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Renewable Resources
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Overview

This lecture (planned for two sessions) gives an introduction to renewable resources.
The core theme will be the role of management institutions: A theoretical sole-owner
would take the self-reproducible character of such a resource adequately into account
and use it optimally, whereas open access to the resource is often associated with a
“tragedy of the commons” (Hardin, 1968). Gordon (1954) was the first to make the
malign effect of missing property rights in fisheries known to a wide public. However,
largely unnoticed, the Danish economist Warming has described these mechanisms
already in 1911 (translated by Andersen (1983)). An excellent account of the evolution
of forestry economics is the paper by Samuelson (1976). Barbier and Burgess (2001)
review the economics of tropical deforestation.

This note gives some rudimentary context and spells out all the mathematical mod-
els that will be lectured. It does not serve as a substitute for your readings in the text
book (Perman et al., 2003, ch. 17 and 18).

After the lecture, you should be able to discuss the following key concepts: bio-

economics; Gordon-Schaefer model; MSY; open-access; TAC; ITQ; stock collapse; rota-

tion period; Faustmann rule.

1 Introduction

The economics of renewable resource use is essentially a multi-disciplinary undertaking,
integrating both biological and economic aspects. When modeling the dynamics of the
resource, one has to choose a level of analysis. An intuitive entity is the organism itself
(a fish, a tree, or a cow) that experiences growth and mortality. While growth and mor-
tality determine the dynamics of the existing number of individuals, it is the potential
to reproduce which characterizes renewable resources. Resources whose reproduction
is completely outside of the control of the resource users can perhaps best be analyzed
in the framework of “eating a cake of unknown size”. We will meet resources whose
reproduction can be completely controlled when discussing forestry issues, but aquacul-
ture could be another example. For most resource management problems however, it
will be useful to model a reproduction function which depends in some (possibly highly
nonlinear, possibly very stochastic) way on the existing number of individuals, which in
turn are influenced by the current exploitation regime.

In addition to the viewpoint of an organism, one could also focus on the dynamics
of the underlying processes (e.g. taking the gene as basic observation when discussing
harvest-induced evolution, or taking an energy unit as basic observation when analyzing
food-web models). Most models will take an aggregated view, i.e. analyzing a fishery,
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a forest, an ecosystem as a whole. This is what we do in the following. The biomass
of the resource stock will be denoted by S and its growth function by G(S). Denote the
harvest by H. The stock dynamics of the renewable resource economy are then given
by: Ṡ = G(S)−H.

The most commonly used growth function is probably the “logistic model”:

G(S) = gS

�

1−
S

Sm

�

(1)

It captures the idea that there is a maximum stock size Sm, determined by the carrying
capacity of the ecosystem, so that G(Sm) = 0. Similarly, no fish fall from heaven (i.e.
G(0) = 0). In between S = 0 and S = Sm, growth G(S) will be positive and the resource
stock will grow with the “intrinsic growth rate” g at the origin and it will grow strongest
at 1

2Sm. On the one hand allows the logistic growth function to describe the salient
features of renewable resources in a very simple and plain manner. On the other hand
does the logistic growth function not allow to analyze the internal dynamics of the stock
(e.g. its age structure) and issues of minimum viable population sizes and stock collapse.

The latter can be introduced by allowing for depensation: This means that there exist
some S < SD for which the “per-capita” growth rate of the stock is increasing. Critical

depensation then means that there exist some S < Smn for which the per-capita growth
rate of the stock is negative. In contrast, the standard growth function (1) exhibits
compensation, i.e. the per-capita growth rate of the stock is decreasing over its entire
domain.

The harvest function

Harvest is commonly thought to depend on the amount of effort E that is applied to
catch the fish and on the size of the fish stock S itself. Perhaps the canonical harvest
function is

H(E, S) = qES, (2)

Where harvest is proportional to effort and q is called the "catchability-coefficient", trans-
lating one unit of effort (e.g. measured in number of vessels) into one unit of harvest
(mostly measured in kg). Together with the logistic-growth function, it is referred to as
Gordon-Schaefer model after the seminal contributions of Gordon and Schaefer (both
published in 1954). Note that this harvest function is a special form of the Cobb-Douglas
production function where both α = 0 and β = 1.

