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Part 1 – Environmental R&D

1.) There is a large number N of identical polluting firms in the economy, each hav-
ing an abatement cost function c(ai; yi), where ai and yi are abatement and technology
levels of firm i, respectively. The function c has the properties assumed in Hoel: "En-
vironmental R&D". What are these?

2.) The technology level of firm i is given by yi = xi+γ
∑

j 6=i xj where xi is the number
of useful ideas firm i purchases from the R&D sector. Give an interpretation of this
equation.

3.) The R&D sector produces ideas at a cost f(X) per idea, where X =
∑

j xj, and
where f ′ may be non-negative. Discuss what the sign of f ′ might be.

4.) Assume that there is one firm per produced idea in the R&D sector, and that there
are zero profits in this sector in equilibrium. The government has an environmental
cost function D(E) with D′ > 0 and D′′ ≥ 0, where E denotes total emissions. Prior
to the production and trade of useful ideas, the government can commit to a particular
level of total emission quotas. In this setting, what is the first-order-condition that
defines the amount of ideas that firm i is buying? What is the market condition that
defines the total number of ideas that are bought?

5.) What is the optimal policy of the government (i.e. it minimizes abatement cost,
R&D costs, and environmental damages subject to the market constraint)?

6.) The necessary condition for optimality is given by:

ca −D′(E) =
(−γ(N − 1)f +Nxf ′)cya
[1 + γ(N − 1)]cyy +Nf ′ .

Assume that the denominator is positive. Given that γ > 0 and f ′ < 0, what does the
necessary condition imply as compared to the benchmark case when there are external-
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ities relating to the R&D sector?

7.) Does your result depend on whether the quotas are allocated for free to the polluting
firms or are auctioned?

8.) How would the outcome be changed if instead of committing to a quota the govern-
ment committed to an emission tax?

Part 2 – Stock Pollution

1.) Consider a stock pollutant where gross emissions E and income Y are exogenous.
Net emissions M are equal to gross emissions minus abatement H (i.e. M = E −H).
The abatement cost function is C(H) = b

2
H2 with b > 0. Derive the benefit function

B(M) and discuss its properties.

2.) Show that a tax p(t) per unit of net emissions will make those responsible for the
emissions choose M(t) = E − p(t)

b
.

3.) The relationship between the flow (M) and stock (A) of pollution is given by
Ȧt = Mt − αAt where α > 0. The damage function is assumed to be D(A; t) = kA

where k is a positive constant parameter. Derive an expression for the marginal social
damage of pollution (i.e. the optimal pollution tax) and discuss the intuition behind
the result.

4.) The damage function above is independent of time t. Suppose that the government
expects the damage to be higher in the future than now. Two stylized ways of modeling
this could be (a) to impose a damage function of the form D(A; t) = egtkA where g is
a positive constant and k is as above, or (b) to impose a damage function of the form
D(A) = 0 if A ≤ Ā and D(A) =∞ if A > Ā (with A0 < Ā, of course). Which aspect
do the respective models highlight? Argue for/against their relevance.

5.) Now suppose that the government realizes that the outlook into the future is worse
than initially thought. How would you incorporate this in model (a) and (b) respectively,
and what would be the consequence for the optimal tax?
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