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7 The Maximum Principle

The section introduces a wide-spread approach to intertemporal optimization
in continuous time. In economics it runs under the names “Maximum Prin-
ciple” and “optimal control theory”. A related approach in physics dates
back quite a bit longer and runs under “Hamilton’s canonical equations”.
The method is particularly convenient for optimization under certainty. It
translates the intertemporal optimization problem into a static optimization
problem and a set of ordinary differential equations. We will analyze these
equations using the phase diagram and local approximation techniques intro-
duced in the previous section. We discuss the example of a stock pollution
problem.

7.1 Intertemporal Optimization: Motivation

Many problems in the field of environmental and resource economics as well
as macroeconomics are of the form

max

∫ T

0

U(xt, yt, t) dt (1)

s.t. i) ẋt = f(xt, yt, t) (equation of motion)

ii) x0 given (initial condition)

iii) xT = x̄ (terminal condition)

iii′) xT free (alternative terminal condition) .

Here, x is the state variable and y is the control. Frequently, the utility
function will be of the form

U(xt, yt, t) = u(xt, xt) exp(−ρt)

indicating discounting with the constant rate of pure time preference ρ. Al-
ternatively, we can take u(xt, yt) to be a monetary payoff and ρ (or then
rather writing it r) as the market interest rate. In the example of a green-
house gas stock pollution problem we can think of the state variable xt as
representing the stock of CO2 in the atmosphere and the control yt as rep-
resenting emissions. The stock would cause disutility, while the emissions
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would be tied to welfare increasing consumption processes. In this example
a reasonable first approximation1 to the equation of motion is

ẋt = f(xt, yt, t) = yt − δxt . (2)

Given that by now we should be very familiar with the discrete time equation
of motion for the stock pollution problem, we want to derive equation (2)
from its discrete time analog. Hereto we replace the unit time step by a time
step ∆t in the discrete equation of motion:2

xt+∆t = yt ∆t+ (1− δ ∆t) xt (3)

⇒ xt+∆t − xt = yt ∆t− δ ∆t xt

⇒ xt+∆t − xt
∆t

= yt − δ xt

⇒ ẋt = yt − δ xt .

In these intertemporal optimization problems we also have to specify a ter-
minal condition. Example iii) above fixes the terminal stock to some given
quantity x̄, which in our example could correspond to a desired long-run CO2

concentration target. Alternatively, example iii′) states that at time T the
stock is free and, thus, the terminal state becomes part of the optimization
problem. We will encounter more terminal conditions further below. While
for the moment you might want to think of x and y as simple numbers, the
following reasoning permits these variables to be vectors of real numbers.

Recall how you would solve a static constraint optimization problem using
the Lagrange function (or method of Lagrange multipliers). For example, for
the problem

maxu(x, y) s.t. g(x, y) = 0

you would maximize the Lagrange function

maxL(x, y, λ) = u(x, y) + λg(x, y) .

1Atmospheric carbon does not actually decay but gets absorbed over time in different
sinks. The time scale of the decay depends on the various sinks and is non-exponential.

2In this step you actually have to think carefully about where a “1” turns into a ∆t.
You cannot simply read that off from the equation of motion, but you have to think about
the underlying dynamics.
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You could also use the Lagrangian to solve the discrete time version of our
stock pollution problem

T∑
t=0

U(xτ , yτ , τ) s.t. x1 = y0 + (1− δ)x0

x1 = y1 + (1− δ)x1

...

xt+1 = yt + (1− δ)xt

for all t ∈ {0, ..., T − 1} and xT = x̄t, x0 given. You would have to maximize
the Lagrangian3

maxL(x1, y1, λ1, ..., xT , yT , λT ) =
T∑
t=0

U(xt, yt, t) (4)

+
T∑
t=1

λt[xt − (yt−1 + (1− δ)xt−1)].

The Lagrange multipliers are the shadow values of the pollution stock. The
value of λt tells you how much (present value) welfare you would gain if you
had an exogenous increase of the pollution stock xt by 1 unit in period t. It
should obviously be negative for pollution.

We discuss the discrete time case for two reasons. First, it gives an intuition
why the derivation of the maximum principle in continuous time starts out
with a somewhat surprising but clever idea. Second, simply taking the con-
tinuous time limit of the Lagrangian in equation (4) above and employing
some dirty (not quite correct) math, will yield a good heuristics for arriving
at the necessary conditions for the intertemporal optimization problem laid
out in the maximum principle. We have already derived the continuous time
limit of the constraints (equation 3). At the same time the sums in equa-
tion (4) turn into integrals, leaving us with the continuous time limit of the

3Note that under the terminal condition xT = x̄ we cannot optimize the Lagrangian
over xT , but have instead the equation xT = x̄. However, if xT is free we can optimize of
xT . In particular, if the utility would be independent of the stock, it would give us the
condition λT = 0.
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Lagrange function

maxL
(
(xt)t∈[0,T ], (yt)t∈[0,T ], (λt)t∈[0,T ]

)
(5)

=

∫ T

0

U(xt, yt, t) + λt[ẋt − (yt − δ xt)] dt .

This equation will be central to deriving the maximum principle in the next
section.

7.2 The Maximum Principle: Derivation

We want to maximize the objective function

max

∫ T

0

U(xt, yt, t) dt s.t. ẋt = f(xt, yt, t)

given initial and terminal state. We assume that U and f are continuously
differentiable. As long as we make sure that the constraint

ẋt = f(xt, yt, t) ⇔ f(xt, yt, t)− ẋt = 0

is satisfied we can just as well maximize the objective function∫ T

0

U(xt, yt, t) + λt[f(xt, yt, t)− ẋt] dt , (6)

for an arbitrary function λt. Given we intuitively derived this expression
from the discrete time Lagrange function the reformulation hopefully does
not strike you as odd anymore. Think of the second term in the integral as
a zero in evening gown. While in the moment λt is an arbitrary function, we
later choose it in a convenient way that will also restore its interpretation as
the shadow value of capital. For the moment, we only require the function λ
to be (piecewise) differentiable, so that we can use integration by parts4 to

4Integration by parts is the analog to the product rule of differentiation:

d
dtuv = u̇v + v̇u⇒

∫ b
a
d
dtuvdt =

∫ b
a
u̇vdt+

∫ b
a
v̇udt⇒ uv|ba −

∫ b
a
u̇vdt =

∫ b
a
v̇udt .
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transform equation (6) into∫ T

0

U(xt, yt, t) + λtf(xt, yt, t) + λ̇txt dt − λtxt|T0 .

We define the first two terms of the integrand as the so called Hamiltonian

H(xt, yt, λt, t) = U(xt, yt, t) + λtf(xt, yt, t) ,

delivering the objective function∫ T

0

H(xt, yt, λt, t) + λ̇txt dt− λTxT + λ0x0 . (7)

Remark: Here is an intuitive preview of what we do more rigorously below.
A mathematician would bite your head off if you do this, but it might
be useful to see what we are getting at if you have never seen the
calculus of variation before. Let us maximize the objective function
L ≡ (7) with respect to the same arguments that you would maximize
a Lagrange function in equation (4) or (5). Starting with the controls
yt at every point in time we obtain

∂L

∂yt
= 0 ⇒ ∂H

∂yt
= 0 .

