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Resource Economics – Sustainability (Lectures 9-11)

1 Discounting

1.1 Equality of the consumption discount rate and the marginal produc-
tivity of capita under ideal conditions.

We apply basic reasoning to two goods at different points in time.

1.2 Implications of discounting utility in a simple cake-eating model
Consider the following economy: There is a total amount of the good S0 to be consumed at two dates
t = 1, 2 so that S0 ≥ C1 + C2. The amount I left over after the first period (i.e. I = S0 − C1) can
be transferred to the second period, so that C2 ≤ f(I) = f(S0 −C1). Suppose there is a non-satiable
utility function U(C1, C2) then efficiency requires that the above equations hold with equality. The
optimization problem can then be written as

max
C1

U(C1, f(S0 − C1)), (1)

yielding the first-order-condition

U ′1 − U ′2· f ′ = 0 ⇔ U ′1 = U ′2· f ′ ⇔ f ′ =
U ′1
U ′2

(2)

with the familiar interpretations. When the investment is neither productive, nor the capital deterio-
rates, that is C2 = S0 −C1 (the cake-eating economy) then we see that optimization implies that the
marginal utilities from consumption in period one and period 2 equalize. When the utility function is
of the special form U = u(C1)+βu(C2) where β < 1 is a utility discount factor1 we see that C1 = βC2,
i.e. more of the cake is eaten today than in the future.

1.3 Derivation of the “Ramsey rule”
Consider the following Ramsey model, where consumption C(t) is a composite good yielding utility
according to the time invariant function u, which is discounted at the rate δ:

U (Ct) =

∫ ∞
0

u(Ct)e
−δt dt. (3)

Abstract from population growth and technological progress in the following. The economy is such
that capital Kt yields output f(Kt) which can be devoted to investment or consumption according to
the intertemporal constraint:

K̇t = f(Kt)− Ct. (4)

Maximizing (3) subject to (4) involves the following Hamiltonian:

H = u(Ct) + µ[f(Kt)− Ct] (5)

1Note that a utility discount factor β for one period is equivalent to the discount rate δ when β = 1
1+δ

.
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and includes the first-order-conditions:

u′(Ct)− µ ≤ 0 (= 0 for C > 0), (6)
µ̇ = µδ − µf ′(Kt). (7)

Now differentiate (6) with respect to t: µ̇ = u′′(Ct)Ċt and insert both µ̇ and µ into (7) to obtain the
Euler equation:

u′′(Ct)Ċt = u′(Ct)δ − u′(Ct)f ′(Kt). (8)

Upon noticing that in an efficient market economy, the marginal productivity of capital f ′(K(t))
equals the interest rate equals the consumption discount rate r we have:

r = δ −
d
dtu
′(Ct)

u′(Ct)
(9)

Further, denote the proportional growth rate of consumption by g = Ċ(t)
C(t) and the elasticity of the

marginal utility of consumption as η = −u
′′(C(t))C(t)
u′(C(t)) , we see that (8) can be written as Ramsey rule:

r = δ + ηg (10)

1.4 Declining discount rates (hyperbolic discounting)
Read Heal (2009) Discount rates could be (modeled as) declining because:

• known changes in the growth rate

• increasing marginal willingness to pay for the environment

• uncertainty about the discount or the growth rate

• observed behavior

How uncertainty about the correct discount rate implies a declining discount rate: Let
δ1 < δ2 and let the chance that δ1 is the correct rate be given by p. The discount factor to apply to
some future date t is

pe−δ1t + (1− p)e−δ2t

The (absolute) rate of change of this discount factor, the instantaneous discount rate, is:

w1δ1 + w2δ2

where w1 = pe−δ1t and w2 = (1− p)e−δ2t. We have:

lim
t→∞

w2

w1
= lim
t→∞

1− p
p

e(δ1−δ2)t = 0 ⇒ lim
t→∞

(w1δ1 + w2δ2) = δ1
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Hyperbolic discounting leads to time inconsistency: Re-consider our cake-eating model (1)
but now presume that the cake has to be distributed over three generations: S0 ≥ C1 +C2 +C3. Fur-
thermore suppose that the present generation discounts the future, but does not distinguish between
different generations in the future. That is, generation 1’s objective is:

maxU = u(C1) + β [u(C2) + u(C3)] subject to: S0 ≥ C1 + C2 + C3.