H(E, S) = qE1−αSβ. (3)
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First, 1 − α is the effort-output elasticity, specifying by how much, ceteris paribus, the
harvest increases when effort increases by one unit. Most often harvest is thought to be
proportional to the amount of effort used and α is set to 0. Decreasing returns (α > 0)
could be thought of as representing a crowding externality. Second, β denotes the stock-
output elasticity. The value of β tells how much, ceteris paribus, the harvest increases
when the stock increases by one unit. If the fish stock follows an ideal free distribution
(β = 1) always occupying a given area, the density of fish declines at the same rate
as the stock gets depleted. Contrarily, for a perfect schooling species (β = 0), the fish
density remains unchanged, but the area occupied by the fish declines as the stock gets
depleted. In this case, the harvest function is independent of the stock size! Note that
for β > 0, the stock dependency makes it excessively costly to harvest the last fish in
the ocean. This can be more clearly seen by an inspection of the cost function. Suppose
that harvesting costs are proportional to effort: c(E) = ·E and use equation (3) with
0 < α,β < 1 to re-write the cost function in terms of harvest H and stock size S:

H = qE1−αSβ

E1−α =
H

qSβ

E(H,S) =

�

H

qSβ

�
1

1−α

c(H,S) =E =

�

H

qSβ

�
1

1−α

(4)

Under these assumptions, costs are decreasing in S and increasing in H.

2 Rent maximization

Consider again the dynamics of the renewable resource:

Ṡ = G(S)−H (5)

where G(S) is a concave function with a unique maximum. Clearly, there is an indefinite
number of equilibria in this system. In other words, all harvest levels that take out as
much as regrows are sustainable. The question thus is which sustainable harvest level
is the optimum?

Biologists and stock managers often call for “maximum sustainable yield” (MSY). Ob-
viously, the objective of harvesting as much as can maximally be sustained places no
concern whatsoever on economic criteria. Some have therefore called for “maximum
economic yield” (MEY), often interpreted as the sustainable stock size which gives the
highest surplus (calculated as revenue over cost). Perman et al. (2003, p.573) call this
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the “static private-property steady state”. It is static because the objective of maximiz-
ing equilibrium profits neglects both dynamics and discounting.

Let us then consider the “correct” control-theoretic problem of optimal harvesting.
Assume there is a sole-owner of a fishery whose dynamics are given by (5). Her objective
is to maximize the net-present value of this fishery, i.e. the discounted (at the rate r)
sum of revenues from harvesting (pH) minus the cost of harvesting (c(H,S), with the
usual properties cH > 0, cHH ≥ 0, cS < 0, cSS ≤ 0).

mx
H

∫ ∞

0
[pH− c(H,S)]e−rtdt

subject to: Ṡ = G(S)−H; S(0) = S0, S ≥ 0; 0 ≤ H ≤ Hm

(6)

The current value Hamiltonian is then:

H = pH− c(H,S) + μ (G(S)−H) , (7)

and necessary conditions for optimality include1

p− cH(H,S)− μ ≤ 0 (= 0 for H > 0), (8)

and the shadow price must obey:

μ̇ = μ
�

r −G′(S)
�

+ cS(H,S). (9)

From equation (8) we see that the shadow price μ has an interpretation as resource rent,
i.e. the net of price over marginal cost. Equation (9) can then be re-written as “Hotelling
rule” for renewable resources:

r =
μ̇

μ
−
cS(H,S)

μ
+G′(S) (9’)

The resource owner must thus be indifferent between taking out one unit of stock and
investing its value in the financial market or leaving it in the ocean, where in addition to
the proportionate growth in net price, it yields a proportionate reduction in harvesting
cost (due to the marginal increase in stock size) and an increase in natural growth.

The optimal development of the renewable resource economy is to steer the stock
from its initial value S0 to the optimal equilibrium S∗ and continue harvesting H∗ =
G(S∗) forevermore. When the economy is described by the traditional Gordon-Schaefer
function (2), we see that the Hamiltionian (7) is linear in the control H yielding the
bang/bang solution H∗ = 0 if S < S∗;H∗ = Hm if S > S∗. The approach dynamics
are then characterized by the “most rapid approach path” (MRAP).

