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Problem 3 - Fisheries

For Wednesday, October 11th
Try solving before the seminar

1. Social Planner
The inhabitants of the island of Motunui live of fish and coconuts. Every period provides
a constant flow of m coconuts and, for simplicity, they are assumed to be perishable.1 We
denote the biomass of fish within the reef at time t by St and the amount harvested by Ht.
The fish stock’s population evolves as

Ṡt = g(St) −Ht.

Coconuts are also the local currency and redeem the effort for fishing.2 The cost of catching
Ht units of fish is C(St)Ht (units of coconuts). (Instantaneous) utility from consuming Ht

units of fish and ct units of coconuts is B(Ht) + ct. The village discounts future flows of
welfare at the rate ρ and has an infinite time horizon.

i) Write down the optimization problem including objective, constraints, and identifying
control and state variables.
Hint: The amount of coconuts consumed ct that enters the utility function is merely the
amount m harvested in the period less the amount redeemed for fishing effort.

ii) Write down the (current value) Hamiltonian and derive the first order conditions

iii) Derive the Euler equation.

2. Sole Owner Decentralization
The village recently had contact with the US and was told about the great virtues of priva-
tization. They decide that the fishery in the reef should henceforth be the responsibility of a
single fisherman. The fisherman has to fish and the village buys the fish, using coconuts as
the currency. Denote the price of fish by pt. We assume that each party acts as a perfectly
competitive price taker.3

i) Write down the optimization problem of the fishery, which generates profits from selling
the harvest and bears the costs of harvesting. Assume that the fishery uses the same
rate of time preference ρ as the village chief.

ii) Write down the (current value) Hamiltonian and derive the first order conditions

iii) Derive the Euler equation for the fishery.

1So maybe better think of them as bananas. It is great exercise to re-examine the present problem set for
the case where coconuts are indeed non-perishable and their stock, say Mt, become a second state variable.

2In the present social planner setter, you can think of the costs as the additional (coconut-)calories burned
when fishing.

3The fisherman merely acts as a firm and is otherwise treated like the rest of the villagers.
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iv) Set up the optimization problem of the village (their consumers or representative con-
sumer). The villagers get the coconut supply m and buy fish at price pt. Note that their
decision problem is static.4

v) Connect your answers from the last two questions and compare your decentralized Euler
equation to that of the social planner in problem 2. Do the two settings yield the same
solution?

3. Decentralization by means of a tax
The village later had contact with the Europeans. They suggest that everybody should fish
as they like, but should also pay a tax (in unit of coconuts) on every unit of fish caught.
The villagers ask you to calculate the tax that results in the socially optimal allocation.

i) Formulate the individual fisherman’s optimization problem. Assume the population on
the island is large.
Note: If the population is large each fisherman merely solves a static optimization prob-
lem because he will not sufficiently benefit from a fish that he or she leave for tomorrow.
Moreover, note that the fisherman’s problem is linear and the control variable drops out
in the first order condition. Thus, we have a “bang-bang” solution. Interpret the result-
ing first order condition as an equilibrium condition that has to hold so that fishermen
are indifferent between catching a fish more or less.

ii) The village consumers solve the same (static) optimization exercise as in problem 2.
Using your results from problem 1, what can you say about the optimal tax?

iii) How do you determine the optimal steady state tax?

4Once coconuts are no longer perishable, see first footnote, the villagers also solve a dynamic optimization
problem. Try to formulate and solve it as an exercise.