Optimizing with respect to the state variables xt yields

∂L

∂xt
= 0 ⇒ ∂H

∂xt
+ λ̇t = 0 ⇒ ∂H

∂xt
= −λ̇t . (8)

The derived equation turn out to be the correct necessary conditions
for a maximum of equation (7). However, why would a mathematician
bite your (or our) head off? First, the Hamiltonian is a density in equa-
tion (7) and, as such, the Hamiltonian at a given point in time has a
Lebesgue measure of zero. Thus, we have to invoke some sort of con-
tinuity argument, which we do by employing the calculus of variation.
Second, we cannot vary the states independently of the controls at ev-
ery point in time, so it is not obvious that we really have the freedom
to arrive at equation (8).
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Let y∗ : [0, T ]→ IR be the optimal control. We assume that y∗ is (piecewise)
continuous. A change of the optimal control path cannot increase the value
of the integral in equation (7). In order to employ this simple insight for our
calculus we define a set of possible deviations from the optimal control by
the set of continuous functions H = {h ∈ C0[0, T ]}.5 Then

y = y∗ + ah

for h ∈ H and a ∈ [−1, 1] defines an alternative control path.6 Let x̃(a, h)
be the solution to the equation of motion ẋt = f(xt, yt, t) for the given initial
condition x0 under the control y = y∗ + ah. Given our assumption that
control is piecewise continuous and the function f(xt, yt, t) is continuously
differentiable,

ẋt = f(xt, yt, t) is (piecewise) continuously differentiable in a at every point
in time. In the case that we require a fixed terminal state xT = x̄ we have to
restrict the set of feasible deviations to the subsetHfts = {h ∈ H : x̃T (a, h) =
x̄ ∀ a}, that is we can only permit deviations that yield the required terminal
state.7 For any feasible deviation path h we define

Jh(a) =

∫ T

0

H
(
x̃t(a, h), y∗t + ah, λt, t

)
+ λ̇tx̃t(a, h) dt

+λT x̃T (a, h) + λ0x0 .

Now we are in a position to analyze small deviations from the optimal control
path without worrying about a Lebesgue zero measure or the dependence
between the stock and the control. All is taken care of if we take the derivative
of Jh(a) with respect to a for a feasible h. To grasp the meaning of the
optimality condition J ′h(a) = 0 it might be helpful to expand Jh(a) around
a = 0. Abbreviating terms of higher order in a by the Landau symbol o(a)

5In case we allow for (only) piecewise continuous controls we take piecewise continuous
deviation paths here.

6You might realize that the parameter a does not extend the class of deviations that
we take into consideration. However, the parameter a will be used to making the welfare
changes caused by these deviations better tractable.

7By requiring that the terminal condition is met for all a our requirement is slightly
stronger, but the deviations are still sufficiently general to yield the sought for necessary
conditions.
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we find

Jh(a) = Jh(0) + J ′h(0) a+ o(a)

=

∫ T

0

H
(
x̃t(0, h), y∗t , λt, t

)
+ λ̇tx̃t(0, h) dt + λT x̃T (0, h) + λ0x0

+

∫ T

0

∂H
(
x̃t(0, h), y∗t , λt, t

)
∂xt

∂x̃t(a, h)

∂a

∣∣∣∣
a=0

a

+
∂H
(
x̃t(0, h), y∗t , λt, t

)
∂yt

ht a+ λ̇t
∂x̃t(a, h)

∂a

∣∣∣∣
a=0

a dt

+λT
∂x̃T (a, h)

∂a

∣∣∣∣
a=0

a

+ o(a) ,

By assumption, a = 0 maximizes Jh(·). This Jh(0) term corresponds to the
second line in the above equations. The third to fifth line therefore have to be
zero for all ht. Otherwise, a small plus or minus a deviation would increase
Jh(·). Now comes a neat trick. Up to the current step λt was an arbitrary
function. Now we choose λt so that it satisfies the differential equation8

∂H
(
x∗t , y

∗
t , λt, t

)
∂xt

= −λ̇t , (9)

where x∗t = x̃t(0, h) is the optimal level of the stock in t. For such a choice of
λ the two terms under the integral (in line three and four) that depend on
the deviation of the stock cancel each other for all deviation paths h (and for
all a). Having chosen λ in this way the necessary condition for an optimum
requires that∫ T

0

∂H
(
x∗t , y

∗
t , λt, t

)
∂yt

ht dt+ λT
∂x̃T (a, h)

∂a

∣∣∣∣
a=0

= 0 .

8Note that it is sufficient to make the integrand zero at all but a finite number of points.
Thus, in case we permit for only piecewise continuous controls and the derivative of the
Hamiltonian can jump, we are still good in terms of satisfying the requirement that the
integral vanishes, even if the equation below in not satisfied at the times where the control
jumps.
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The equality has to hold for all deviations h ∈ H. By assumption
∂H
(
x∗t ,y

∗
t ,λt,t

)
∂yt

is continuous and ht an arbitrary continuous function, then

∂H
(
x∗t , y

∗
t , λt, t

)
∂yt

= 0 (10)

has to hold for all t ∈ [0, T ].9 Moreover, in the case that our terminal state
is fixed we now that x̃T (a, h) = 0 for all a and, thus, the second term in
equation (10) is zero independently of λT . However, if the terminal state is

free, then also there will exist some deviation h such that ∂x̃T (a,h)
∂a

6= 0, and
we obtain another necessary condition stating that

λT = 0 .

The intuition for this finding is straight forward. If the stock still had a
positive shadow value, we should have depleted it even more. If the stock
has a negative value (e.g. in the case of emissions), we should have emitted
even more (because we would not care about the future beyond T ). Collecting
conditions we found that together equations (1 i), (9), and (10) form a set of
necessary conditions for a maximum of the optimization problem (1). Note
that also the equation of motion (1 i) can be written as a condition on the
Hamiltonian by requiring

∂H
(
x∗t , y

∗
t , λt, t

)
∂λt

= ẋt .

In addition, we have either the boundary condition xT = x̄ or the transver-
sality condition λT = 0 if xT is free. The subsequent section summarizes
the results including a broader spectrum of terminal conditions than in our
derivation.

7.3 The Maximum Principle: Formal statement

We formulate the maximum principle for general dynamic optimization prob-
lem of the form

9A simple way to see this fact in the case of the free terminal state is by choosing

ht =
∂H
(
x∗,y∗t ,λt,t

)
∂yt

so that the integrand is everywhere (weakly) positive. For a fixed
terminal state our deviation path has to satisfy the boundary conditions, so that the
derivation of the statement is slightly more intricate.
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Problem (DMP):

max

∫ T

0

U(xt, yt, t)

s.t. i) ẋt = f(xt, yt, t) (equation of motion)

ii) x0 given (initial condition)

iii.a) xT = x̄ or

iii.b) xT ≥ 0 or

iii.c) xT free

iv.a) T fix or

iv.b) T free


(terminal conditions)

Case iii) describes whether there are restrictions with respect to the terminal
state of the system. Case iv) describes whether the terminal time is fixed or
free (in iv.b the planning horizon T has to be chosen optimally).

Assumption 1: The functions U and f are continuously differentiable.

