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Overview

This lecture (planned for two sessions) gives an introduction to the problem of sus-
tainable production in a world with exhaustible resources. First we will spend some
thoughts on the ethics of intergenerational allocation and discuss discounting. Then
we will be concerned with implications of exhaustibility of input factors to production.
Next, we will discuss under which circumstances investing all rents from exhaustible
resource exploitation in productive capital leads to constant consumption paths. And
finally we take a look at how the change of the relative price of the scarce resource
affects discounting.

This note gives some rudimentary context and spells out all the mathematical mod-
els that will be lectured. It does not serve as a substitute for your readings in the text
book (Perman et al., 2003, ch. 3, 4 and 19). Useful (but voluntary) general readings are
the article from Solow (1986) and chapters 4, 7, 9, and 10 in the textbook from Das-
gupta and Heal (1979). In particular, Groom et al. (2005) gives further background for
section 2, Hartwick (1977) and Hoel (1978) for section 4, and Hoel and Sterner (2007)
for section 5.

After the lecture, you should be able to discuss the following key concepts: Cake-

eating problem; utility and consumption discount rate; hyperbolic discounting; essen-

tial and inessential factors of production; Dasgupta-Heal-Solow model; Utilitarian and

Rawlsian preferences; relative prices.

1 Introduction

By way of introduction, let me quote from Solow (1986, p.141):

The basic question is: how much of the world’s endowment of nonrenew-
able resources is it fair for the current generation to use up, and how much
should be left for generations to come who have no active voice in contempo-
rary decisions? One of the [...] contributions made by professional economists
to this debate is the warning that this is a damagingly narrow way to pose the
question. The current generation does not especially owe to its successors a
share of this or that particular resource. If it owes anything, it owes general-
ized productive capacity, or, even more generally access to a certain standard
of living or level of consumption.

In this lecture, we will start very simple to build our ideas. Consider the following econ-
omy: There is a total amount of the good S0 to be consumed at two dates t = 1,2 so
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that S0 ≥ C1 + C2. The amount  left over after the first period (i.e.  = S0 − C1) can
be transferred to the second period, so that C2 ≤ ƒ () = ƒ (S0 − C1). Suppose there is a
non-satiable utility function U(C1, C2) then efficiency requires that the above equations
hold with equality. The optimization problem can then be written as

mx
C1

U(C1, ƒ (S0 − C1)), (1)

yielding the first-order-condition

U′1 − U
′
2· ƒ
′ = 0 ⇔ U′1 = U

′
2· ƒ
′ ⇔ ƒ ′ =

U′1
U′2

(2)

with the familiar interpretations from the microeconomics course. When the investment
is neither productive, nor the capital deteriorates, that is C2 = S0 − C1 (the cake-eating
economy) then we see that optimization implies that the marginal utilities from con-
sumption in period one and period 2 equalize. When the utility function is of the special
form U = (C1) + β(C2) where β < 1 is a utility discount factor1 we see that C1 = βC2,
i.e. more of the cake is eaten today than in the future.

2 Discounting

To get a better grip on this discounting issue, consider the following Ramsey model,
where consumption C(t) is a composite good yielding utility according to the time invari-
ant function , which is discounted at the rate ρ:

U (Ct) =
∫ ∞

0
(Ct)e−ρt dt. (3)

Let a dot denote the time-derivative of a given variable, and abstract from population
growth and technological progress in the following. The economy is such that capital Kt
yields output ƒ (Kt) which can be devoted to investment or consumption according to the
intertemporal constraint:

K̇t = ƒ (Kt)− Ct . (4)

Maximizing (3) subject to (4) involves the following Hamiltonian:

H = (Ct) + μ[ƒ (Kt)− Ct] (5)

1Note that a discount factor β for one period is equivalent to the the discount rate ρ when β = 1
1+ρ .
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and includes the first-order-conditions:

′(Ct)− μ ≤ 0 (= 0 for C > 0), (6)

μ̇ = μρ− μƒ ′(Kt). (7)

Now differentiate (6) with respect to t: μ̇ = ′′(Ct)Ċt and insert both μ̇ and μ into (7) to
obtain the Euler equation:

′′(Ct)Ċt = ′(Ct)ρ− ′(Ct)ƒ ′(Kt). (8)

Upon noticing that in an efficient market economy, the marginal productivity of capital
ƒ ′(K(t)) equals the interest rate equals the consumption discount rate r we have:

r = ρ−
˙′(Ct)

′(Ct)
(9)

Further, denote the proportional growth rate of consumption by g = Ċ(t)
C(t) and the elasticity

of the marginal utility of consumption as η = −′′(C(t))C(t)
′(C(t)) , we see that (8) can be written

as Ramsey rule:

r = ρ+ ηg (10)

There are several things to note at this point: First, the consumption discount rate r

need not be constant over time. Moreover, it can be separated into two effects: impa-

tience as reflected by the utility discount rate or pure rate of time preferences ρ, and
the wealth effect represented by the term ηg where η is greater than zero if households
favor a smooth consumption path. The wealth effect describes how additional units of
consumptions in the future are valued less when the household income will be higher
due to economic growth.