The solution to this problem requires:

C2 = C3 (11)
u′(C1) = βu′(C2) (12)

S0 = C1 + C2 + C3. (13)

When date 2 comes around and C1 has been eaten, and the now present generation sees the problem
as follows:

maxU = u(C2) + βu(C3) subject to: S0 − C1 ≥ C2 + C3.

A necessary condition is:

u′(C2) = βu′(C3) (14)

Clearly, condition (11) and (14) are incompatible.

1.5 Discount rates for several consumption goods
Read Heal (2009); Hoel and Sterner (2007)

Now consider the case the when the natural resource is an argument in the utility function U(C,R).
The objective function is then:

U (Ct, Rt) =

∫ ∞
0

u(Ct, Rt)e
−δt dt. (15)

which, parallel to (9), leads to:

r = δ −
d
dtu
′
C(Ct, Rt)

u′C(Ct, Rt)
(16)

The valuation of the natural resource is given by UR
UC

, telling which increase in current consumption
is necessary so that we can accept the deterioration of the natural resource by one unit. The relative
change in price is therefore:

q =

d
dt

(
UR
UC

)
(
UR
UC

) (17)

The combined effect on the evaluation of future projects d = r − q is ambiguous without further
specification of the utility function. Therefore, consider the Cobb-Douglas function:

U(C,R) = C1−γRγ (18)
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Then from (16) and (18) it can be derived that2

r = δ + γ (gC − gR) (19)

where gC denotes the consumption growth rate and gR the environmental growth rate. For the relative
price of the natural resource, it finally follows from (17) and (18) that:3

q = gC − gR (20)

In the most reasonable case that gC > gR, the resulting interest rate d = r − q is significantly lower
than the conventional discount rate (it might even be negative). Taking change of relative prices
induced by the scarcity of the natural resource into account therefore leads to a discounting scheme
which is much more in line with common concern that the standard cookbook economic analysis with
exponential discounting gives insufficient weight to future environmental problems.

2The derivation is straightforward, but a little tedious:

d
dt
uC(C)

uC(C)
=
uCC Ċ + uCRṘ

uC
=
uCCC

uC

Ċ

C
+
uCRR

uC

Ṙ

R

=
−γ(1− γ)C−γ−1RγC

uC

Ċ

C
+
γ(1− γ)C−γRγ−1R

uC

Ṙ

R

= −γ
(
Ċ

C
−
Ṙ

R

)

3Again, the derivation is an example of fun and games with Cobb-Douglas:

UR

UC
=

γ

1− γ

C

R
;

d

dt

(
UR

UC

)
=

γ

1− γ

ĊR− CṘ

R2

q =

d
dt

(
UR
UC

)
(
UR
UC

) =
Ċ

C
−
Ṙ

R
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2 Long-run growth in a world with finite resources

2.1 Production when finite resources are (un)necessary / (in)essential
Until now we have been concerned with economies, where the original resource endowment did not
matter at all (production in the Ramsey model does not depend natural resources) or the original
resource endowment was all there is (in the cake-eating economy). Let us now look at a situation
where a scarce resource is a necessary factor of production (i.e. Y = f(K,R) and f(K, 0) = 0).

The production function is then of the form f(K,R) and the dynamic constraints in such an
economy read:

K̇t = f(Kt, Rt)− Ct. (21)

Ṡt = −Rt and S0 =

∫ ∞
0

Rt dt (22)

We are interested in which consumption paths are feasible for such an economy. With a given and
non-renewable stock of the necessary resource, the answer will depend on the substitution possibilities
open to the economy. Dasgupta and Heal (1979, ch.7) distinguish between essential and inessential
resources.4 A resource is inessential if there is a feasible programme along which consumption is
bounded away from zero. A resource is essential if feasible consumption must necessarily decline to
zero in the long run.