Definition (Hamiltonian): LetH(xt, yt, λt, t) = U(xt, yt, t)+λtf(xt, yt, t)

Proposition 2: Let (x∗t , y
∗
t )t∈[0,T ] solve problem (DMP) with (y∗t )t∈[0,T ] piece-

wise continuous. Then there exists a continuous function (λt)t∈[0,T ] such
that for all t ∈ [0, T ]:

• y∗t maximizes H(x∗t , y
∗
t , λt, t) for y ∈ Y ⊂ IR .

• Except at points of discontinuity of y∗t :
∂H(x∗t ,y

∗
t ,λt,t)

∂xt
= −λ̇t .

• The following transversality conditions are satisfied:

case iii.a) no condition or

case iii.b) λT ≥ 0 and λTxT = 0 or

case iii.c) λT = 0 and

case iv.a) no condition or

case iv.b) H(x∗T , y
∗
T , λT , T ) = 0 .
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λt is called the costate variable or shadow value.

Intuitive Formulation: Assume H is strictly concave10 and differentiable
in yt. The necessary conditions for an optimal solution of problem
(DMP) are:

∂H(x∗t , y
∗
t , λt, t)

∂yt
= 0 ,

∂H(x∗t , y
∗
t , λt, t)

∂xt
= −λ̇t ,

∂H(x∗t , y
∗
t , λt, t)

∂λt
= ẋt

plus transversality condition(s).

Remark: xt and yt can be vectors. The formulation of problem (DMP) and
proposition 2 stays unaltered except for

• yt ∈ Y ⊂ IR becomes yt ∈ Y ⊂ IRn and

• ∂H(x∗t ,y
∗
t ,λt,t)

∂xt
= −λ̇t becomes

∂H(x∗t ,y
∗
t ,λt,t)

∂xit
= −λ̇it for all i ∈ {1, ..., n}.

The maximum principle gives us a set of necessary conditions for an optimal
solution to our intertemporal optimization problem. In the following we state
two sufficient conditions ensuring that the candidate solution is indeed the
optimum. We assume that the time horizon is fixed. Mangasarian sufficiency
condition (fixed terminal time):

Proposition 3: Given a fixed terminal time (case iv.a), the necessary con-
ditions in proposition 2 are sufficient for an optimal solution to problem
(DMP) if H(x, y, λt, t) is concave in (x, y) for all t ∈ [0, T ], the set of
feasible controls is convex, and

∂H(x∗t , y
∗
t , λt, t)

∂yt
(y∗t − ỹt) ≥ 0

10If H is linear maximization is not characterized by the differential condition.
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for all feasible control paths ỹ.
If H(x, y, λt, t) is strictly concave in (x, y) for all t ∈ [0, T ], then
(x∗t , y

∗
t )t∈[0,T ] is the unique solution to problem (DMP).

A less demanding sufficiency condition only evaluates concavity along the
optimized path. Arrow sufficiency condition (fixed terminal time):

Proposition 4: Given a fixed terminal time (case iv.a), the necessary con-
ditions in proposition 2 are sufficient for an optimal solution to problem
(DMP) if

Ĥ(xt, λt, t) = max
y
H(x, y, λt, t)

exists and is concave in xt for all t (evaluated for the optimal shadow
value path).
If H(x, y, λt, t) is strictly concave for all xt and t ∈ [0, T ], then xt is the
unique solution to problem (DMP), but the control does not have to
be unique.

7.4 Economic Interpretation

Interpretation of λ,H and the necessary conditions:

λ : Shadow value of the stock.

H: Current contributions to the overall value/welfare. It is a combination
of the current utility (or profit) and the current change in stock value.

H(xt, yt, λt, t) = U(xt, yt, t)︸ ︷︷ ︸
current utility

+ λtf(xt, yt, t)︸ ︷︷ ︸
change in stock value

The change in stock value λtf(xt, yt, t) captures the shadow price valued
change in stock (λtẋt) caused by the growth (or production) function
f(xt, yt, t).
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∂H
∂yt

= 0: Cannot increase the current contribution to overall value by increasing
or decreasing the control. Or breaking it up:

⇔ ∂U

∂yt
= −λt

∂f

∂xt

The optimal control yt has to balance an increase in current welfare
(profits) implied by a change in yt with the resulting decrease in stock
value.

∂H
∂xt

= −λ̇t: The standard interpretation of equation (11) is that the shadow price
of capital has to depreciate at the rate at which capital contributes to
the change in overall value (represented by the Hamiltonian). Recall
that the equation is an equilibrium condition. If capital value would
decay at a faster rate than its contribution to overall welfare, then you
are likely to have over-accumulated capital.

This is probably the hardest first order condition to interpret, so we
will try some alternative ways to get at the intuition. If you are happy
with the statement above, move on to the next condition. Note that
can rewrite the condition as

⇒ −λ̇t =
∂H

∂xt
=
∂U

∂xt
+ λt

∂f

∂xt
(11)

⇒ ∂U

∂xt
+ λt

∂f

∂xt
+ λ̇t = 0 (12)

The shadow value for capital is caused by future capital being valuable
either to derive utility or to maintain a certain stock level. Thus,
the value of an additional unit of capital has to be higher at t0 than
at a later point of time t1 if the unit is productive in the meanwhile
( ∂H
∂xt

> 0 ∀ t ∈ [t0, t1]) either by contributing to utility, or by further
increasing capital through stock production. But then, as the shadow
value is higher at t0 than at t1 it obviously had to fall.

Another way to think about the condition is as follows. The Hamilto-
nian expression gives the implied value change caused by a change in
the quantity of capital. However, if we think about optimally managing
the stock level, we have to take into account that a stock has a value
of its own. If the value of capital is decreasing over time, then, along
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an optimal path the additional unit of capital must yield a higher im-
mediate return. On the other hand, if capital gains value over time it
compensates for a lower return to an additional unit of capital via the
Hamiltonian. The following split of the effects might help this intuition:

– First, assume that λ̇t = 0. Then, the stock level is optimal if a
decrease in stock growth from an additional unit of xt (weighted
by its value) is offset by an increase in current utility.

– Second, assume that U is independent of xt and that an additional
unit of xt increases stock growth ( ∂f

∂xt
> 0) and, thus, future stock

value. Then, we would generally like to further increase the stock,
unless the value of the stock actually declines over time (e.g. be-
cause we approach the end of a finite planning horizon where the
stock becomes useless).

– Third, putting all effects together, equation (12) spells out that we
have to balance the three different reasons why we would like to
raise (or lower) the stock. First, there is immediate utility payoff.
Second, it causes an increase in the production of new stock (which
is valuable). Third, the value of a unit of capital increases. In
an optimum, whatever positive contribution there is has to be
balanced by negative contributions of the same magnitude.

λT = 0: With a free terminal state, whatever stock remains should be of no
value.

HT = 0: If T is optimal, the contribution at T to overall value must be zero (i.e.
the sum of current and future profits realized in T must be zero). If it
would be positive, we should keep going at least for a little bit, if it is
negative we should have stopped earlier.