Hence, there is no one-to-one relation between ρ and r. In fact, positive discounting
is feasible even if the pure rate of time preference is set to zero, which – according to
many scientists – is the morally sound thing to do. Ramsey for example found it ethically
indefensible to count the utility of different generations less value just because they
live later in time. Harrod (cited after Groom et al., 2005, p.450) stated that discounting
utility represented “rapacity and the conquest of reason by passion”, and others warn
of a tyranny of the present over the future. However, there are also arguments why
ρ should in fact be positive: First because there is uncertainty about the end of the
world, and it would surely be suboptimal to leave resources unused for the time after
Armageddon. And second because assuming ρ = 0 implies an “excessive sacrifice” of
current generations for the benefit of later generations that will be richer anyway.

Still, exponential discounting is especially problematic when one considers long-run
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environmental problems. For example the damages from climate change are thought to
play out fully in the order of hundreds of years, which even when discounted at moderate
rates count very little today. In the words of Weitzman (cited after Groom et al., 2005,
p.447): “To think about the distant future in terms of standard discounting is to have
an uneasy intuitive feeling that something is wrong, somewhere”. Many have therefore
argued to employ declining discount rates. Hyperbolic discounting, as this idea is also
commonly called, is then raising the weight attached to future generations and is much
more in line with the widely supported goal of “sustainability”.

Declining consumption discount rates could emerge from known changes in the growth
rate and from an increasing marginal willingness to pay for the environment, but also
from uncertainty about the discount or the growth rate. Ultimately many people employ
hyperbolic discounting on a day-to-day basis: they have clear preferences over trade-
offs in the present and much less clearer preferences over the same trade-offs in the far
future.

However, hyperbolic discounting leads to time inconsistency: Let us re-consider our
cake-eating model (1) but now presume that the cake has to be distributed over three
generations: S0 ≥ C1 + C2 + C3. Furthermore suppose that the present generation dis-
counts the future, but does not distinguish between different generations in the future.
That is, generation 1’s objective is:

mxU = (C1) + β [(C2) + (C3)] subject to: S0 ≥ C1 + C2 + C3. (11)

The solution to this problem requires:

C2 = C3 (12)

′(C1) = β′(C2) (13)

S0 = C1 + C2 + C3. (14)

When date 2 comes around and C1 has been eaten, and the now present generation
sees the problem as follows:

mxU = (C2) + β(C3) subject to: S0 − C1 ≥ C2 + C3. (15)

A necessary condition is:

′(C2) = β′(C3) (16)

this condition does not satisfy equation (12). The original plan envisaged by the planner
1 is not optimal from the point of view of planner 2: She would not like to eat the same
amount as 3, but more of it. This is the nature of the time-inconsistency implied by
hyperbolic discounting. Indeed, the time-inconsistency is one of the reasons why hyper-
bolic discounting has become so popular: it can explain a diverse array of “irrational”
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behaviour such as addiction and procrastination. Yet, it is not clear whether we should
readily jump from “is” to “ought” when making normative economic statements.

In short, discounting is a wide and puzzling subject that will continue to occupy
economists and non-economists alike. In particular hyperbolic discounting could make
an important contribution towards the goal of sustainable development.

3 Production with exhaustible resources

Until now we have been concerned with economies, where the original resource endow-
ment did not matter at all (production in the Ramsey model does not depend natural
resources) or the original resource endowment was all there is (in the cake-eating econ-
omy). Let us now look at a situation where a scarce resource is a necessary factor of
production (i.e. ƒ (K,R) = y and ƒ (K,0) = 0).

The production function is then of the form ƒ (K,R) and the dynamic constraints in
such an economy read:

K̇t = ƒ (Kt , Rt)− Ct . (17)

Ṡt = −Rt and S0 =
∫ ∞

0
Rt dt (18)

We are interested in which consumption paths are feasible for such an economy. With
a given and non-renewable stock of the necessary resource, the answer will depend on
the substitution possibilities open to the economy. Dasgupta and Heal (1979, ch.7) dis-
tinguish between essential and inessential resources.2 A resource is essential if there is
a feasible programme along which consumption is bounded away from zero. A resource
is inessential if feasible consumption must necessarily decline to zero in the long run.