1For the full set of sufficient conditions see e.g. Sydsæter et al. (2005): Further Mathematics, p.348.
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A characterization of the harvest level H∗ = H(S)

Let us give a further characterization of the optimal harvest level, and consider harvest-

ing costs of the form c(H,S) = 
�

H/qSβ
�

1
1−α , for α ∈ (0,1) (see equation 4). From the

(economic) first-order condition (8) it follows that if harvesting is profitable at all, the
optimal harvest H∗ can be expressed as a function of stock size:

cH(H∗, S) =
∂

�


�

H/qSβ
�

1
1−α

�

∂H
= p− μ

1

1− α
H

α
1−α

�

1

qSβ

�
1

1−α

= p− μ

H
α
1−α

�

1

qSβ

�
1

1−α

=
(p− μ)(1− α)



H
α
1−α =

(p− μ)(1− α)


�

qSβ
�

1
1−α

H∗ =

�

(p− μ∗)(1− α)


�
1−α
α

q
1
α

︸ ︷︷ ︸

A

S
β
α = AS

β
α (10)

The (biological) equilibrium condition Ṡ = 0 = H(S∗) − G(S∗) then allows to draw both
growth and harvest function in one diagram to read off the steady state stock value S∗.

Comparative statics

To gain some further insight, let us look at the situation once steady state has been
reached, i.e. a situation where S = S∗ and H = G(S). There are basically three measures
of interest: effort, harvest, and stock. How their values change with the exogenous
parameters p, q, and  will often depend on the specific model specification.

A formal investigation for the stock size S∗ would require to differentiate the equilib-
rium condition 0 = H(S)−G(S) wrt the parameter of interest e.g.:

0 =
∂H(S)

∂S

∂S

∂p
+
∂H(S)

∂p
−
∂G(S)

∂S

∂S

∂p

Which – provided that G′(S) < H′(S) – can be solved for:

∂S

∂p
=

∂H(S)
∂p

∂G(S)
∂S − ∂H(S)

∂S

Inferring the direction of change thus boils down to analyzing how A in equation (10)
changes with prices, technology, and costs. It is then relatively straightforward to see
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that the equilibrium stock will increase with the resource price (a higher p) and technol-
ogy (a higher q), and it will decrease when marginal effort costs  are higher.

p q 

Stock - - +
Harvest ? ? ?

Effort ? ? ?

Table 1: Comparative Statics for Optimal Steady State

Whereas the direction of change is unequivocal for the steady state stock S (see row
1 in Table 1), this is not the case for steady state harvest and effort (row 2 and 3 in Table
1). The signs of the effects can unambiguously stated when S is larger (smaller) than
SMSY before and after the change. For example, when S∗ > SMSY and S∗ne > SMSY
(so both old and new steady state stock are to the right of the peak of G(S)), then an
increase in price leads to a higher harvest and higher effort. Whether the steady state
stock is larger or smaller than SMSY depends on whether:2

G′(S∗)
?
< r +

cS(H∗, S∗)

p− cH(H∗, S∗)

The role of discount rate r has not been discussed so far. Due to equilibrium, we have
μ̇ = 0, and μ(t) = μ∗ = p− cH(H∗, S∗), and from (9’) it follows:

μ∗ =
cS(H∗, S∗)

G′(S∗)− r
(11)

Recall that cS(H∗, S∗) < 0 and G′(S∗) < r, so that the optimal shadow value – the
resource rent – is the larger, the smaller is r. When r = 0, (11) can be written as:

μ∗G′(S∗) = cS(H∗, S∗) (12)

stating that profits are maximized when the marginal revenue (with respect to stock
changes) equals the marginal cost (with respect to stock changes), which is exactly the
“static private-property steady state” mentioned above. For r > 0, (11) can be written
in present-value terms:3

p− cH(H∗, S∗) =
′(S∗)

r
(13)

2At least in the 3rd edition of Perman et al. (2003), there is a typo in the corresponding equations on p. 578.
3Where we have made use of G(S∗) = H∗, μ∗ = p − cH(H∗, S∗), and consequently write current prof-

its as: (S∗) = pG(S∗) − c(G(S∗), S∗). Hence (11) can be written as: rμ∗ = μ∗G′(S∗) − cS(H∗, S∗) ⇒
r (p− cH(H∗, S∗)) = pG′(S∗) − cH(G(S∗), S∗)G′(S∗) − cS(G(S∗), S∗) ⇒ r (p− cH(H∗, S∗)) = pG′(S∗) −
cH(G(S∗), S∗)G′(S∗)− cS(G(S∗), S∗).