7.5 Current Value Hamiltonian

Most problems including the stock pollutant example exhibit utility of the
form

U(xt, yt, t) = u(xt, yt) exp[−δt] .
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The same form is achieved it u(xt, yt) denotes monetary benefits that are
discounted at a constant interest rate δ. In these cases we can simplify the
analysis by defining the current value Hamiltonian

Hc(xt, yt, µt, t) = u(xt, yt) + µtf(xt, yt, t)

= exp[δt]H(xt, yt, λt, t)

where µt = λt exp[δt] .

Then the necessary conditions for an optimum become

∂H(x∗t , y
∗
t , λt, t)

∂yt
= 0 ⇒ ∂Hc(x∗t , y

∗
t , λt, t)

∂yt
= 0

∂H(x∗t , y
∗
t , λt, t)

∂λt
= ẋt ⇒ ∂Hc(x∗t , y

∗
t , λt, t)

∂λt
= ẋt

∂H(x∗t , y
∗
t , λt, t)

∂xt
= −λ̇t = −

[
µ̇t exp(−δt)− δµt exp(−δt)

]
⇒ ∂Hc(x∗t , y

∗
t , λt, t) exp[δt]

∂xt
= (δµt − µ̇t) exp[δt] .

⇒ ∂Hc(x∗t , y
∗
t , λt, t)

∂xt
= δµt − µ̇t

For a finite time horizon, the transversality conditions stay the same.

7.6 Infinite Time Horizon

For many problems it is not obvious when to crop the planning horizon.
Then, we generally assume an infinite time horizon and discount future wel-
fare. Replacing T by ∞ in the maximization problem we have to be aware
of some subtleties.

• The objective function can potentially become infinite. Then our prob-
lem formulation no longer yields a complete order of the feasible paths.
In order to employ the tools presented here, we have to assume (and
check) that the maximum (or supremum) in problem (DMP) exists and
is finite.
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• The transversality condition limt→∞ λt = 0 is not necessary in the case
of a free terminal state.

• Under rather moderate assumptions the transversality condition11

lim
t→∞

H(x∗t , y
∗
t , λt, t) = 0 .

is necessary in the infinite horizon setting. The intuition for this
transversality condition is that with an infinite time horizon, there is
no fixed terminal time.

For stating a sufficiency condition, let us assume a strictly positive discount
rate and the following terminal condition

lim
t→∞

btxt ≥ 0 for some b : IR+ → IR+ with existing lim
t→∞

bt <∞ .

For b = 1 the terminal condition simply states that there is a minimal stock
level. Then, the following proposition holds.

Proposition 5: The necessary conditions in proposition 2 [not including
the transversality conditions] are sufficient for an optimal solution to
problem (DMP) if

Ĥ(xt, λt, t) = max
yt

H(xt, yt, λt, t)

is concave in xt for all t (evaluated for the optimal shadow value path)
and

lim
t→∞

exp(−ρt)µtxt ≥ 0

is satisfied for all feasible paths (yt, xt).
If, moreover, H(x, y, λt, t) is strictly concave for all xt then xt is the
unique solution to problem (DMP).

Quite frequently it is simply assumed that we can replace the transversality
condition by the assumption that we converge to the steady sate, i.e. that
things “settle down in the long run”.

11These conditions use the value function which we introduce in the next section. They
basically state that the long-run (current value) value function is differentiable and does
not explicitly depend on time. See e.g. Acemoglu theorem 7.12, page 251.
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7.7 Stock Pollutants: The Euler Equation

Recall the stock pollution problem where we wanted to maximize

max

∫ ∞
0

U(Et, St) exp(−δt)dt

subject to the constraint

Ṡt = Et − βSt ,

and given an initial stock S0. Note that we switched over to an infinite time
horizon. We assume that St ≥ 0 and, thus, that limt→∞ St ≥ 0. We maximize
over the path (Et)t∈(0,∞) and assume UE > 0, US < 0, UEE < 0 (decreasing
marginal utility from consumption that produces emissions), and USS < 0
(implying convex damages −USS > 0). In order to make use of the maximum
principle we define the (current value) Hamiltonian

Hc(Et, St, µt) = U(Et, St) + µt(Et − βSt)

and find the following necessary conditions:

∂Hc

∂Et
= UE + µt

!
= 0

⇒ µt = −UE (13)

⇒ µ̇t = −UEEĖt − UESṠt , (14)

∂Hc

∂St
= US − µtβ

!
= µtδ − µ̇t

⇒ µ̇t = µt(δ + β)− US . (15)

Plugging equation (13) and (14) into equation (15) yields

−UEEĖt − UESṠt = −UE(δ + β)− US . (16)

This equation is known as the Euler equation12 for our problem. You can
always obtain the Euler equation (i.e. also for other optimal control problems)
by the method used above:

12While to economists it is mostly known as the Euler equation, in science it is more
frequently referred to as the Euler-Lagrange or simply Lagrange equation. The two math-
ematicians derived it already in the 1750s. More precisely, the Euler equation is a general
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1. Obtain an equation for the shadow value λt (or µt) from the optimiza-
tion with respect to the control.

2. Take the time derivative of this equation to also obtain an equation for
the time change of the shadow value λ̇t (or µ̇t).

3. Plug these equations for λt and λ̇t (or µt and µ̇t) into the condition
on the derivative of the Hamiltonian with respect to the stock (which
differs depending on whether you deal with the present or the current
value Hamiltonian).

Recall that in addition to the equations above, we have two more necessary
conditions for an optimum. First, the equation of motion, which can also be
obtained from requiring

∂Hc

∂µt
= Et − βSt

!
= Ṡt . (17)

Second, a transversality condition has to hold. However, for the moment we
will replace it by the assumption that we converge into a steady state in the
long run.

In the steady state our state and control variables are constant (by definition)
implying Ė = Ṡ = 0. Then the Euler equation simplifies to the form

UE =
−US
δ + β

. (18)

This equation looks quite similar to a condition we would expect in a static
model: The marginal benefits from emission UE should be equal to the
marginal damages from emission −US. However, in equation (18) marginal
benefits from current emission should rather be equal to −US

δ+β
. The denom-

inator comes in because emission benefits are instantaneous while damages
are cumulative in time as we are dealing with a stock pollutant. Assume

first order condition for a dynamic optimization problem (written in a slightly different
form but similar to problem DMP). This general condition leads to equation (16) when
using the particular structure of the objective function and the equation of motion of our
stock pollution problem.
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that we (exogenously13) add one unit of emissions to the stock at time t = 0,
which creates a damage D in that (instantaneous) period. Some part of that
emission unit will decay until the next period. The rest will still cause dam-
age in later periods. The fraction of the additional unit remaining in the
atmosphere is exp[−βt] because our equation of motion assumes exponential
decay14. However, as we discount the future we don’t care quite as much
for the damage caused in the future so that the damage of the remaining
fraction of the emission unit at time t only yields the present value dam-
age D exp[−βt] exp[−δt]. Integrating the damage caused by that additional
emission unit at time t = 0 over an infinite time horizon yields∫ ∞

0

D exp[−(β + δ)t]dt =
1

−(β + δ)
D exp[−(β + δ)t]

∣∣∣∞
0

=
D

β + δ
,

explaining the steady state form of the Euler equation (18).