Consider the class of CES production functions where the elasticity of substitution
between man-made (reproducible) capital K and natural (non-renewable) capital R is
constant and given by σ:

ƒ (K,R) =
�

αK
σ−1
σ + (1− α)R

σ−1
σ

�

σ
σ−1

(19)

(i) in the case σ > 1 the resource is not necessary for production and its non-renewability
poses no problem.
(ii) the case σ < 1 is also not interesting analytically: it implies that output and conse-
quently consumption must decline to zero. The substitution possibilities are too limited
to avoid doom.
(iii) in the case σ = 1, equation (19) collapses to the Cobb-Douglas production function

2Note that Perman et al. (2003) somewhat confusingly call a necessary resource essential and a non-
necessary resource inessential, but they do make a related albeit somewhat fuzzy distinction as Dasgupta
and Heal when they talk about “weak” and “strong” sustainability.
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ƒ (K,R) = KαR1−α. The resource is clearly necessary for production (i.e. ƒ (K,0) = 0). Yet
when α > 1

2 it turns out that the resource is inessential and positive consumption forever
is feasible. Intuitively, when man-made capital is sufficiently important for production, it
is possible to accumulate capital fast enough to compensate for the declining availability
of the resource which is then smeared out thinly over the long time horizon.

4 Intergenerational allocation of resources

Let us then turn to the Dasgupta-Heal-Solow (DHS) model and ask what is the optimal
consumption profile when the objective is to maximize the sum of utilities:

mx
Ct ,Rt

U (Ct) =
∫ ∞

0
(Ct)e−ρt dt. (20)

subject to: K̇t = ƒ (Kt , Rt)− Ct . (17)

and Ṡt = −Rt and S0 =
∫ ∞

0
Rt dt (18)

The current value Hamiltonian for this problem is:

H = (Ct) + μ[ƒ (Kt , Rt)− Ct]− λRt . (21)

Necessary conditions for an optimum include:

′(Ct)− μ ≤ 0 (= 0 for Ct > 0), (22)

μƒ ′
R
(Kt , Rt)− λ ≤ 0 (= 0 for Rt > 0), (23)

μ̇ = μρ− μƒ ′
K
(Kt , Rt) (24)

λ̇ = λρ. (25)

To see what these first-order conditions imply for positive consumption and resource
extraction, differentiate (22) with respect to t: μ̇ = ′′(C)Ċ and insert this and (22) into
(24): ′′(C)Ċ = ′(C)ρ−′(C)ƒ ′

K
(K,R). This is the same as the Euler equation (8) and can

hence be re-written as Ramsey rule (10):

r = ρ+ ηg (10)

Similarly, differentiating (23) with respect to t: λ̇ = μ̇ƒ ′
R
(K,R) + μƒ̇ ′R(K,R). Insert this and

(23) into (25) to obtain: μ̇ƒ ′
R
(K,R) + μƒ̇ ′R(K,R) = μƒ ′

R
(K,R)ρ. Now using (24) for μ̇ in the

above equation we have
�

μρ− μƒ ′
K
(KT , Rt)

�

ƒ ′
R
(K,R) + μƒ̇ ′R(K,R) = μƒ ′

R
(K,R)ρ. This in turn
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simplifies to the Hotelling rule for intertemporal efficiency:

ƒ ′
K
(K,R) =

ƒ̇ ′R(K,R)

ƒ ′R(K,R)
(26)

So, efficient production and consumption paths must satisfy the Hotelling and Ramsey
rule as well as limt→∞ St = 0. In a world where the production function ƒ is of the Cobb-
Douglas type with α > 1

2 , these conditions are also sufficient for optimality. In other
words, if an optimum exist, it will be characterized by these equations. If no optimal
programme exists, then no feasible programme will satisfy these conditions.

