1−α

T (t)

(10)

• Where the key parameter β ≡ (1 − α)(n + x + δ) determines the rate
at which the the economy converges to its balanced growth path.

3.2.3 Quantitative predictions

Differences in savings rates and population growth

Let two countries N and S be equal except that they have saving rates
sN and sS respectively, and population growth nN and nS respectively.
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Using (8), we then find that the predicted relationship between the
steady state values of GDP per capita, y∗N and y∗S is

y∗N
y∗S

=

(
sN
sS

) α
1−α

·
(

nN + x + δ

nS + x + δ

)− α
1−α

(11)

We can also see the same relationship directly from (9), which translates
to

dy∗/y∗ = (α/(1− α))[ds/s− d(n + x + δ)/(n + x + δ)]

after differentiation. Thus, a 1 per cent increase (decrease) in the saving
rate (population growth) increases the steady state level of income per
capita by α/(1− α) per cent.

The speed of convergence

We remember from (10) that the parameter β = (1 − α)(n + x + δ)
determines how quickly y(t) is approaching it steady-state value y∗.

We will later examine this more closely and give a more precise defini-
tion of this parameter as the speed of convergence.

Note that the savings rate does not affect this measure (can you guess
why). Apart from that, we see that the same parameters are essential
also for this quantitative measure.

Differences in rates of returns to capital

The marginal product of capital is

R = f ′(k)

or
R = αk−(1−α) = αy−

1−α
α

in the CD-case. Let countries N and S have GDP-per capita yN and
yS. The model predicts that the relationship between the return to
capital in these two countries should be

RN

RS

=

(
yN
yS

)− 1−α
α

(12)

The parameter α is thus crucial.

With a general production function we must replace this expression
with

dR

R
= −1− α

ασ

dy

y
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where σ is the elasticity of substitution between capital and labor. In
the CD-case this elasticity is constant and 1. A lower elasticity will
lead us to predict smaller differences in returns for given differences in
GDP per capita.

3.3 Alternative production functions: Perpetual/endogeneous
growth, poverty traps

• We know that declining returns to capital is essential for the results of
the Solow-model.

• Let us instead consider the production function

Y = AK.

Here A is a constant parameter, and we again assume there is no tech-
nological progress.

• Now average productivity is constant, or

f(k)/k = A

• As long as sA > n + δ we therefore get γk = sA − (n + δ) > 0 and
constant. It is easy to see this graphically:

• With the AK-production function we therefore get

1. Perpetual growth from factor accumulation

2. No convergence
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• We will later study models that have solutions that are essentially as
if they were AK-models.

• Note that we can get perpetual growth also with other production
functions, such as

Y = AK + BKαL1−α

Y = A
{
a(bK)ψ + (1− a)((1− b)L)ψ

}1/ψ

• These satisfy the condition that there is declining returns to capital,
but does not satisfy the upper Inada condition. Hence the average
product of capital will not go asymptotically towards 0 and we can get
perpetual growth.

• Again, this can be seen graphically

• Violation of the upper-Inada condition follows when the non-reproducible
factors of production (labor here) is inessential, i.e. we produce some-
thing also without using this factor.

• An early example of a model with the possibility for a fragile type of
perpetual growth is the Harrod-Domar model.

• Yet an interesting class of models are those with poverty traps. These
models have more complicated patterns for f(k)/k which can give rise
to multiple equilibria, as is easily illustarted in a graph. BSiM 1.4.2
gives an example that you should study.
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