In general, the Euler equation yield the following condition on the marginal
value of an emission unit

UE =
−US + UEEĖt + UESṠt

δ + β
. (19)

In addition to the damage −US

β+δ
there are two more values that our current

benefit from emitting another unit must make up for in order for it to be
optimal. First, there is the term UEEĖt. We assumed UEE < 0 implying
decreasing marginal benefits from emitting (and using the emission flow for
consumption purposes). Assume that emissions are increasing over time
(Ėt > 0). Then, the decreasing marginal benefits from emissions imply that
a unit emission tomorrow is less valuable than today. Hence, as opposed
to the steady state, we rather emit a little more today, or, in value terms:
The marginal value we derive from another emitted unit today does not have
to be as high as in a steady state (UEEĖt is negative). Second, there is
the term UESṠt. An assumption on this mixed derivative is not as straight
forward as it was for UEE. Let us assume UES > 0. The interpretation of

13We undertake the thought-experiment of adding one marginal unit to the steady state
stock. In this thought-experiment we neglect that it is infeasible in our model to add any
finite amount instantaneously to the stock, or that changing the stock while at the steady
state level would actually throw us out of the steady sate.

14In the steady state we have 0 = Ṡt = −βSt+Et ⇒ Ṡt+∆Ṡt = −β[St+∆Ṡt]+Et ⇒
∆Ṡt = −β∆St ⇒ ∆St = exp[−βt].



7 THE MAXIMUM PRINCIPLE 19

this assumption is that at a high emission stock, our welfare is even more
sensitive to creating emissions for consumption purposes. A story could be
that because it is so hot we appreciate AC even more. Assume that also the
emission stock is increasing over time (Ṡt > 0). Then the value of a marginal
unit of emissions increases in the future. In consequence, as compared to the
steady sate, the value of current emissions has to be higher in order to make
it optimal to emit the unit already today as opposed to the future.15

7.8 Stock Pollutants: Phase Space Analysis

Now we would like to analyze the optimal dynamics for our model of stock
pollution. In general, a full analytic solution cannot be achieved. Therefore,
we introduce a graphical analysis frequently applied in economic models of
optimal control. Aiming at a helpful diagram in the St − Et plain, we first
search for those curves where either the stock, or the optimal emissions do
not change over time. To simplify our analysis we assume in the following
that USE = 0. Observe that this assumption yields ‘another’ helpful sim-
plification. The condition also implies that the first derivatives only depend
on one of the two variables and we can write them as UE = UE(Et) and
US = US(St).

16 Moreover, we continue assuming UE > 0, US < 0, UEE < 0
and USS < 0. The following is a useful step by step procedure to obtain
the desired diagram used for the so called phase space analysis. A phase
space is simply a space pinning down a set of variables that characterizes the
dynamics of the system.

1. Draw a coordinate system with St on the axis of abscissa (x-axis) and
Et on the ordinate (y-axis).

2. Where is Ṡt = 0?
From the equation of motion (17) we have Ṡt = 0 ⇔ Et = βSt.
Draw this curve (here a straight line) into the diagram.

15Similarly, under the assumptions UES < 0 and Ṡt > 0 the value of future emissions
decreases and current emissions become efficient already at a lower value. A story under-
pinning UES < 0 would be that once the stock and the implied damages are high enough
we no longer can enjoy our former consumption habits (creating emissions) as much as we
used to.

16From USE = 0 we know that the derivative of UE with respect to S is zero, implying
that UE is independent of S. Similarly US has to be independent of E.
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3. What happens to the right of the Ṡt = 0 line?
Again by equation (17) we have Ṡt = Et − βSt < 0
Indicate that St is falling in this region by means of corresponding
arrows.

Remark: A more formal and more mechanical way to obtain this re-
sult is a follows. Define L(Et, St) = Et − βSt so that by equation

(17) we have Ṡt = L(Et, St). Then take the derivative ∂L(Et,St)
∂St

and evaluate it on the Ṡt = 0-line:

∂L(Et, St)

∂St
= −β ⇒ ∂L(Et, St)

∂St

∣∣∣
Ṡt=0

= −β < 0

We know that as we move right Ṡ increases and becomes positive.

4. What happens to the left of the Ṡt = 0 line?
By equation (17) we have Ṡt = Et − βSt > 0.
Indicate that St is increasing in this region by corresponding arrows.

5. Where is Ėt = 0?
From the Euler equation (19) we have

UE(Et) =
−US(St) + 0 + 0

δ + β
. (20)

Implicit differentiation17, taking Et as a function of St, yields

UEE(Et)
dEt
dSt

=
−USS(St)

δ + β

⇒ dEt
dSt

=
−USS

(δ + β)UEE
< 0 .

Draw a falling line representing this curve into the diagram.

17There are several ways to do this. One way is to take a total derivative of both sides
of equation (20) and solve for dEt

dSt
. Another way is to define Et = g(St) and replace

Et by the function g(St) in equation (20). Then derive both sides of the equation by
St and solve for g′(St). Finally, you can arrange equation (20) to the form h(Et, St) ≡
(δ + β)UE(Et)− US(St) = 0 and imply the implicit function theorem to obtain the same
result (the non-degeneracy condition is simply UEE < 0).
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6. What happens to the right of the Ėt = 0 line?
By the Euler equation in form (16) we have

Ėt =
UE(E)(δ + β) + US(S)

UEE(E)
> 0 ,

where we used that going right from the Ėt line the stock S increases
and therefore US decreases (USS < 0) while the other terms depending
only on E stay unaltered. As UEE < 0 the right hand side increases
and Ė becomes positive.
Indicate that Et is increasing in this region by corresponding arrows.

Remark: Here the more formal and mechanical way pays off higher
than in the above case where we confronted a linear equation.
Again, define G(Et, St) = UE(Et)(δ+β)+US(St)

UEE(Et)
so that by equation

(16) we have Ėt = G(Et, St). Then take the derivative ∂G(Et,St)
∂St

and evaluate it on the Ėt = 0-line:

∂G(Et, St)

∂St
=

USS(St)

UEE(Et)

⇒ ∂G(Et, St)

∂St

∣∣∣
Ėt=0

=
USS(St)

UEE(Et)

∣∣∣
Ėt=0

> 0 (21)

We know that as we move right Ė increases and becomes positive.

7. What happens to the left of the Ėt = 0 line?
By equation (16) we have

Ėt =
UE(E)(δ + β) + US(S)

UEE(E)
< 0

by an analogous reasoning as in the previous step.
Indicate that Et is falling in this region by corresponding arrows.

As you probably realized, the arrows flip whenever switching the side of
the corresponding curve. Now label the quadrants starting with the top
quadrant and proceeding clockwise by I, II, III, and IV . From your arrows
you observe the following dynamics
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Figure 1 Phase diagram for the stock pollution problem

• Where the Ė = 0-line and the Ṡ = 0-line cross the system is in the
steady state.

• In quadrants I and III we are moving away from the steady state.

• In quadrants II and IV there is a particular path leading into the
steady state. Each of these paths is called a separatrix and a stable
manifold.

• Given an initial stock S0 we can pick the control E0 in exactly one way
to get onto the stable manifold. The arrows indicate the movement
along which the equation of motion and the Euler equation are satisfied.
If we keep picking the control Et so that we stay on the separatrix
we move the system into the steady state. Moreover, we know that
along the separatrix the equation of motion and the Euler equation are
satisfied.18

18Of course, for our qualitative derivation of the curves and arrows, we only know that
somewhere in the according quadrant there must be such a separatrix on which the arrows
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As we converge to the steady state the current value quantities converge to
a constant. Thus, it is straight forward that also the necessary transver-
sality condition for the Hamiltonian is met. Moreover, also the condition
limt→∞ exp[−δt]Stµt would be met even though it is not alway necessary.

