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7 Endogenous saving, the Ramsey model

Required reading: BSim: 2 (except 2.6.7 and 2.7)
Supplementary reading on theory of optimal control: Obstfeld (1992)
The classics: Ramsey (1928), Cass (1965), Koopmans (1965)

7.5 The transversality condition

• When solving the model with consumer optimization we have been
somewhat relaxed about the transversality condition, i.e. that

lim
t→∞

[ν(t) · a(t)] = 0

• Remember its interpretation: with ν the (present value) shadow price/value
of a(t) it tells us that the value of the household’s assets (ν(t) · a(t))
asymptotically must approach 0. Or loosely speaking: Households
should not plan to be stuck with any valuable assets at the end of
their horizon (i.e. infinity).

• Neglecting this condition is usually OK in our applications. But we
should realize that the transversality condition is crucial for the formal
solution, and can make a major difference in some cases.

• To see this, consider the case where we have a finite horizon. Then
household’s should end up having consumed all their capital in the
final period. This gives a solution off the saddle-path, ending up on
the vertical axis.
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• Remember that

ν̇(t) = − ∂J

∂a(t)
⇒ ν̇ = −(r − n)ν

or

ν(t) = ν(0) · exp

{
−

∫ t

0

[r(v)− n]dv

}
which gives the transversality condition

lim
t→∞

[
a(t) · exp

{
−

∫ t

0

[r(v)− n]dv

}]
= 0 (1)

• Inserting for a = k, k̂ = ke−xt, and r(t) = f ′(k̂)− δ) we have

lim
t→∞

[
k̂(t) · exp

{
−

∫ t

0

[f ′(k̂)− δ − x− n]dv

}]
= 0 (2)

• When the solution entails reaching a steady state k̂∗ this requires that

f ′(k̂∗)− δ > x + n

i.e. that the steady-state rate of return exceeds n + x the steady state
growth rate if K.

• Remember also that (from ˙̂c = 0) that

f ′(k̂∗) = δ + ρ + θx

• It follows that the transversality condition can only be satisfied if

ρ > n + (1− θ)x (3)

i.e. if the households are sufficiently impatient (in relation to population
growth and technological growth).

• Exercise: Show that (3) must be satisfied for life-time utility to be
finite when c grows at rate x.

• We will only consider problems where (3) is satisfied.
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7.6 Convergence revisited

• We have seen that also in the model with optimizing household we get
convergence to a steady state k̂∗.

• In the transition to the steady state k̂ will grow (assuming we start out
below). Hence growth will be more rapid in the short run than in the
long run, just as in the Solow-model.

• It is, however, now far less obvious that γk̂ will decline monotonously
along the transition as it did in the Solow-model (we do not have the
clear phase-diagram in (k̂, γk̂) space that we are used to in the Solow-
model).

• But it can be shown (you should read the proof in BSiM 2.11) that γk̂

will also now fall monotonously. Hence, we still get a clear prediction
of conditional β-convergence.

• What then about the speed of convergence?

• It is harder to log-linearize the path of γy now, because we have dy-
namics in both k and c (see BSiM 2.8). The β is now a rather complex
function of the parameters, and it is harder to pin down plausible values
than in the Solow-model.

• An alternative technique is to assess the speed of convergence from
looking at numerical solutions of the system when calibrated by plau-
sible parameter values (see BSiM pp. 113–118).

• The crucial new parameter influencing the speed of convergence is now
θ, i.e. the inverse of the intertemporal elasticity of substitution.

• The higher is θ, the stronger is the desire to smooth consumption.
Hence, the harder will households try to shift future consumption (high)
to present consumption (low). They hence invest little, and the stable

arm will lie close to the
˙̂
k = 0 path. Low levels of investments means

a slow transition, and a low speed of convergence.

• The intertemporal elasticity of substitution is also crucial for how the
savings rate evolves with k̂. In the CD-case, it can be shown (you should
read BSiM 2.6.4) that it either falls monotonously when s∗ < 1/θ or
rises monotonously when s∗ > 1/θ. As discussed in connection with
Exercise BSiM 1.3 in the seminar, this implies respectively higher and
lower speed of convergence than in the Solow-model.
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• Interestingly, the Solow-model transpires as a special case of the model
when s∗ = 1/θ, which holds true for certain combinations of rather
plausible parameter values. (Note that the equivalence holds only for
the Solow model with this particular s∗.)

8 Policy in the neo-classical model

Required reading: BSiM: 3.1, 4.1

8.1 Optimal growth and the golden rule

• Turning back to the fixed savings rate in the Solow model we have
consumption given as:

ĉ∗ = f(k̂∗)− (n + x + δ)k̂∗

where k̂∗ = k̂∗(s, n, x, δ). We then have:

∂ĉ∗

∂s
= [f

′
(k̂∗(s, n, x, δ))− (n + x + δ)]

∂k̂∗(s, n, x, δ)

∂s
(4)

Maximization of ĉ∗ thus requires that the capital level is at k̂GR which
satisfies:

f
′
(k̂GR) = n + x + δ (5)

The capital stock k̂GR is called the golden-rule level of the capital stock.

