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omy
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9.1 The augmented model revisited

• We again consider the augmented production function

Y = KαHη(TL)(1−α−η) ⇒ ŷ = f(k̂, ĥ) = k̂αĥη

• The representative firm then have profits:

π = TL[f(k̂, ĥ)−Rkk̂ −Rhĥ− we−xt]

where Rk is the rental price of physical capital and Rh the rental price
of human capital.

• Maximization of the present value of future cash flows is equal to profit
maximization in each period when there are no adjustment costs.

• Thus the firm adjusts such that marginal returns equal the rental prices:

Rk =
∂f(k̂, ĥ)

∂k̂
= αy/k (1)

Rh =
∂f(k̂, ĥ)

∂ĥ
= ηy/h (2)

w =
[
ŷ −Rkk̂ −Rhĥ

]
ext = y −Rkk −Rhh (3)
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• The dynamical budget constraint for the household (per capita) is

ȧ = ḣ + k̇− ḋ = w + (Rk − δ− n)k + (Rh − δ− n)h− (r− n)d− c (4)

Where d = k + h− a is (per capita) debt.

• We stick to the one-sector production technology where output can go
on a one-to-one basis to consumption, additions to physical capital or
additions to human capital. I.e. units of k can immediately, and with
full reversibility, be changed to units of h and vice versa.

• In addition, we maintain the assumption that either of the capital
stocks or financial assets (loans) are perfect substitutes as stores of
value. Then we must have

r = Rk − δ = Rh − δ (5)

• As we saw in Section 4.2.1, this implies k/h = α/η. With no adjust-
ments costs, households jump to the desired ratio, and it stays at this
level.

• Thus, as previously demonstrated, we can simply transform the prob-
lem by defining a measure of broad capital z = k + h. Which inserting
for r = Rk − δ = Rh − δ, gives the budget constraint

ȧ = ż − ḋ = w + (r − n)(z − d)− c = w + (r − n)a− c

While the production function can be written ŷ = Bẑα+η where B =
ααηη(α + η)−(α+η).

• Since k/h = α/β at all points during the transition, k and h grow at
the same rate, and at the same rate as z.

• The firm’s choice between k and h does not affect the decision made
by the household, since they simply supply whatever capital they have
inelastically.

• In sum the model augmented with human capital still behaves just like
the original model, only replacing physical capital k by a broad measure
of capital z. Importantly, the share in income of this broad measure is
larger than for physical capital (α + η and α respectively)

• α+η takes the role of α in the expression for the approximate speed of
convergence. The production function is less concave, declining returns
to the accumulated factor sets in more slowly, and hence convergence
is slower.
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9.2 Convergence to steady state in an open economy

• Remember that what drives convergence is declining marginal returns
to the accumulated factor. That is, since the interest rate in a closed
economy falls during the transition, this feeds back on the choice of h
and k giving convergence to a steady state.

• In a small open economy, the world interest rate rw pegs the domestic
interest rate r.

• For simplicity and as a point of reference, assume that rw is constant.
(E.g. because the ’world’ is in its steady state.)

• But with rw = r = Rk − δ = Rh − δ it follows from (1) and (2) that
also h and k must be constant. Thus, the open economy will jump
instantaneously to the level of h and k that is accordance with this
interest rate. That is, it will jump directly to its steady state.

• This instantaneous adjustment can be achieved by international bor-
rowing or lending, i.e. by adjusting d. That is, in the open economy
investments are not determined by domestic saving and changes in k
and h are no longer constrained by the available resources from domes-
tic production after consumption.

• Thus, the model predicts that in a small open economy, we should
observe an infinite speed of convergence.

• There does not exist any transitional dynamics in the model. That is,
the short run does not exist.

• Since the model only can tell us something interesting about the hows
and whys of growth as transitional phenomena, does this imply that
the neo-classical model is uninteresting for growth?

9.3 Problems of the model for an open economy

• We do not observe anything even resembling instantaneous conver-
gence. So what is wrong?