Let us have another look at the sufficiency condition for our trajectory be-
ing the optimum. The concavity of the Hamiltonian in control and state
boils down to concavity of the utility function because of the linearity of
the equation of motion. Using Sylvester’s criterion19 for the negative defi-
niteness of the corresponding Hessian leads to the conditions UEE < 0 and
UEEUSS − U2

ES = UEEUSS > 0. These conditions are satisfied. Thus we are
left to show that

lim
t→∞

exp(−ρt)µtSt = lim
t→∞

exp(−ρt)[−UE(Et)]St ≥ 0

⇔ lim
t→∞

exp(−ρt)UE(Et)St ≤ 0 (22)

holds for all feasible paths. For this purpose we need another assumption.
For example, we can assume that the control has an upper bound Ē and that
UE(0) is finite. Then the long-run limit of the pollution stock has the upper
limit limt→∞ St ≤ S̄ = Ē

β
. Moreover, the function UE(Et) is bounded and

equation (22) holds with equality for all feasible paths.

7.9 Stock Pollutants: Local Dynamics in the Neigh-
borhood of the Steady State

We maintain the assumptions of the preceding section. Thus, the Euler
equation (16) and the equation of motion (17) are

−UEE(E)Ėt = −(δ + β)UE(E)− US(S)

⇒ Ėt =
(δ + β)UE(E) + US(S)

UEE(E)
(23)

indicating the movement corresponding to the equation of motion and the Euler equation
indeed lead into the steady state.

19Negative definiteness means that both Eigenvalues are strictly negative. Sylvester’s
criterion verifies negative definiteness by checking that the first leading minor is negative
and subsequent leading minors alternate signs. The leading minors of a matrix are the
determinants of the upper left k × k submatrices for k = 1, 2, ....
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and

Ṡt = Et − βSt . (24)

In the following we approximate these functions linearly in order to find the
approximate behavior of our system close to the steady state. The approxi-
mate system of equations will give us enough information to find out whether
the steady state is stable and some other qualitative features of the system.
We denote the steady state values of the stock and the control by S∗ and E∗.
In the steady state the above equations imply

(δ + β)UE(E∗) = −US(S∗) and E∗ = βS∗ . (25)

In order to approximate equations (23) and equation (24) we define

G(Et, S) =
(δ + β)UE(E) + US(S)

UEE(E)
and

L(Et, St) = Et − βSt .

The partial derivatives of these functions indicate how Ė and Ṡ change as
we move in the Et − St plane. We find

dG(E, S)

dE
=

(δ + β)UEE(E)UEE(E)− [(δ + β)UE(E) + US(S)]UEEE(E)

U2
EE(E)

.

Evaluated at the steady state where equations (25) are satisfied the squared
bracket vanishes leaving us with

dG(E, S)

dE

∣∣∣
stead

= δ + β .

Similarly we obtain for the first order change in St as derived in the remark
of the previous section (equation 21)

∂G(E, S)

∂S

∣∣∣
stead

=
USS(S∗)

UEE(E∗)

These two equations together give us our linear approximation of the Euler
equation (23). Denote deviations from the steady state by ∆Et = Et − E∗
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and ∆St = St−S∗. Then the approximate Euler equation can be written as

∆Ėt = (δ + β)∆Et +
USS(S∗)

UEE(E∗)
∆St , (26)

where ∆Ėt = Ėt − Ė∗ = Ėt.

Similarly we can approximate the equation of motion for the pollution stock
employing that

dL(Et, St)

dEt
= 1 and

dL(Et, St)

dSt
= −β ,

which holds everywhere in the Et − St−plane and, thus, in the steady state.
We therefore approximate the equation of motion (24) for the pollution stock
by

∆Ṡt = ∆Et − β∆St . (27)

Observe that, because the original equation of motion was linear, the linear
‘approximation’ is actually exact (and defining L and taking partial deriva-
tives was not necessary). Together equations (26) and (27) can be written
as the matrix equation(

∆Ėt
∆Ṡt

)
=

(
δ + β USS(S∗)

UEE(E∗)

1 −β

)(
∆Et
∆St

)
. (28)

Denoting the trace of a matrix

A =

(
a b
c d

)
by tr(A) = a+d, the determinant by det(A) = ad− bc, and the discriminant
by ∆(A) = tr(A)2−4 det(A) = (a+d)2−4(ad−bc), recall from linear algebra
that the Eigenvalues (or characteristic roots) of A are given by

ξ1,2 =
1

2

(
tr(A)±

√
∆(A)

)
=

1

2

(
a+ d±

√
(a+ d)2 − 4(ad− bc)

)
.
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Note that the sign of the discriminant ∆(A) decides whether the Eigenvalues
are real or complex. For the matrix characterizing the dynamics of our system
of equations (28) these quantities translate into

tr(A) = δ + β − β = δ > 0

det(A) = −β(δ + β)− USS(S∗)

UEE(E∗)
< 0 (29)

∆(A) = δ2 − 4 det(A) > δ2

= δ2 + 4

(
β(δ + β) +

USS(S∗)

UEE(E∗)

)
ξ1 =

1

2

(
δ +

√
∆(A)

)
> 0

ξ2 =
1

2

(
δ −

√
∆(A)

)
< 0 . (30)

Our system of equations determining the dynamics around the steady state
has two real Eigenvalues, one positive and one negative. The next subsection
7.10 discusses in detail what these Eigenvalues tell us about the dynamics in
the neighborhood of the steady state and why. Here I summarize some of the
information most important to us. The fact that we have one positive and
one negative Eigenvalue tells us that there exist precisely two separatrices
(connecting in the steady state) that lead us into the steady state on a
trajectory that satisfies the necessary conditions. Off these separatrices we
would move away from the steady state if we were to satisfy the necessary
conditions for an optimum. For these reasons such a steady state is called
saddle point stable.

If both Eigenvalues would be real and negative, we would converge from the
neighborhood into the steady state from anywhere in the phase space while
satisfying the necessary conditions. The steady state would be stable. If both
Eigenvalues were real and positive, there would be no separatrix that would
carry us from the neighborhood into the steady state while satisfying the
equations of motions derived from the necessary conditions for an optimum.
The steady state would be unstable. If we had complex Eigenvalues we
would circle into or out of the steady state, rather then following a more
or less straight line. The real part of the complex Eigenvalue determines
whether we circle into the steady state (for a negative real part) or whether



7 THE MAXIMUM PRINCIPLE 27

we circle out (for a positive real part).