Consider the class of CES production functions where the elasticity of substitution between man-
made (reproducible) capital K and natural (non-renewable) capital R is constant and given by σ:

f(K,R) =
(
αK

σ−1
σ + (1− α)R

σ−1
σ

) σ
σ−1

(23)

(i) when σ > 1 the resource is not necessary for production, its non-renewability poses no problem.
(ii) the case σ < 1 is also not interesting analytically: it implies that output and consequently

consumption must decline to zero. The substitution possibilities are too limited to avoid doom.
(iii) in the case σ = 1, equation (23) collapses to the Cobb-Douglas production function f(K,R) =

KαR1−α. The resource is clearly necessary for production (i.e. f(K, 0) = 0). Yet when α > 1
2 it turns

out that the resource is inessential and positive consumption forever is feasible. Intuitively, when
man-made capital is sufficiently important for production, it is possible to accumulate capital fast
enough to compensate for the declining availability of the resource which is then smeared out thinly
over the long time horizon.

2.2 The Dasgupta-Heal-Solow-Stiglitz model and intergenerational distri-
bution

Let us then turn to the Dasgupta-Heal-Solow-Stiglitz (DHSS) model and ask what is the optimal
consumption profile when the objective is to maximize the sum of utilities:

max
Ct,Rt

U (Ct) =

∫ ∞
0

u(Ct)e
−δt dt. subject to: (21) and (22) (24)

The current value Hamiltonian for this problem is:

H = u(Ct) + µ[f(Kt, Rt)− Ct]− λRt. (25)

4Note that Perman et al. (2003) call a necessary resource essential and a non-necessary resource inessential, but they
do make a related distinction as Dasgupta and Heal (1979) when they talk about “weak” and “strong” sustainability.
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Necessary conditions for an optimum include:

u′(Ct)− µ ≤ 0 (= 0 for Ct > 0), (26)

µf ′R(Kt, Rt)− λ ≤ 0 (= 0 for Rt > 0), (27)

µ̇ = µδ − µf ′K(Kt, Rt) (28)

λ̇ = λδ. (29)

To see what these first-order conditions imply for positive consumption and resource extraction,
differentiate (26) with respect to t: µ̇ = u′′(C)Ċ and insert this and (26) into (28): u′′(C)Ċ =
u′(C)δ − u′(C)f ′K(K,R). This is the same as the Euler equation (8) and can hence be re-written as
Ramsey rule (10):

r = δ + ηg

Similarly, differentiating (27) with respect to t: λ̇ = µ̇f ′R(K,R) +µ ˙f ′R(K,R). Insert this and (27) into
(29) to obtain: µ̇f ′R(K,R) + µ ˙f ′R(K,R) = µf ′R(K,R)δ. Now using (28) for µ̇ in the above equation
we have (µδ − µf ′K(KT , Rt)) f

′
R(K,R) + µ ˙f ′R(K,R) = µf ′R(K,R)δ. This in turn simplifies to the

Hotelling rule for intertemporal efficiency:

f ′K(K,R) =
˙f ′R(K,R)

f ′R(K,R)
(30)

So, efficient production and consumption paths must satisfy the Hotelling and Ramsey rule as well
as limt→∞ St = 0. If an optimum exist, it will be characterized by these equations.

In order to further characterize the optimal programme, suppose first that utility is discounted at
a positive rate ρ > 0. Then the Ramsey rule can, under our assumption of Cobb-Douglas production,
be re-written as:

Ċ

C
=
α
(
R
K

)1−α − δ
η

(31)

Feasibility dictates that resource extraction declines and approaches zero. A positive rate of time
preference then implies that the only way to have a non-negative growth rate of consumption is that
Kt → 0 as well. Consequently output and finally consumption will tend to zero as well. “A positive
rate of impatience, no matter how small, implies that it is judged optimal to allow the economy to
decay in the long run, even although it is feasible to avoid decay.” (Dasgupta and Heal, 1979, p.299)5
Note that this will be true regardless which value the parameter η takes. However, the larger the desire
to smooth consumption, the flatter will be the consumption path. Moreover, it can be shown that
the consumption path has at most one peak, and the lower the value of δ the further into the future
will be the peak. In contrast, when there is no discounting of future utilities, unbounded consumption
may be made feasible by early generations saving for the benefit of later generations. The larger the
value of η the further delayed is the rise in consumption.