In order to further characterize the optimal programme, suppose first that utility is
discounted at a positive rate ρ > 0. Then the Ramsey rule can, under our assumption of
Cobb-Douglas production, be re-written as:

Ċ

C
=
α
�

R
K

�1−α
− ρ

η
(27)

Feasibility dictates that resource extraction declines and approaches zero. A positive
rate of time preference then implies that the only way to have a non-negative growth
rate of consumption is that Kt → 0 as well. Consequently output and finally consumption
will tend to zero as well. “A positive rate of impatience, no matter how small, implies
that it is judged optimal to allow the economy to decay in the long run, even although
it is feasible to avoid decay.” (Dasgupta and Heal, 1979, p.299)3 Note that this will
be true regardless which value the parameter η takes. However, the larger the desire
to smooth consumption, the flatter will be the consumption path. Moreover, it can be
shown that the consumption path has at most one peak, and the lower the value of ρ
the further into the future will be the peak. In contrast, when there is no discounting
of future utilities, unbounded consumption may be made feasible by early generations
saving for the benefit of later generations. The larger the value of η the further delayed
is the rise in consumption.

Hartwick’s rule

The above section employed a Utilitarian objective which implies varying consumption
levels over time. Many feel that the Utilitarian framework is ethically inappropriate when
discussing the intergenerational allocation of resources. Rather they argue for a “maxi-
min” objective in the spirit of a Rawlsian “veil of ignorance”.

One way of getting at maxi-min is adopting a specific investment rule as a constraint
in the above model. The proposition of Hartwick (1977) was to invest all rents from
exhaustible resources in reproducible capital: K̇t = ƒR(K,R)Rt. This will result in constant

3But then again if ρ reflects the possibility of future extinction, the probability that generations in the far
future will exist tends to zero as well.
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consumption, and as the path is efficient, it is the maximum constant consumption which
is feasible.

In fact, following the exposition of Hoel (1978), we will show that using Hartwick’s
rule leads to zero growth in consumption. Consider the accounting equation (17): Ct =
ƒ (Kt , Rt)− K̇t and apply Hartwick’s rule: Ct = ƒ (Kt , Rt)− ƒR(K,R)Rt. Now differentiate this
with respect to time to obtain an expression for consumption growth:

Ċt = ƒK (K,R)K̇(t) + ƒ ′R(K,R)Ṙ(t)− ƒ̇
′
R(K,R)Rt − ƒ

′
R
(K,R)Ṙt . (28)

Simplifying and employing the Hotelling rule for intertemporal efficiency gives:

Ċt =
ƒ̇ ′R(K,R)

ƒ ′R(K,R)
K̇t − ƒ̇ ′R(K,R)Rt . (29)

Which upon using Hartwick’s rule yields:

Ċt =
ƒ̇ ′R(K,R)

ƒ ′R(K,R)
ƒR(K,R)Rt − ƒ̇ ′R(K,R)Rt , (30)

and hence:

Ċt = 0 (31)

Note however that Hartwick’s rule is only a necessary but not sufficient condition for a
sustainable consumption path: it holds on the sustainable and efficient path, but if the
economy is not already on this path, the prices for natural capital will not reflect their
true shadow value.

Regardless of this, the implication of such an egalitarian path is of course that a soci-
ety would not be justified to demand any sacrifice, however small, from any generation
to obtain a benefit, however large, for any other generation. Clearly such a society would
be entirely at the mercy of its initial condition. A maxi-min criterion might be of very dif-
ferent appeal for Norway as compared to Burkina Faso. The DHS model – stylized as it
may be – proves to be a very powerful tool to analyze the implications of various ethical
judgements (see Figure 1).

Green National Accounting or an Interpretation of Hartwick’s rule

To quote Solow (1986, p.146) again: “The policy of investing resource rents in repro-
ducible capital suggests irresistibly that some appropriately defined stock is being main-
tained intact, and the consumption can be regarded as ‘interest’ on that stock.” This
consumption can then be sustained forever, – if the right prices are used to value that
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Figure 1: “Rawlsian” and “Utilitarian” consumption paths

comprehensive capital stock.
A rough (and very dirty) way to get at this “green national product is the return

on the economy’s total stock of wealth” is to take the maximized Hamiltionian (21)
H∗ = (Ct) + μK̇ − λRt, linearize the utility function (Ct) = ′

C
Ct, and write this as

H∗

′C
= Ct + K̇ − λ

μRt = GNPt (where from (22) we have μ = ′
C
). Then upon using using

the first-order conditions (22-25), the change of the Hamiltonian wrt time can be written
as d

dtH
∗(K, S, μ, λ) = ∂H∗

∂K K̇ + ∂H∗

∂S Ṡ + ∂H∗

∂μ μ̇ + ∂H∗

∂λ λ̇ = ρ(μK̇ − λRt), which, with d
dt

′
C
= 0

implies

d

dt
GNPt =

�

d

dt
H∗

�

/μ

=
ρ(μK̇ − λRt)

μ

= ρ

�

K̇ −
λ

μ
Rt

�

= ρ
�

K̇ − ƒ ′
R
Rt
�

= ρ(GNPt − Ct).