The solutions characterizing the approximate dynamics in the neighborhood
of the steady state are of the form

(
∆Et
∆St

)
= a1~v1 exp[

+︷︸︸︷
ξ1 t] + a2~v2 exp[

−︷︸︸︷
ξ2 t] (31)

with a1, a2 ∈ IR and ~v1 being the Eigenvector corresponding to the Eigenvalue
ξ1 and ~v2 being the Eigenvector corresponding to the Eigenvalue ξ2. From
equation (31) you can observe why there is precisely one path leading into the
steady state. Take the solution where a1 = 0, a2 > 0. Then the deviations
from the steady state ∆Et and ∆St decay to zero as time goes to infinity.
However, for all solutions where a2 > 0 we diverge away from the steady state
exponentially (with the local approximation quickly losing validity). Thus,
the direction of the separatrix that you explored in your phase diagram is, in
the neighborhood of the steady state, given by (plus-minus) the Eigenvector
~v2, which is the Eigenvector to the negative characteristic root that you can
calculate from equation (30). Denoting the matrix in equation (28) by A we
know that the Eigenvectors satisfy

A~vi = ξi~vi ⇒ (A− ξi1I)~vi = 0 ,

with 1I denoting the unit matrix. Moreover, by the definition of an Eigenvalue
we know that the rows of (A − ξi1I) are linearly dependent so that we can
use e.g. the lower row to calculate the elements of the Eigenvector which we
denote by ∆Ei and ∆Si:

∆Ei − (β + ξi)∆S
i = 0 ⇒ ∆Ei = (β + ξi)∆S

i .

For the negative Eigenvalue ξ2 the latter equation gives us the slope of the
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separatrix in the neighborhood of the steady state:

∆Ei=2

∆Si=2
= β +

1

2

(
δ −

√
δ2 + 4

(
β(δ + β) +

USS(S∗)

UEE(E∗)

) )

= β +
1

2

(
δ −

√
δ2 + 2(2β)δ + (2β)2 + 4

USS(S∗)

UEE(E∗)

) )

= β +
1

2

(
δ −

√
(δ + 2β)2 + 4

USS(S∗)

UEE(E∗)

) )
.

7.10 Dynamics in the Neighborhood of a Steady State:
General Remarks

If we like to learn about the local dynamics in the neighborhood of a steady
state we linearize our first order differential system. Locally, the generally
nonlinear system will behave approximately like the linearized one and a
system of linear differential equations is easy to solve. This step is also
a starting point for numerically calculating the optimal control path of a
general dynamic optimization problem. This section derives and generalizes
the results already stated in the preceding section and explains why the
Eigenvalues provide the information already mentioned.

In general our dynamic system will be of the form

ż1 = g1(z1, . . . , zn)

ż2 = g2(z1, . . . , zn)

... =
...

żn = gn(z1, . . . , zn)

We linearize the system around the steady state. Letting z∗1 denote steady
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state values and ζi = zi − z∗i (zeta) we obtain the form
ζ̇1

ζ̇2
...

ζ̇n

 =


∂g1(z∗1 ,...,z

∗
n)

∂z1

∂g1(z∗1 ,...,z
∗
n)

∂z2
. . .

∂g1(z∗1 ,...,z
∗
n)

∂zn
∂g2(z∗1 ,...,z

∗
n)

∂z1

∂g2(z∗1 ,...,z
∗
n)

∂z2
. . .

∂g2(z∗1 ,...,z
∗
n)

∂zn
...

...
...

∂gn(z∗1 ,...,z
∗
n)

∂z1

∂gn(z∗1 ,...,z
∗
n)

∂z2
. . .

∂gn(z∗1 ,...,z
∗
n)

∂zn



ζ1

ζ2
...
ζn

 (32)

We denoting the Jacobian, i.e. the ‘derivative matrix’, by A. Then, this
system of linear first order differential equation can be written as

ζ̇ = Aζ . (33)

The trial solution ζ = v exp(λt) with an arbitrary n-vector v implies

λ v exp(λt) = A v exp(λt) ,

⇔ λ v = A v ,

and, thus, that ζ = v expλt indeed solves the differential equation for pairs
of eigenvalues λ (characteristic roots) and eigenvectors v (characteristic vec-
tors).

Assumption 2: The matrix A is (complex) diagonalizable.

Then the n eigenvectors vi corresponding to the n eigenvalues λn are linearly
independent and the general solutions of the linearized differential system is
of the form

ζ(t) = α1 v1 exp(λ1t) + α2 v2 exp(λ2t) + ...+ αn vn exp(λnt) (34)

with α1, α2, ...αn ∈ IC.

Another way to reach equation (34) is longer but slightly more intuitive.
Observe that due to assumption 2 there exists an invertible matrix S such
that

SAS−1 = D
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where D is a diagonal matrix of the form

D =



λ1 0 . . . . . . . . . . . . . 0
0 λ2 0 . . . . . . . . . 0
0 0 λ3 0 . . . . 0
...

. . .
...

0 . . . . . . . . . . . λn−1 0
0 . . . . . . . . . . . 0 λn


The system

ξ̇ = Dξ (35)

has the obvious, linearly independent solutions

ei exp(λit) for i = 1, ..., n ,

where ei denotes the ith unit vector. But equation (35) is equivalent to

S−1ξ̇ = S−1DS S−1ξ

⇔ S−1ξ̇ = AS−1ξ

so that S−1ξ is a solution to system (33) iff ξ is a solution to system (35).
Moreover, recall from linear algebra that the column vectors of the matrix
S−1 are the eigenvectors of A. Thus, once more we have that the eigenvectors
vi exp(λit) = S−1ei exp(λit) for i = 1, ..., n span the solution space of system
(33). Again we obtain the general solution (34).

For real eigenvalues (and real coefficients) the interpretation of equation (34)
is straight forward. If we happen to move along an eigenvector vi correspond-
ing to a negative eigenvalue λi (i.e. all αj 6=i = 0 in equation 34) we converge
into the steady state as exp(λit) falls to zero. If we happen to move along
an eigenvector vj corresponding to a positive eigenvalue λj we diverge away
from the steady state as exp(λit) grows exponentially (note that the local
approximation quickly loses its validity).

Complex eigenvalues (and eigenvectors) have no immediate economic inter-
pretation as economic variables are not moving in a complex plane. However,
complex roots of the characteristic polynomial have an immediate implica-
tion for the dynamics in the real space. They describe a spiral movement. If
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the real part of the eigenvalue is positive we spiral out of the steady state, and
if the real part of the eigenvalue is negative we spiral into the steady state.
The following reasoning explains this conjecture. First, it can be shown that
complex roots always come in conjugate pairs. Let λ = a+ ib be a complex
root of the characteristic polynomial, then so is λ = a − ib. Second, it can
be shown that if v is a (generally complex) eigenvector of A with eigenvalue
λ then its complex conjugate v is an eigenvector to the eigenvalue λ. Then,
in particular, the system (32) has solutions of the form

ζ(t) = α1 v exp(λt)︸ ︷︷ ︸
≡ν(t)

+α2 v exp(λt)︸ ︷︷ ︸
≡ν(t)

with arbitrary coefficients α1, α2 ∈ IC. In particular, we can choose α1 = α2 = 1
2

or also α1 = −α2 = 1
2i

. These give us the solutions

ζ∗(t) ≡ ν(t) + ν(t)

2
= Re (v exp(λt)) and

ζ†(t) ≡ ν(t)− ν(t)

2i
= Im (v exp(λt)) .