6



ECON4925; Lectures 5-6: “Renewable Resources” Version of September 14, 2011

where the left-hand-side is the present value of catching one more unit of the stock
today while the right-hand-side give the cost in terms of the present value of the reduced
permanent income due to the changed steady state. Now as the discount rate increases,
the future income from the stock has less and less present value. In the limit, as r →∞,
the right-hand-side tends to zero and the optimal action is to deplete the resource until
the point where marginal revenue just equals marginal price, hence no profits are made.

3 Rent dissipation

Scenarios of unregulated competitive harvesting come in many different forms, but they
all share one aspect: the resource users do not fully take the self-reproducible character
of the resource into account: The gains from harvesting one more fish are private, while
the cost (in terms of a reduced stock size) are borne by all.

Under open access effort will enter the fishery until all rents are dissipated. The
economic equilibrium condition is therefore pH(E, S) = c(E). Using equations (3) and (4)
as above, this can be re-written as:

pH =

�

H

qSβ

�
1

1−α

H
−α
1−α =



p
q
−1
1−α S

−β
1−α

H =

�



p

�
1−α
−α

q
1
α S

β
α

HOA =
� p



�
1−α
α

q
1
α

︸ ︷︷ ︸

Ã

S
β
α = ÃS

β
α (14)

Compare this to (10):

H∗ =

�

(p− μ∗)(1− α)


�
1−α
α

q
1
α

︸ ︷︷ ︸

A

S
β
α = AS

β
α

Clearly since 0 < α < 1 and μ∗ > 0 we have that H∗ < HOA and consequently S∗ > SOA.
In other words, open access can – as the optimal control problem with an infinite

discount rate – yield only a short-term profit as the fish stock is harvested down to the
open-access level SOA. Note that the open-access stock level will be inefficiently low but
positive, if there is stock-dependency in the harvesting cost. Conversely, this implies
that the fishery will be extirpated when the stock size has no influence on the harvesting
cost.
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4 Management issues

Policy instruments

Fisheries management is an important real-world problem, not the least because fish-
eries could significantly contribute to food security for the world’s growing population.
However, this is a very tricky issue as demonstrated by one of the most common reg-
ulatory instruments in developed fisheries, the “total allowable catch” quota (TAC): An
overall limit for the harvest in a given season is specified and the fishery is closed when-
ever this limit is reached. While such a regulation effectively safeguards the remaining
stock, it does not avoid rent-dissipation. Rather, such a regulation invites a “race to fish”
where every fisherman tries to catch as much of the common quota as he can.

Theoretically however, the optimal harvesting solution could be easily established
by a Pigouvian tax τ on harvesting: Fishermen would take this into account and under
open access, we would have (p − τ)H = c(E) which would lead to the following harvest
function:

Ht =
�p− τ



�

1−α
α

q
1
α S

β
α

Compare this to (10):

H∗ =

�

(p− μ∗)(1− α)


�
1−α
α

q
1
α S

β
α

It is then plain to see that the optimal tax must be τ = αp + (1 − α)μ∗, correcting both
for the stock and the crowding externality.

However, such a tax will be informationally expensive, and – to the best of my knowl-
edge – no real world fishery is managed by this instrument. In contrast, individual trans-
ferable quotas (ITQ) are increasingly being used, also in Norway. Theoretically they work
very similar to a Pigouvian tax: every fishermen has to buy a quota at price ρ per unit
of harvest (alternatively, he has to pay the opportunity cost of not selling the quota
unit), and by adequately setting the total allowable catch (i.e. by determining quota
supply in the market), it can be ensured that ρ = τ. Effectively, an ITQ-system there-
fore establishes private property rights to a common pool resource, thereby overcoming
the “tragedy of the commons”. Accordingly, there is an argument that ITQs establish
stewardship incentives, but this is much disputed in the literature.