• There are also other problematic predictions of the Ramsey model when
applied to an open economy.
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• The Euler equation characterizing the intertemporal decisions of house-
holds is

˙̂c(t)

ĉ(t)
=

rw − ρ− θx

θ
(6)

• Remember that for a closed economy we had r = ρ + θx in the steady
state. What then if the world interest rate deviates from this value,
perhaps because preferences are different in other countries?

• If rw > ρ+ θx the home economy would accumulate assets indefinitely.
Eventually the assumption of being a small open economy (i.e. not
affecting r) would be violated.

• If rw < ρ + θx, i.e. if the home economy is sufficiently impatient, then
it can be shown (see BSiM pp. 163-164) that it will plan to consume so
much today that it goes fully at the expense of consumption in the far
future (c goes to 0 asymptotically), and it achieves this by mortgaging
all of its capital and future labor incomes.

• Clearly, these predictions do not make very much sense.

• The predictions do not become any better when we consider what an
international equilibrium must look like (see BSiM pp. 164-165).

• There are several reasons to question these conclusion, because the
model fails to consider:

1. Constraints on international credit, i.e. constraints on d

2. Costs of adjusting the capital stock

3. There does appear to be strong link between domestic saving and
domestic investment even in open economies (Feldstein-Horioka
puzzle).

4. Agents might make decisions with a finite horizon.

5. Preferences might be changing over time.

• We will now consider the first points in some detail, and also say some-
thing about the second and third. BSiM 3.5-3.6 considers the last two
points, but this is not required knowledge for this course.

• Before turning to these extensions it should be said that the present
state of research has not led to fully satisfactory answers to these prob-
lems.
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9.4 Constraints on international credit

• A plausible restriction on the level of international debt is

d ≤ k

• That is, physical capital can be used as collateral for international
borrowing while human capital cannot.

• The other side of the same coin is that foreigners can not own domestic
human capital and raw labor. Thus, the constraint is also relevant for
foreign direct investment.

• Plausible assumption? Physical capital is easier to repossess and mon-
itor.

• Besides, we can interpret the division of capital into k and h as respec-
tively capital that can be and cannot be used as collateral. (Note that
this has implication for the relevant magnitudes of α and η.)

• If k(0)+h(0)−d(0) ≥ h∗ the constraint on credit is not binding, hence
we focus on the case k(0) + h(0)− d(0) < h∗.

• The two forms of capital are no longer perfect substitutes, so condition
(5) need no longer be satisfied.

• However, a and k are still perfect substitutes as store of value, so we
must still have:

rw = Rk − δ ⇒ k/y = α/(rw + δ)

Thus the capital-output ratio k/y is constant (which is accordance with
one of the empirical regularities of economic development listed in a
famous article by Kaldor (1961)).

• Inserting this, the production function now can now be written:

ŷ = B̃ĥε (7)

where B̃ = [α/(rw + δ)]α/(1−α) and ε = η/(1 − α). Note that since
α + η < 1, we have 0 < ε < α + η < 1.

• If we insert for the wage w in the budget constraint (4) we get

ȧ = y−(r+δ)(k+h−a)−(n+δ)a−c = y−(r+δ)d−(n+δ)a−c (8)

or
˙̂a = ŷ − (r + δ)d̂− (n + δ + x)â− ĉ (9)
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• When the credit constraint is binding we have d = k (implying a = h)
which gives

˙̂a = ŷ − (r + δ)(k̂)− (n + δ + x)ĥ− ĉ (10)

• Finally inserting for ŷ from (7) and using k/y = α/(rw + δ) we get

˙̂
h = (1− α)B̃ĥε − (δ + n + xĥ− ĉ (11)

• Note that the subtraction αŷ = αB̃hε is the rental payment to foreign-
ers.

• If we now look at the problem within the framework of a single repre-
sentative consumer-producer we see that he seeks to maximize utility
constrained by (11). This is a problem very much like that we faced
in the original formulation of the Ramsey model for a closed economy,
both with and without human capital.