Both of these solutions are real. If we write the complex Eigenvalue λ as
λ = (a+ ib)t we can use Euler’s formula

exp(ix) = cos(x) + i sin(x)

to rewrite the solutions as

ζ∗(t) = Re
(

[Re(v) + iIm(v)] exp(at) exp(ibt)
)

= Re
(

[Re(v) + iIm(v)] exp(at) [cos(bt) + i sin(bt)]
)

= exp(at) Re
[

Re(v) cos(bt) + iRe(v) sin(bt) + iIm(v) cos(bt)

+i2Im(v) sin(bt)
]

= exp(at)
[
Re(v) cos(bt)− Im(v) sin(bt)

]
and similarly

ζ†(t) = exp(at)
[
Re(v) sin(bt)− Im(v) cos(bt)

]
.
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This form of writing the solution shows clearly that the real part of the Eigen-
value, a, informs us whether we converge to the steady state (a < 0 implies
that the deviation ζ(t) from the steady state decays to zero) or whether we
diverge (a > 0). At the same time we observe that imaginary part of the
complex Eigenvalue, b, characterizes the oscillation frequency.

7.11 Stock Pollutants: Comparative Statics and Dy-
namics

This subsection discusses how changes in the exogenous variables affect the
steady state and the optimal trajectories. The steady state is characterized
by equation (23) for Ėt = 0 and equation (24) for Ṡt = 0. We analyze the
effects of first order changes in the parameters by taking the total derivative
of this system of equations with respect to ρ, β, and the endogenous vari-
ables E and S, which are constants in the steady state. We have already
calculated the changes of the equations in E and S when we derived the local
approximation of our dynamic system around the steady state. The result is
summarized in equation (28), which gives us the left hand side of(

δ + β USS(S∗)
UEE(E∗)

1 −β

)
︸ ︷︷ ︸

A

(
dE
dS

)
=

(
− UE(E∗)
UEE(E∗)

S∗

)
dβ +

(
− UE(E∗)
UEE(E∗)

0

)
dρ .

From equation (29) we know that detA is negative. Using Cramer’s rule (or
inverting the matrix) we find e.g.

dE

dβ
=

detA1,β

detA
> 0

where

detA1,β = det

(
− UE(E∗)
UEE(E∗)

USS(S∗)
UEE(E∗)

S∗ −β

)
= β

UE(E∗)

UEE(E∗)
− St

USS(S∗)

UEE(E∗)
< 0
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is the determinant of the matrix obtained from replacing the first column in
A by the vector characterizing the changes in β. Similarly we find

dE

dρ
=

detA1,ρ

detA
> 0 and

dS

dρ
=

detA2,ρ

detA
> 0

where

detA1,ρ = det

(
− UE(E∗)
UEE(E∗)

USS(S∗)
UEE(E∗)

0 −β

)
= β

UE(E∗)

UEE(E∗)
< 0 and

detA2,ρ = det

(
δ + β − UE(E∗)

UEE(E∗)

1 0

)
=

UE(E∗)

UEE(E∗)
< 0 .

Both, emission flow and emission stock fall unambiguously for a lower rate
of pure time preference. Moreover, we saw above that the emission flow
decreases whenever the pollution stock decays at a lower rate. In determining
the pollution stock’s reaction to a change in the decay rate the reduced
emission flow acts in the opposite directions of the lower decay rate. Indeed,
both, a net increase or a net decrease in the pollution stock under a decrease
in the decay rate are possible. This is observed from

dS

dβ
=

detA2,β

detA

where the sign of

detA1,β = det

(
δ + β − UE(E∗)

UEE(E∗)

1 S∗

)
= (δ + β)S∗ +

UE(E∗)

UEE(E∗)

is undetermined at the current level of generality. We can transform the
determinant employing the steady state equation E∗ = βS∗ and denoting the
elasticity of marginal utility with respect to emissions (and thus consumption
producing the emissions) by ηU,E to the form

detA1,β =

(
1 +

δ

β

)
E∗ +

E∗

dUE(E∗)
dE

E∗

UE(E∗)

= E∗
(

1 +
δ

β
− 1

ηU,E

)
.
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We find that the pollution stock decreases with a lower decay rate whenever

detA1,β < 0 ⇔ 1 +
δ

β
<

1

ηU,E
⇔

(
1 +

δ

β

)
ηU,E < 1 .

Under the assumption that ηU,E is constant,20 we have the following inter-
pretation. A low rate of time preference makes it ‘more likely’ that the
pollution stock is reduced. So does a high responsiveness of marginal utility
to changes in emissions. A high decay rate also increases the ‘likelihood’ that
the pollution stock is reduced with a reduction of the decay rate.

So far we have only analyzed the effects of parameter changes on the steady
state. In the following we examine a change of the control along the optimal
trajectory under a change in the discount rate. We already know that the
steady state value of emissions E∗new and of the pollution stock S∗new are
higher under an increase in the discount rate to ρnew > ρ. We would like
to show that, for any given pollution stock S, the optimal control Enew(S)
is higher than the optimal control E(S) under the lower discount rate. The
argument runs by contradiction. We already know that in the steady state
E∗new > E∗ and S∗new > S∗. A look at Figure 1 should convince you
that the new steady state lies above the optimal trajectory under the old
parameterization. Assume there existed a pollution stock S◦ such that for
the optimal controls it would hold Enew(S◦) < E(S◦). Then the stable
manifolds of the old and the new scenario would have to intersect at some
point (S†, E†).

1. Assume we are on the left of the new steady state. At the intersection
point (S†, E†) the optimal trajectory under the old parameterization
would have to fall steeper than the optimal trajectory under the new
parameterization. Employing equations (23) and (24) we derive the
implication

dE

dS

∣∣∣∣
S†,E†,ρnew

=
Ėt

Ṡt

∣∣∣∣∣
S†,E†,ρnew

=
(δnew + β)UE(E†) + US(S†)

UEE(E†) (E† − βS†)

>
(δ + β)UE(E†) + US(S†)

UEE(E†) (E† − βS†)
=
Ėt

Ṡt

∣∣∣∣∣
S†,E†,ρ

=
dE

dS

∣∣∣∣
S†,E†,ρ

.

20Otherwise, ηU,E is itself a function of β and ρ spoiling the subsequent reasoning.
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Another look at Figure 1 should convince you that left of the steady
state Ṡt = E† − βS† is positive so that the above equation implies
ρnew < ρ, which delivers the contradiction.

2. Assume we are on the right of the new steady state. At the intersection
point (S†, E†) the optimal trajectory under the new parameterization
would have to fall steeper than the optimal trajectory under the old
parameterization. Employing equations (23) and (24) once more we
derive the implication

dE

dS

∣∣∣∣
S†,E†,ρnew

=
Ėt

Ṡt

∣∣∣∣∣
S†,E†,ρnew

=
(δnew + β)UE(E†) + US(S†)

UEE(E†) (E† − βS†)

<
(δ + β)UE(E†) + US(S†)

UEE(E†) (E† − βS†)
=
Ėt

Ṡt

∣∣∣∣∣
S†,E†,ρ

=
dE

dS

∣∣∣∣
S†,E†,ρ

.

Another look at Figure 1 should convince you that right of the steady
state Ṡt = E† − βS† is negative so that the above equation implies
ρnew < ρ, which delivers the contradiction.

Hence, an increase in the discount rate increases the optimal emission level
at all levels of the pollution stock.