Extension: Resource exhaustion

There are many perceivable extensions to this model. First and foremost, the sea is an
unknown place: Even with the most advanced stock assessment methods, no one really
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knows how many fish there are in the ocean. Similarly, no fish is an island: accounting for
multi-species and ecosystem interactions is an important and challenging task. Thirdly,
size matters: in spite of the fact that the overall biomass in many industrialized fisheries
is reasonably well managed, there are dramatic changes in the size-distribution within
the fish stock. Due to the selective properties large fish are over-proportionally exposed
to harvesting pressure, leading not only to economic waste, but also to evolutionary
effects. In fact, managing growth overfishing could be more important than managing
reproductive overfishing (provided of course that the population size remains sufficiently
large so that positive reproduction takes place).

Let us consider this last aspect, the breakdown of the reproduction process leading
to the exhaustion of the renewable resource. This could happen “accidentally” when the
growth function shows critical depensation. This commonly referred to as stock collapse,
meaning a situation where the population abundance has dropped to a mere fraction of
its previous size. The idea is that there is a minimum viable population size above which
the ecosystem functions normally, but below which the ecosystem changes its state4 so
that the population cannot recover. Now if there are large uncertainties in the system
and the natural environment is very volatile it seems to be wise to follow a precautionary
approach to stay away from this threshold.

However, resource exhaustion could in fact be an optimal policy in a completely de-
terministic world, namely if (a) the discount rate is higher than maximum natural growth
rate and (b) the cost of catching the last fish are less than its price. Technically, the con-
dition for optimal resource exhaustion is that the harvest function H(S) cuts the growth
function G(S) “from above", that is H(S) = G(S) and H′(S) < G′(S).

5 Forest resources

From an analytical point of view, the main characteristic of managing forest resources
for timber is that their process of reproduction is usually controlled, which – for example
– also holds for aquaculture, husbandry, etc.

Surely, forests are perhaps the multiple-use resources par excellence. Non-timber
benefits are substantial and may even exceed timber values. They include recreational
values, soil stability, biodiversity, and climate regulation. However, we will abstract
from these issues for the moment and first focus on the timber aspect. To speak with
Samuelson (1976, p.470):

“If the solution is to be simple, the assumptions must be heroic. These
include: (1) knowledge of future lumber prices at which all outputs can be
freely sold, and future wages of all inputs; (2) knowledge of future interest
rates at which the enterprise can both borrow and lend in indefinite amounts;

4For example by changing the multi-species interactions so that e.g. a now large population of crustaceans
eat up almost all cod larvae whereas earlier adult cod were keeping the crustacean population in check.
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and (3) knowledge of technical lumber yields that emerge at future dates once
certain expenditure inputs are made [...]. Finally, it is assumed (4) that each
kind of land suitable for forests can be bought and sold and rented in arm’s
length transactions between numerous competitors...”

When to cut a tree?

Let us start simple and suppose that you are given one tree and that you are solely in-
terested in maximizing the profit from selling the wood of that tree. Denote the standing
volume of timber by (t). It is a function of time (the tree grows up to a certain point
but will eventually deteriorate). Timber price P and felling cost c (assumed to be propor-
tional to timber volume) are constant in real terms. As usual, the discount rate is given
by r. The problem of maximizing the net present value is then to find the time T that
solves

mx
T

(P− c)(T)e−rT . (15)

The first order condition of this problem is then:

(P− c)′(T)e−rT − r(P− c)(T)e−rT = 0 (16)

⇔

r =
′(T)

(T)
. (17)

This shows that in this simple model with constant net prices, the optimal time to cut a
tree depends solely on the discount rate. The tree should be felled when the growth rate
of its value equals the discount rate.