• The only differences is that h take the role of the accumulated factor
(instead of k or z), the share in income of this factor is now ε (in place
of α or α + η), and the presence of the constant (1− α)B̃ (in place of
1 or B).

• The solution to the model is therefore basically the same as that of a
closed economy with a saddle path describing the transition to a steady
state.

• The rate of convergence is then finite even in the open economy, but is
higher than in the closed economy because ε < α + β.

• Note that in the closed economy k/h was fixed, while here it falls during
the transition, so the decreasing returns to h sets in earlier.

• Calculating the approximate speed of convergence in this case shows
that the difference to the closed economy is not all that large. In fact,
it appears to fit reasonably well with the rate of convergence observed
in the data.

9.5 Investments with adjustment costs

• There are several reasons why it is costly to change the capital stock.

• We will be focusing on internal adjustment costs: I.e. that new ma-
chines must be installed, and the workers trained to used them.
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• For ease of exposition we return to the simplest model with only phys-
ical capital.

• The main alteration is that we now assume that the representative firm
faces

Cost of invetsment = I · [1 + φ(I/K)]

where φ′ > 0 reflects the cost of adjusting capital, or rather a cost
of adjusting to gross investments. Importantly, we assume that costs
depend on the proportionate change (I/K). We assume also that φ′′ ≥
0. With φ′′ > 0 it would be better to make gradual adjustments, rather
than large one off changes.

• The firm seeks to maximize the present value of its net cash flow:

V =

∫ ∞

t=0

e−r̄(t)t{F (K, TL)− wL− I[1 + φ(I/K)]}dt

where

r̄(t) = 1/t

∫ t

0

r(v)dv

• The variables under the control of the firm is the level of investment,
I(t), and labor L(t). The level of capital, K(t), is determined by pre-
vious decisions and is a state variable following the law of motion:

K̇(t) = I(t)− δK(t)

• The current value Hamiltonian for this problem is

H(K(t), I(t), L(t)) = F (K, TL)− wL− I[1 + φ(I/K)] + q(I − δK)

where q(t) is the co-state variable measured in current values, i.e. at
time t.

• Solving this model is left for self-study (see BSiM 3.2), we here only
discuss the main results.

• Remember the interpretation of the co-state variable as a shadow value
of the state variable, i.e. installed capital K.

• A central result is that I/K = Φ(q) where Φ′(q) > 0, i.e. investments
depend on q only. An important aspect of q is that it summarizes all
information about the future that is relevant for the firm’s investment
decision.
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• The q derived as a co-state variable relates closely to Tobin’s q, defined
as the ratio of the market value of capital to its replacement value. Note
that the relevant q in our model is measured at the margin. Under the
special conditions underlying our model the two concepts coincide.

• The solution to the model is a saddle-path for the evolution of (k̂, q).
The most important thing for us to note is that this entails a gradual
adjustment of k̂ to any factor (such as a change in the world inter-
est rate) that shifts the location of the steady state. I.e. we get an
immediate impact on q to which k̂ gradually adjusts.

• In light of this we should expect that countries facing adjustment costs
of investments to take time to adopt to the steady state level of capital
implied by the world interest rate. In short: we should no longer expect
instant convergence.

9.6 The Feldstein-Horioka puzzle

• In a famous study Feldstein and Horioka reported least squares regres-
sion results indicating a strong link between domestic savings rate and
domestic investment rates, and that the relationship was surprisingly
close to 1-1.

• There has been a large discussion about this empirical regularity, which
seemingly is at odds with capital being quite mobile across countries.

• Possible explanations are:

1. Governments might adjust fiscal or monetary policy to avoid large
and protracted current account imbalances.

2. Underlying variables might affect both saving and investment, i.e.
taxes, demographic conditions.

3. Corporate saving (retained earnings) might play an important
role.

4. A home-bias on the part of investors.

• In sum, these factors contribute to weaken the impact of an economy’s
openness on its speed of convergence.
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