The solution to this differential equation can shown to be: GNPt = ρWt where Wt =
∫∞
t
Cτeρ(τ−t)dτ is the economy’s wealth at t as defined as the present discounted value

of consumption form time t onwards.
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5 Synthesis: Discounting and Sustainability – The im-

pact of relative prices

Now consider the case the when the natural resource is an argument in the utility func-
tion U(C,R) (imagine, for example, the utility derived form unspoiled access to solitary
nature, or more vital goods such as clean air and water which cannot entirely be re-
placed by man-made consumption goods.) Bringing together the topic of sustainability
and discounting we want to focus on the change in relative prices that are induced by
the scarcity of the resource.

We have seen that it is standard to discount the contribution of some good t to
future utility by a factor r so that the present value is (1+ r)−tt, and that this can have
dramatic consequences on the desirability to invest or not in a project in order to obtain
 in the future. However,  should be valued at real future prices. Our best estimate of
t is t = (1 + p)t0 where p is the expected rise per year in year of the relevant good.
Consequently, the project should be evaluated at the adjusted 0(1 + p)t(1 + r)−t. This
reasoning is well known but often overlooked. Yet, it can have a significant impact on
the investment decision on long-term projects.

Let the objective function is then be:

U (Ct , Rt) =
∫ ∞

0
(Ct , Rt)e−ρt dt. (32)

which, parallel to (9), leads to:

r = ρ−
d
dt

′
C
(Ct , Rt)

′C(Ct , Rt)
(33)

The valuation of the natural resource is then given by UR
UC

, telling which increase in current
consumption is necessary so that we can accept the deterioration of the natural resource
by one unit. The relative change in price is therefore:

q =

d
dt

�

UR
UC

�

�

UR
UC

� (34)

The combined effect on the evaluation of future projects d = r − q is ambiguous with-
out further specification of the utility function. Therefore, consider the Cobb-Douglas
function:

U(C,R) =
1

1− η

�

C1−γRγ
�1−η

(35)
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Then from (33) and (35) it can be derived that4

r = ρ+ η [(1− γ)gC + γgR] + γ (gC − gR) (36)

where gC denotes the consumption growth rate and gR the environmental growth rate.
For the relative price of the natural resource, it finally follows from (34) and (35) that:5

q = gC − gR (37)

In the most reasonable case that gC > gR, the resulting interest rate d = r − q is sig-
nificantly lower than the conventional discount rate (it might even be negative). Taking
change of relative prices induced by the scarcity of the natural resource into account
therefore leads to a discounting scheme which is much more in line with common con-
cern that the standard cookbook economic analysis with exponential discounting gives
insufficient weight to future environmental problems.

4The derivation is straightforward, but very tedious:

d
dt C(C)

C(C)
=
CCĊ+ CRṘ

C

=
CCC

C

Ċ

C
+
CRR

C

Ṙ

R

=

¦

−η[C1−γRγ]−η−1(1− γ)2C−2γR2γ − [C1−γRγ]−ηγ(1− γ)C−γ−1Rγ
©

C

(1− γ)[C1−γRγ]−ηC−γRγ
Ċ

C
+
CRR

C

Ṙ

R

= [−η(1− γ)− γ]
Ċ

C
+
CRR

C

Ṙ

R

= [−η(1− γ)− γ]
Ċ

C
+

¦

−η[C1−γRγ]−η−1(1− γ)γC1−2γRγ + [C1−γRγ]−η(1− γ)γC−γRγ−1
©

R

(1− γ)[C1−γRγ]−ηC−γRγ
Ṙ

R

= [−η(1− γ)− γ]
Ċ

C
+ [−ηγ+ γ]

Ṙ

R

= −η



(1− γ)
Ċ

C
+ γ

Ṙ

R



− γ

 

Ċ

C
−
Ṙ

R

!

5Again, the derivation is an example of fun and games with Cobb-Douglas:

UR =
�

C1−γRγ
�−η
(γ)C1−γRγ−1

UC =
�

C1−γRγ
�−η
(1− γ)C−γRγ

UR

UC
=

γ

1− γ
C

R
;

d

dt

�

UR

UC

�

=
γ

1− γ
ĊR− CṘ

R2

q =

d
dt

�

UR
UC

�

�

UR
UC

� =
Ċ

C
−
Ṙ

R
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