Infinite rotation forestry

Now suppose that you are not given one tree but one plot of land with a lot of trees
of all the same age. You are still only interested in maximizing the net present value
of profits from your forestry, but now you have to take into account that new trees
can be planted (at constant planting cost k) every time old trees have been cut, or
alternatively, that you can sell your land at its opportunity cost. Presume again that net
prices p = P − c remain constant over time and that the environment does not change.
As a consequence, the optimal rotation period (the time passed between planting and
cutting of trees) is constant as well. The problem is then to find the rotation period T
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that solves:

mx
T

π = p(T)e−rT − k + e−rT[p(T)e−rT − k] + e−2rT[p(T)e−rT − k] + ... (18)

= p(T)e−rT − k + e−rTπ (19)

=
p(T)e−rT − k
1− e−rT

(20)

The resulting first-order-condition5 is known as the “Faustmann rule”:

p′(T)

p(T)− k
=

r

1− e−rT
(21)

which, after re-arranging, can be written as:

p′(T) = rp(T) + rπ (22)

or:

r =
p′(T)

p(T) + π
(23)

First note that in contrast to the single-tree problem above, planting costs and net prices
do play a role for the determination of the optimal length of the rotation period. T is
only defined implicitly in equation (21), but it can be shown that the rotation period de-
creases as the rate of interest r increases, increases as the planting cost k increase, and
decreases with increasing net prices. Equation (22), which is an alternative formulation
of the Faustmann rule, gives some intuition for the choice of the optimal rotation period:
Its length is chosen such that the gain from letting the timber grow for one additional
instant (the left-hand-side) exactly equals the cost of doing so. These cost consist both
of the money lost from not harvesting the timber and putting the money in the bank (the

5 To derive the first-order-condition, it is useful to first rewrite (20):

π =
p(T)e−rT − k
1− e−rT

⇔
p(T)− kerT

erT − 1
⇔

p(T)− kerT

erT − 1
+ k

erT − 1
erT − 1

− k⇔
p(T)− k
erT − 1

− k

which upon differentiating and setting equal to zero yields:

∂π

∂T
=
p′(T)(erT − 1)− (p(T)− k)rerT

(erT − 1)2
= 0

⇒

p′(T) =
(p(T)− k)rerT

erT − 1
⇔

p′(T)

p(T)− k
=

rerT

erT − 1
=

r

1− e−rT
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first term on the right-hand-side) and the money lost from not starting a new growing
cycle (or selling the land at its current site value). Finally, the Faustmann rule as written
in equation (23) takes the form of an Hotelling rule, where the marginal return on the
resource is adjusted by the land value.

Non-timber values and tropical deforestation

Denote the integral of the flow of non-timber benefits by

N(T) =
∫ T

0
n(t)e−rtdt

If non-timber benefits are fully internalized, the first-order-condition for the optimal rota-
tion period (equation 22) is changed to:

p′(T) + n(T) = rp(T) + rπ∗ (24)

where

π∗ =
p(T)e−rT − k +N(T)

1− e−rT

If the flow of non-timber benefits is constant over the rotation period, the length will not
be changed. If it is increasing with forest age (for example, if primarily aesthetic values
matter), it will be lengthened. Conversely, if the non-timber benefits are decreasing with
forest age (for example, if mainly carbon sequestration matters), the rotation period will
be shortened.

So far we have implicitly assumed that the objective is to extract a sustainable “in-
come” from the forest. Especially if a large part of this “income” is a global public good,
it could be optimal for the forest manager to convert this asset into disposable income
(refer in to the discussion of the discount rate in fisheries): to clear the forest and use
the land for alternative uses. In fact, it might not appear particularly fair to demand from
developing countries to preserve their virgin forests while developed countries have con-
verted their forests a long time ago to fuel their industrialization.

This brings us to the last topic: tropical deforestation. Although tropical deforesta-
tion can be mainly seen as an environmental problem and not so much as an issue of
resource management, its main drivers shall be shortly discussed (following Barbier and
Burgess, 2001). On the micro-level, accessibility (roads, proximity to cities, etc.), de-
mand for fuelwood and pastures, and rises in factor prices for alternative use (e.g. due
to trade liberalization, biofuels) are important factors. On the macro-level, conversion
to agricultural land appears to be mainly driven by demographic forces but mediated by
institutional factors (propoerty rights, rule of law, etc.) However, increasing agricultural
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productivity may lead to less pressure on conversion of forests. This opens for the pos-
sibility of an “Environmental Kuznet Curve”. The empiric evidence for an EKC appears
to be country specific, and – on the whole – rather mixed. Albeit, in spite that such a
relationship could give rise to optimism, it does not alleviate concerns about possibly
irreversible loss of biodiversity along the way.
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