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Problem 5 - Various

For Wednesday, Nov 1st
Solve as well as you can before(!) the seminar

1. Phase Diagrams (Stock Pollution)
We maximize welfare producing the pollution flow Et whose stock accumulates as

Ṡt = Et − βSt , (1)

given an initial stock S0. The pollution stock reduces welfare whereas emissions help us to
increase welfare. Our objective function is

max

∫ ∞
0

U(Et, St) exp(−δt)dt

We assume that St ≥ 0 and UE > 0, US < 0, UEE < 0 (decreasing marginal utility from
consumption that produces emissions), and USS < 0 (implying convex damages −USS > 0).

i) Write down the Hamiltonian and the first order conditions.

ii) Derive the Euler equation.

iii) Write down the Euler equation for the steady state.

In general, a full analytic solution cannot be achieved. Therefore, we introduce a graphical
analysis frequently applied in economic models of optimal control. A phase space is
simply a space pinning down a set of variables that characterizes the dynamics of the
system. Here, we draw a coordinate system with St on the axis of abscissa (x-axis) and
Et on the ordinate (y-axis).
To simplify our analysis we assume in the following that USE = 0. Then, also first
derivatives only depend on one of the two variables and we can write them as UE =
UE(Et) and US = US(St).

iv) Using the equation of motion, draw the Ṡt = 0 line into the diagram.

v) What happens to the right of the Ṡt = 0 line? What happens to the left of the Ṡt = 0
line? Indicate the direction in which St changes in the two regions (left and right of
Ṡt = 0 line) by corresponding arrows.

vi) Using the Euler equation, determine where Ėt = 0 (it’s a general expression)
Draw a qualitative line obeying the correct slope of the curve into your diagram.

vii) What happens to the left and what happens to the right of the Ėt = 0 line?
Indicate the direction of change of Et in these two region by corresponding arrows.

Your Ṡt = 0 and Ėt = 0 lines cut the phase space into four quadrants. In each quadrant
the Et and St dynamics are qualitatively similar. Where the Ė = 0-line and the Ṡ = 0-
line intersect the system is in the steady state. Starting with the top quadrant and
proceeding clockwise label your quadrants by I, II, III, and IV .
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viii) In which quadrants will we always move away from the steady state, and from which
quadrants could be potentially converge into the steady state?

ix) Given an initial stock S0 of your choice, sketch the path of the control Et that would
converge into the steady state. These paths are called a separatrix or a stable manifold.

2. Hartwick’s Rule
Suppose you are in the lecture setting with competitive markets, a fossil resource without
extraction costs whose price satisfies the Hotelling rule. The produced good that can be
consumed or invested. Now assume in addition that production takes a Cobb Douglas form:
Yt = F (Kt, Et) = K1−α

t Eα
t with 0 < α < 1.

i) Under what conditions on the parameter α is a constant consumption path with strictly
positive consumption feasible?
Hint: Evaluate Hartwick’s investment rule for the Cobb-Douglas case. Keeping in mind
that Hartwick’s rule implies constant consumption, what can you say about output and
the investment level? Then, integrate the resource use over time and check when the
integral converges.

ii) What is the maximally sustainable constant consumption level given the initial stock
levels S0 and K0? (In the cases where a strictly positive consumption level can be
sustained...)