2.3 Hartwick’s rule for sustainable (constant) consumption
The proposition of Hartwick (1977) is to invest all rents from exhaustible resources in reproducible
capital: K̇t = f ′R(K,R)Rt. This will result in constant consumption, and when the path is efficient,
it is the maximum constant consumption which is feasible.

5But then again if δ reflects the possibility of future extinction, the probability that generations in the far future will
exist tends to zero as well.
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Consider the accounting equation (21): Ct = f(Kt, Rt) − K̇t and apply Hartwick’s rule: Ct =
f(Kt, Rt) − fR(K,R)Rt. Now differentiate this with respect to time to obtain an expression for
consumption growth:

Ċt = fK(K,R)K̇(t) + f ′R(K,R)Ṙ(t)− ˙f ′R(K,R)Rt − f ′R(K,R)Ṙt. (32)

Simplifying and employing the Hotelling rule for intertemporal efficiency gives:

Ċt =
˙f ′R
f ′R
K̇t − ˙f ′RRt. (33)

Which upon using Hartwick’s rule yields:

Ċt =
˙f ′R
f ′R
fRRt − ˙f ′RRt, ⇒ Ċt = 0 (34)

Note however that Hartwick’s rule is only a necessary but not sufficient condition for a sustainable
consumption path: it holds on the sustainable and efficient path, but if the economy is not already
on this path, the prices for natural capital will not reflect their true shadow value.

A good overview and discussion of Hartwick’s rule is the note by Geir Asheim, see at this link .

2.4 Green National Accounting or an Interpretation of Hartwick’s rule
To quote Solow (1986, p.146): “The policy of investing resource rents in reproducible capital suggests
irresistibly that some appropriately defined stock is being maintained intact, and the consumption
can be regarded as ‘interest’ on that stock.” This consumption can then be sustained forever, – if the
right prices are used to value that comprehensive capital stock.

A rough way to get at this “green national product is the return on the economy’s total stock of
wealth” is to take the maximized Hamiltionian (25) H∗ = u(Ct) + µK̇ − λRt, linearize the utility
function u(Ct) = u′CCt, and write this as H

∗

u′C
= Ct + K̇ − λ

µRt = GNPt (where from (26) we have
µ = u′C). Then upon using using the first-order conditions (26-29), the change of the Hamiltonian
wrt time can be written as:

d

dt
H∗(K,S, µ, λ) =

∂H∗

∂K
K̇ +

∂H∗

∂S
Ṡ +

∂H∗

∂µ
µ̇+

∂H∗

∂λ
λ̇

= (−µ̇+ δµ)K̇ + 0 + K̇µ̇+ Ṡλ̇

= δ(µK̇ − λRt)

which, with d
dtu
′
C = 0 (as consumption is constant) implies:

d

dt
GNPt =

(
d

dt
H∗
)
/µ

= δ

(
K̇ − λ

µ
Rt

)
= δ

(
K̇ − f ′RRt

)
= δ(GNPt − Ct). (35)

The solution to (35) can shown to be: GNPt = δWt where Wt =
∫∞
t
Cτe

δ(τ−t)dτ is the economy’s
wealth at t as defined as the present discounted value of consumption from time t onwards.
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3 Climate change

3.1 The optimal carbon tax in an aggregated model
Setup of model follows Hoel and Kverndokk (1996, section 2), where u(x) is the utility derived from
consumption of the fossil fuel (assume u′(0) = B < ∞), c(A) denotes the cost due to accumulated
extraction A and D(P ) is the damage from the accumulated stock of carbon in the atmosphere. The
discount rate is constant and given by r and the decay rate of carbon in the atmosphere is constant
given by α. The problem of the social planner is thus

max
xt

∫ ∞
0

e−rt [u(x)− c(A)x−D(P )] dt

subject to: Ȧ = x, Ṗ = x− αP, x ≥ 0, S0 ≥
∫
xdt

(36)

By now, the solution approach is nearly automatic. First, we set up the current-value Hamiltonian:

H = u(x)− c(A)x−D(P ) + λx+ µ(x− αP ) (37)

and then we derive the corresponding necessary conditions for an optimum:

∂H
∂x

= u′(x)− c(A) + λ+ µ ≤ 0 (= 0 for xt > 0) (38)

λ̇− rλ = −∂H
∂A

= c′(A)x (39)

µ̇− rµ = −∂H
∂P

= D′(P ) + µα (40)

lim
t→∞

e−rtλt = 0 (41)

lim
t→∞

e−rtµt = 0 (42)

No regulation Consider the case where extraction is costless up to some limit Ā and then jumps to
infinity when At > Ā. We are now in the very standard resource extraction case. Suppose that firms
do not care about pollution. Without regulation, the consumer price p = u′(x) equals the scarcity
rent π (defined as the negative of λ) and both rise at the rate of interest. The fossil fuel stock will
be emptied at some time T , defined by λT = u′(0) = B. The entire stock of fossil fuel Ā ends up as
pollution in the atmosphere, although – when α > 0 – some of it decays along the way and eventually
all of it will decay once production has ended.

Optimal regulation A social planner who cares about pollution would install a carbon tax θt =
−µt. The optimal tax is derived by solving the differential equation that corresponds to (40):

θ̇ = (r + α)θ −D′(P ) ⇔ θ = K0e
(r+α)t +

∫ ∞
t

D′(P )e−(r+α)(τ−t)dτ (43)

Due to the transversality condition (42) we know that K0 = 0. The tax is thus corrects for the
discounted future negative externalities due to accumulation of carbon in the atmosphere. When
α = 0 the future damages are only attenuated by discounting. The scarcity rent is not influenced by
the tax, but the consumer price will be. Hence production will end later. When α > 0, the pollution
stock will fall whenever x < αS. Since S → 0 also θ → 0. The resource will be exhausted for sure.
When α = 0 the pollution stock will never fall and some of the resource may remain in the ground,
namely if D′(Ā) > B.
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3.2 Second-best climate policies
Read Harstad and Liski (available at this link) and Harstad (2012)

Each country i can consume yi of the fossil fuel, which it has extracted at increasing marginal cost
C(xi), and buy/sell fuel on the world market. Let p the world market price. The first-best is that
all marginal utilities equalize and that that they are equal to the marginal extraction cost plus the
environmental harm H(

∑
xi).

Here, we consider the case of a climate coalition M that takes the damages from fuel extraction
into account, while a number N other countries don’t. The utility of the latter is given by:

Ui = B(yi)− C(xi)− p· (yi − xi), i ∈ N

while the coalition’s payoff is given by:

UM = B(yM )− C(xM )− p· (yM − xM )−H (
∑
M∪Nxi)

M can (via some combination of policies) set xM and yM . However, the price will adjust so that
the market clears:

∑
M∪N xi =

∑
M∪N yi. The coalition thus needs to take into account that the

non-nonmembers will consume and produce according to

B′(yi) = p ⇒ yi = Di(p) (44)
p = C ′(xi) ⇒ xi = Si(p) (45)

and that:

S(p)−D(p) = yM − xM . (46)

To see the impact of a marginal change of M ’s policy, differentiate (44)-(46):

dyi = D′i(p)dp (47)
dxi = S′i(p)dp (48)

dyM − dxM . =
∑

S′i(p)dp−
∑

D′i(p)dp = dp(S′(p)−D′(p)) (49)

Insert (47) and (48) into (49) to get

dp

dyM − dxM
=

1

S′(p)−D′(p)
⇔ dp =

dyM − dxM
S′(p)−D′(p)

(50)

and inserting this back into (44) and (45) we get:

dyi
dyM − dxM

=
D′i(p)

S′(p)−D′(p)
(51)

dxi
dyM − dxM

=
S′i(p)

S′(p)−D′(p)
(52)

Now, to derive M ’s optimal policy, differentiate UM and insert (50)-(52) at the obvious places.

B′(yM )− p− (yM − xM )
dp

dyM − dxM
−
(∑ dxi

dyM−dxM

)
H ′ = 0

−C ′(xM ) + p+ (yM − xM )
dp

dyM − dxM
−
(

1−
∑ dxi

dyM−dxM

)
H ′ = 0
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