• In the Ramsey model we saw that the steady state level of capital was
given by

f
′
(k̂∗) = δ + ρ + θx

but due to (3) we have ρ + θx > n + g and since f ′′ < 0 we have

k̂∗ < k̂GR

• Why? Households are impatient, and have preferences for also having
high consumption during the transition to the steady state.

• Modified golden-rule.

• Notice that this is the reason why we always draw the ˙̂c = 0 line to the

left of the peak of the
˙̂
k = 0 curve.

• Notice in particular that we can never get dynamic inefficiency (over-
saving).

• But is this socially optimal?
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8.2 The first theorem of welfare

• We have investigated the Ramsey model in a decentralized economy.
Let us now look at how a social planner would allocate resources.

• Since there is only one representative household, the social planner also
maximizes

U =

∫ ∞

t=0

u(c(t))ente−ρtdt (6)

• The budget constraint for the social planner is (we rule out debt since
we are in a closed economy, hence a(t) = k(t))

˙̂
k(t) = f(k̂(t))− c(t)e−xt − k̂(t)(δ + x + n) (7)

• Note the equality between the household constraint in the equilibrium
(i.e. (15) in lecture note 7) and the economy’s resource constraint (7).

• The social planner maximizes (6) subject to (7). The Hamiltonian for
this problem is

J = u(c(t))e−(ρ−n)t + ν(t)[f(k̂(t))− c(t)e−xt − k̂(t)(δ + x + n)] (8)

• The solution is then

∂J

∂c(t)
= 0 → ν = u′(c)e−(ρ−n−x)t (9)

ν̇(t) = − ∂J

∂k̂(t)
→ ν̇ = −(f ′(k̂)− (δ + x + n))ν (10)

(11)

• And we get the Euler-equation:

˙̂c(t)

ĉ(t)
=

ċ(t)

c(t)
− x =

f ′(k̂)− δ − ρ− θx

θ
(12)

which is identical to the one we derive for the decentralized solution.

• Thus, the social planner chooses the same solution (allocation) as that
realized in the decentralized economy. Hence, the competitive equilib-
rium is Pareto-efficient. This is an important and very strong result.

• This result follows from the first theorem of welfare, which says that
the competitive equilibrium is pareto-efficient in the absence of exter-
nalities, and with complete markets.
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8.3 Government in the Ramsey framework

• We now introduce a government who levies taxes and purchases goods
and services.

• Initially we assume that households and firms do not benefit from public
spending. In a sense public spending is therefore like throwing away
resources.

• The governments is assumed to run a balanced budget (so there is no
possibility of public debt):

G + V = τwwL + τar · (assets) + τcC + +τf · (firm’s earnings)

where τi are tax-rates, G public spending and V transfers to households.

• The per capita budget of the household’s is now

ȧ = (1− τw) · w + (1− τa) · ra− (1 + τc) · c− na + v

• Replacing the former budget, it is straightforward to show that the
Euler equation is now:

ċ(t)

c(t)
=

(1− τa)r − ρ

θ
(13)

i.e. the tax on assets returns is the only new factor affecting households’
intertemporal decision, entering as a reduction in the interest rate r.

• For firms we now have

after tax profit = (1− τf ) · [F (K, L)− wL− δK]− rK

giving the first order condition

f ′(k̂) =
r

1− τf

+ δ

So a higher τf raises the required marginal product of capital.

• We still have
w = [f(k̂)− k̂f ′(k̂)]ext

• The same type of argument as before gives us that the evolution of k̂
in equilibrium is characterized by

˙̂
k = f(k̂)− ĉ− (x + n + δ)k̂ − ĝ (14)

i.e. it coincides with the economy’s resource constraint.
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• The Euler-equation characterizing the path of consumption in equilib-
rium is

˙̂c(t)

ĉ(t)
=

(1− τa) · (1− τf ) · (f ′(k̂)− δ)− ρ− θx

θ
(15)

• Note that taxes on wages and consumption are like lump-sum taxes
here, and do not affect the choice of consumption over time. This
is because labor supply is fixed, and a constant proportional tax on
consumption does not change relative prices of consumption at different
points in time.

• Taxes on asset incomes and/or firm’s earnings will affect the consump-
tion decision by lowering the interest rate, and hence reduce incentives
to save and invest (shifts the ˙̂c = 0 curve to the left). Higher τa and/or
τf hence gives a lower k̂∗.

• An unanticipated and permanent increase in government consumption

will shift the
˙̂
k = 0 curve down and result in a jump down to a new

saddle-path consistent with the new steady-state. If the economy was
initially in a steady-state it will jump directly down to the new steady-
state simply by reducing consumption by the same amount as ĝ in-
creased, amounting to a full crowding-out of private consumption by
government consumption.
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